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1 Introduction
This paper deals with the existence and uniqueness of traveling wave solutions of the fol-
lowing reaction-diffusion system:

Uy =ty +u(l —u— 72, (L1)

buy

Vi = Vax + T’

where r and b are positive constant numbers.
In relation to our topic, Fu [2, 3] studied the acid nitrate-ferritin reaction model as fol-

lows:

2uy

Uy = auxx ~ Bru’

uv
Ve =Vax ¥ g

where § is a positive constant, # and v represent the concentration of ferritin and acid
nitrate, respectively, and § is the ratio of diffusion rate. Fu [2, 3] showed the existence and
uniqueness of traveling solution for the acid nitrate-ferritin reaction model by using the
perturbation method. In (1.1) the U(1 — U) is the logistic term, which means the birth rate
minus death rate of U.

There are also many scientists who study the existence, uniqueness, and stability of
traveling wave solutions for a reaction-diffusion model in population biology and chem-
istry. We first recall some existing methods on the existence of traveling waves for the
reaction-diffusion model. In [9], Trofimchuk, Pinto, and Trofimchuk studied the travel-

ing wavefronts for a model of the Belousov—Zhabotinskii reaction in a chemical model by
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constructing upper and lower method solutions. They showed the existence and unique-
ness of solution. In [4], Huang investigated the existence of traveling wave for a class of
predator-prey systems via the perturbation method. For more details on the existence of
traveling wave solutions for other types of diffusion-reaction models, readers can refer to
[5-8, 10-13] and the references in these papers.

The remaining part of this paper is organized as follows. In Sect. 2, we construct the
supersolution and subsolution of (2.1) and introduce some useful lemmas for the main

result. In Sect. 3, we show the existence and uniqueness of traveling wave for (2.1).

2 Preparation

In this section, we introduce some useful lemmas for the main results of our papers. Note
that some reaction-diffusion models in population biology can be rewritten as the form
(1.1), and the existence and uniqueness of traveling waves for these reaction-diffusion
equations are equivalent to those for (2.1). Throughout this paper, a traveling wave so-
lution of (1.1) always refers to a pair (U, V,c), where U and V are bounded, continuous,
nonnegative, and nonconstant functions from R to R such that u(t, x) := U(x —ct), v(t, %) :=
V(x — ct) satisfies (2.1). Clearly, U(z), V (z) satisfy the following wave profile system:

U+cd +U1l-U-2)=0,

v (2.1)
V”+cV/+I;Lf—L‘; =0.

There are boundary conditions (U, V)(-o0) = (0,1/r) and (U, V)(+00) = (1,0). The main
purpose of this paper is to study the existence and uniqueness (up to translation) of trav-
eling waves for (2.1).

Next, we construct the supersolution and subsolution of (2.1) that will be used in the

following sections. For simplicity, we denote
b
= st 2
p(s):=s"—cs+ 5

Due to ¢ > ¢*, where ¢* is the minimum wave speed (2.1) and equation p(s) = 0 has two

positive roots A and A + d, there are

1
)»ZEC—\/C2+2b, d=+~/c*+2b.
In addition, p(s) < 0, when s € (A, A + d).

Lemma 2.1 The function V*(z) := e satisfies the equation

(V") +e(v?) + 2V =0
forallz e R.

Proof Since p(A) = 0, we know

(V) +e(V*) + §v+ =p()V*=0, zeR
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Let 0 < y <min{§, A}, then ¢ -8y >0,y —§ <0.If z— oo, then eV=92 5 0. There exists
Zo > 0 such that

1
V< —y(c-3y), Vzzz.
r
From the above formula we get

(c-8y)yMe™* > rV*(2),

Vz > zp. (2.2)
Set M = e¥#, Since y,zy > 0, we know M > 1. g
Lemma 2.2 The function U~ (z) := max{0, 1 — Me "?} satisfies the inequality
rv*
u) +ve(u) +u-(1-(Uu)- >0 2.3
() +e(u) W) -1 (2.3)

forall z # z.

Proof When z < zy, it can be concluded from the above inequality that (oo, zp) is estab-
lished on &/~ = 0. When z > z, there is U™ (z) =1 - Me " and 0 < U~ < 1, so we have
un)

1> .
1+ U

(2.4)
By calculating (2.2), (2.4), and M > 1, we know

r(U" )V
1+U- -

Thus, we can conclude that (2.3) holds. The proof is completed.
Let 0 < n <min{y,d}. Since 0 < n <y, p(A + 1) <0, select

(W) +e(@) +U (1-U)=rvV'(e) =

e |
K >max{M, ——— ;.
2p(A +n)

Letz = ln%, Zo =1In %, and K > M > 1, n < y, therefore z; > zy > 0.

O
Lemma 2.3 The function V- (z) := max{0, V*(z) — Ke**"?} satisfies the following inequal-
ity:

N\ \/ bU_V_
(V) +e(VT) + g 2 (2.5)
forallz+#z;.

0

Proof If z < z1, from (2.3), we can get that there is V~

=0on (-00,z1). If z > z1, there are
V™= V* —Ke ™% and U~ = 1 - Me "%, and by calculating it is easy to see that
(V*) + K+ n)e 7%,

(V)" = (V*) = K(n + n)*e 3=,

Page 3 of 15
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Note

bu- ) 1 Me7*
1+U- |2 22-Me7?) |

We know

buVv- b[l Me™7*

= ' |l (V+ _Ke—(Mn)Z)
1+U- 2 2(2-Me7?)

~(A+y)
>b|:lv+_ll(e‘(*+n)2_ Me 7" }
=727 "2

2(2 — Me77)

Since (V') + c¢(V*) + %V* =0,K >-Mb/(2p(A + 1)), 1 - Me7*>0,and y > n, we know

bu-v-
(V‘)” + c(V‘)/ +
1+U-
> (V) = KO+ n)?e® 7 4 (V) + K&+ m)e” %)
-
+b lv+ - lKe—(Mn)z _ M
2 2 2(2 — Me77)
bMe 0-+7)2
= —Ke " op(p 4 1) =
e p(A+1n) 22 M)
> M e M iy
2 2
— bﬁef(Mn)Z(l _ e,(y,,,)z)
2
>0.
The proof is completed. d

Next, we establish some prior estimates of solutions to nonhomogeneous equations
W' (z) + AW (2) + g(2)w(z) = h(2).

We need the following lemmas (Lemma 2.4 , Lemma 2.5, Lemma 2.6) (see [3]). For the
convenience of readers, we give the details.

Lemma 2.4 Let A be a constant number and g is a continuous function on [a,b]. Let ¢,
and ¢, be the solution of second-order linear equation L[y] :=y" — Ay + g(z)y = 0 on [a, b]
such that

¢1 (61) =0, ¢i(ﬂ) =1,
$2(b) =0, ¢5(b) = 1.

Then we have the following estimates of ¢, and ¢,:

91(2)| + |$](2)| < ek1+ArDE=a), (2.6)

|#22)] + [#(2)| < 1A= 2.7)

forall z € (a,b), where Ky = gl clan)-

Page 4 of 15
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Proof If g <0, the Langsky matrix W (¢, ¢2) of ¢1 and ¢, can be estimated as

|W (1, ¢2)| > %(e/‘("‘“) -1)>0. (2.8)
In order to prove (2.6) and (2.7), rewrite the equation L[y] = 0 as a first-order system

Y = B(2)Y, (2.9)

y 0 1
where Y = (y/), B(z) = (_g(z) A).
Considering z € (a, b), we know that, for Y' = B(z)Y in Y, the integral equation is satisfied

Y(z)=Y(a)+ /ZB(I)Y(T)dr. (2.10)
Thus

’

1Y@ < [Y@] + (& +A+1) / [Y()

where | - || represents the absolute norm, because of || B(-)|| = max{|g(-)|,A+1} < K3 +A+1,

we can easily derive
[ Y@ < [ Y(@] e, (2.11)
Replacing 4 with b in (2.10), we get

[Y@)| < | Y©®)]eXr+aDe=. (2.12)

Now, let Y = (¢1 ¢;)T, 1Y) = |¢1(2)] + |8} (2)], | Y (@)]| = 1, so (2.6) can be obtained from
(2.11). Similarly, welet Y = (2 ¢}) "in (2.12) to get (2.7). Note that we prove (2.8), applying
the Abel formula and noting W (¢1, 2)(b) = —¢1(b), we get

W (g1, 92)(b) = —1 (b)e 2. (2.13)

In order to estimate ¢;(b), we make the second-order equation p(z) = A%(eA(Z’”) - 1) on
[a, b] have a unique solution p” — Ap’ = 0. So, there is p(a) =0, p'(a) = 1. When z € (a, b),
taking note of p > 0, g < 0, we find that the function y := ¢; — p satisfies

V' -AY + gy =—gp =0,
Y (a)=v'(a)=0.

According to the maximum principles, we get ¢ > 0, so ¢1 > p on [a, b], then
1
B16) 2 p(b) = £ (A0~ 1) >0. (2.14)
Combining (2.13) and (2.14), we know

IW(g1 62| = 1 (B) = (0 -1) >0,

Therefore, this lemma is proved. d
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Lemma 2.5 Let A be a positive constant, and let g and h be continuous functions on [a, b].
Let w € C([a, b]) N C?([a, b)) satisfy the differential equation

W (2) + AW (2) + g(2)w(z) = h(z), z€ (a,b).

There is w(a) = w(b). If -K1 < g <0, |h| < K; on [a,b], where K, K, are constant. There
exist a positive constant Ky that depends only on the length of [a, b] and a positive constant
Ks such that ||W||clap < K2K3 holds.

Proof First, we notice that both w'(a+) := lim,_, ., W'(2), W (b-) := lim,_, ,_ w(2) exist, such
that z € (a, b) is fixed. Integrating the both sides of w’(z) + AW/ (2) + g(2)w(z) = h(z) from z

to z, we have
W(z) =w(2) —A(w(z) - W(E)) - [Zg(T)w(t)dt + ‘[zh(r)dt.

Since w, g, and & are right continuous at point a, thus w/(a+) exists. Similarly, we also
have the existence of w'(b-). Let ¢; and ¢, be as shown in Lemma 2.4. For any z € (a, b),
integrating the inequality w”(2)¢$1(2) + AW (2)p1(2) + g(2)w(2)$1(2) = h(z)p1(z) from a to b,

we know

P1(2)W (2) — (01 (2) — A1 (2)w(2) + w(a)) = / ¢1(v)h(r)dr. (2.15)

a

Similarly, we have

b
~$2(2)W (2) + ($3(2) — Ada(2)w(2) + w(b)) = / $2(T)h(r)dr. (2.16)

Since w(a) = w(b) = 0, multiplying (2.15) and (2.16) by ¢1, ¢, respectively, we get

z b
W (b1, 62)@W(2) = () / $1(0h(x) d + ¢1(2) / $a(0)h(x) .

Thus

_ 20 [; @K@ dT + §1(2) [} $a(0)h(x) T

W) Wi, 62)(2)

Since |h| < K3, this implies

$2(2) [Z $1(D)dt + d1(2) [ po() d
W (1, ¢2)(2) '

w(z) < K,

Finally, by virtue of (2.6), (2.7), (2.8), and the above inequality, we can get that ||w|| [ <
I(Z[(B holds. O

Lemma 2.6 Let A, g, and h be the same as in the previous lemma. Let w € C([a,b]) N
C%([a, b)) satisfy w'(z) + AW (2) + g(2)w(2) = h(z) in (a,b). If | Wl clap) < Ko, then there is a
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constant Ky, only on A, Ky, Ky, K, and interval length [a, D), so there is
4l Clay < Ka- (2.17)

Proof Let ¢, ¢ be the same as in Lemma 2.4. For any point z € (g, b), multiplying (2.15),
(2.16) by ¢; and ¢}, respectively, we have

W (1, ¢2)(2) (W (2) + Aw(2)) + ¢y (2)w(a) + ¢ (2)w(b)

z b
2 [ a@htoydr +oi(0) [ e
It can be concluded that

@S ¢ (0)h(r)dr — w(a)] + ¢i(z [f ¢2(t)h(t) dr — w(b)]
W (1, $2)(2)

W (z) = — Aw(z).

Under the assumptions of |k| < K; and |w| < Kj, we know

|¢2(Z)|[K2f $1(Dh()dr + Kol + 162K [ ¢o(0)h(z) dT + Ko
W (1, p2)(2)]

W (z) < + AK,.
By virtue of (2.6), (2.7), and (2.8), we find that (2.17) holds.
Next, we consider the existence and uniqueness of solution to problem (2.1) within the

interval [-/,[]. The system is

U'+cld +UQ-U-{%)=0, ze(-11),
V' + V/+1’U—V:O, ze (=10,
¢ U =50 (2.18)

U, V)(=0) = U (=0), v=(-1)),
W, V) =W, v=-1)).

By studying some references [1-3], we know that the existence and uniqueness of trav-
eling wave solutions of reaction-diffusion equations in a finite interval can be completed

by the following Schauder fixed point theorem. O

Lemma 2.7 Let E be a closed convex set in a Banach space, let T : E — E be a continuous

map such that TE is compact, then T has a fixed point.

Let

I:=[-11], X:=C(l) x C(I),
E={U,V)eXlU sU<U"=1V <V=V'xel}.
It is easy to see that E is a closed convex set. In Banach space X, we denote the norm

120 x = Wfillcay + If2llcay- Since U™ and V™ are nonnegative, we have U >0, V >0
for any (U, V) e E.
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Lemma 2.8 For given (Uy, Vy) € E, there is a unique solution (U, V) to the following bound-
ary value problem:

U'+cll +U(1-U-12)=0, ze(-10),
V' 4V 4 bﬁ% =0, ze(=11), (2.19)

vy =W, v, U, V)=t =W, v-)=D.
In addition, the solution (U, V) satisfies U >0, V > 0 in (-1,1).

Proof The system is not a coupled system, thus we know that there are existence and
uniqueness of U and V. By the definition of U~ and V~, we know U~ (-]) = V- (-I) =0,
U-(l) >0, V-(I) > 0. Since the equation of V is a linear equation, it is easy to see the ex-
istence and uniqueness of V. Moreover, V" + ¢V’ <0, V(£/) > 0, by using the maximum
principle, thereis V > 0 on (-, /). Next, we claim the existence and uniqueness of /. When
Vo is a given function, we see that the first equation of (2.19) is second order elliptic equa-
tion with boundary condition. Since the term U(1 — U — %) is Lipschitz continuous,
according to the argument of regularity of the elliptic problem, the Sobolev imbedding
theorem, and the contraction mapping principle, the existence of U is obtained. In addi-
tion, by applying the maximum principle, we can see that I/ >0, U’ > 0 in (-1, 1).

Now, we define the mapping T : E — X by T(Uy, Vo) = (U, V), Y(Uy, Vo) € E, where
(U, V) is the unique solution to the boundary value problem (2.19). Obviously, any fixed

point of T is the solution of problem (2.19). d
Lemma 29 TECE.
Proof For given (Uy, V) € E, denote

(U, V) :=T(Uy, Vo).

We claimtohave V- <V <V*on[.Dueto0<U <Uy<U'=1and0<V <V, <
V*, we have

Thus
uv-
V' +cV'a+ < (2.20)
1+U-
and
bVv+
V'+cVa+ - >0 (2.21)

forall zin (—/,1). Let w; = V — V7, note that V- =0 and V > 0 in [/, z;], therefore

w>0, Vzel[-Lz]. (2.22)
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From the third formula of (2.19), we get w; (/) = 0. In addition, from (2.5) and (2.20), there
are wy(z) + cw)(z) < 0forall z € (21,/). According to the principle of maximum value, there
is w; > 0in [23,/]. And from the two conditions of w; > 0 and (2.22) in [z;,], we can get
V= <V in I;. Similarly, we can conclude that there is V' < V* in I.

Next, we claim that &/~ < U in I;. Since U™ =0 and U > 0 on [-/,z], thus

u=u-, xel-lz]. (2.23)

On the interval (zo, [], we know

1! ! rV+
U+cd +U(1-U- <0. (2.24)
1+U

For simplicity, we denote (£) := 1% and wy := U — U~. According to (2.3) and (2.24), we

have wj + cw) + wo(1 — wy) — g(2)w, < 0 on (2, 1), where

PV (o) L), U(z) 7 U (2),

q(z) =
rV*(@)y'(U(2), U(z) = U (2).
By using of the mean value theorem, we know that g is nonnegative at (zo, /). In view of
(2.23) and (2.19), it is easy to see that wy(zg) > 0, wal = 0. Applying the principle of maxi-
mum value, we have wy > 0 on [z, /], thus U > U~ on [z, !].
Finally, we would like to prove U < U™ on ;. Since U* =1 and V; > 0, we have

Ut =1=>U (£l =U(+)),

" ! V+
u vt rut(1-ut - L <
1+U*

Similarly, we find U < U* on I;. O
Lemma 2.10 T is a continuous map.
Proof For (Uy, Vo) and (Uo, Vo) in E, it implies

U, v)=T(Uy Vo), (U, V)=T(Uo, Vp). (2.25)

Let wy := U - U, it is easy to see that w/ + ew] + w1 (1 — wy) + g(2)w1 = h1(z) and wy(=[) =

wi(l) = 0, where

@) = -rVole) "D, U) # Ula),

Vo' (U ), U(z) = U(2),
and

hi(z) = -y (U(2)) (Vo(2) - Vo(2)),
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Y is the same as in Lemma 2.9. Since 0 < U, i <l,and0<é& <1,weknowO0 <y’'(§) <1.

By applying the mean value theorem, we find 0 < %%% <1,when U(z) # a (2).

Note that § >0, 0 < Vp < V*, 0 < ¢/(U(2)) < 1, we have —K; < g < 0, where K; =
rllV*llcay. In fact 0 < w(&) <1,itis easy tosee |h;| <r||Vy— ‘N/o||c<1,).

By applying Lemma 2.5, we know that there is a constant C; that depends only on §, ¢,
Kj, [ such that

Iwillcay < rCull Vo — Vollcuy-
By the definition of wy, we know
U = Ullcay < rCillVo - Vollcay- (2.26)

Let wo = V — V and ¢(§) = 1%, we have wy(=l) = wy(l) = 0 and wj + cw), = hy(z), where

hy = —b(¢(Uo) Vo — ¢(Uo) V). This implies
hy = =b[ Vo (¢(Uo) - $(Uo)) + $(Uo) (Vo = Vo). (227)
Since 0 < U, Ij[o <1, by using the mean value theorem to
|¢(Lho) - $(Uo)| < |Uo - U],
it implies
¢ (Uo) — p(Uo)| < 1o — Upllcay-
Using
Vol < v+ ”ca,)’
p(Uo)| <1
and
Vo — Vol < [|Vo - ‘70||C(1,),
by (2.27), we infer

\ha| < b||V*| 0y 1T = Uslicay + Bl Vo = Vollcay-

lcan!

Then, from Lemma 2.5, there is a constant C, depending only on ¢ and [ such that

Iwallcay < bCy || v yIto = Uollcay + bG |1 Vo = Vollcay-

” C(y

Together with the definition of w,, we get

1V = Vlicuy <G |V* | e 1o = Usllcay + Call Vo = Vollcuy- (2.28)

|| C(y
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By virtue of (2.25),(2.26), and (2.28), we have

| T (o, Vo) - T(Uo, Vo)
=WV - @
= U - Ullcyy
<G| V* || oy 10 = Usllcuy + (rC1ECI Vo = Vollcay
< C3(IlUo - Uollicuy + Vo = Vollcap)
< G||(Uo, Vo) = (Lo, V)|

(2.29)

X’

where C3 = bGy||V*||cyy) + ¥Ci + bC,. For any given € >0, we set 0 < § < Cig By (2.29), for
& >0, there is § > 0 such that

| T (o, Vo) - T(Uo, Vo) I <e

if ||(Uy, Vo) — (LNIO, \70)||X < § for any (U, Vo),(L~[o, %) € E. Therefore, T is a continuous
map. Thus, the proof is completed. 0

Lemma 2.11 TE is compact.

Proof For a sequence {(Uy,,, Vou)tnen in E, let (U, V,,) = T(Uo,u, Vo). Because U* and
U~ are uniformly bounded on I;, and from Lemma 2.6, we know that the sequences {U],}
and {V}} are also uniformly bounded on I;. Therefore, by applying the Arzela—Ascoli the-
orem, we obtain that {(U,, V},)} such that (U, V,;) — (U, V) uniformly on I; as i — oo.
Therefore, T(E) is compact in E. So T is precompact. g

In view of Lemma 2.8, Lemma 2.9, Lemma 2.10, and Lemma 2.11, we prove that the
mapping T satisfies all the assumptions of Lemma 2.7. Therefore, T has a fixed point.
This fixed point is the nonnegative solution of system (2.18), so we can get the following
result.

Lemma 2.12 System (2.18) has a solution (U, V') on I}, and this solution satisfies
o<u <u=<i, o<V <VvV<Vt z el (2.30)

3 The existence of traveling wave solution
In this section, we would like to show the main result of this paper.

Theorem 3.1 System (2.1) has a unique traveling wave solution (U, V) and
1
U(o0) =1, U(-00) =0, V(o) =0, V(-o0) = —.
r

Proof Let {l,},en be an increasing sequence in (z;,00) such that when n — oo, there is
Iy — 00, and let (U, V},) be the solution of system (2.19) and [ = [,. And, for any given
N € N, because the function V* is bounded on [-Iy,Iy], by (2.8), we find that the se-
quence {Uy,}usn, {Vi}u=n {ilf—L‘fZ}nzN is uniformly bounded on [-/,[]. Then, by virtue of
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Lemma 2.6, the sequence {U},},>n, { V) }s=n is uniformly bounded on [/, /]. From (2.19),
we have the sequence {U)},>n, {V) }usny {U) Y usns {V)) }u=n is uniformly bounded on
[_lx l] .
Applying the Arzela—Ascoli theorem and the diagonal process, there is a subsequence

{(Uyj, Viy)} of {(Uy, V,,)} such that

u, — u, u, —u, U, —u’,

Vyj—V, V=V, V= V"
When n — oo, U and V in C%(R) are uniformly continuous in a compact set in R. It is easy

to conclude that U’ > 0 on R. (U, V) is the nonnegative solution of problem (2.1). From
the definition of L/~ and V*, if z — oo, then U~ — 1, V* — 0 and

(U, V)(+00) = (1,0). (3.1)

The following proves that (U, V)(—00) = (0, 1/r) can be divided into the following steps.
First, we prove

(U, V') (+00) = (0,0). (32)

Integrating the both sides of (2.18) from 0 to z, we have

([U'(z) - U'(0)] + c[U(z) - U(0)] = /OZ u(r)[u(r) -1+ IZV—L(IT()”} dr. (3.3)

Since U(+00) exists, we find that UJ’(c0) exists if and only if the integral

o rV(t)
/0 U(t)|:l,1(r)—1+ 1+U(r)]dr (3.4)

is convergence. Otherwise, it will deviate to co. And get U’ (c0) = oo from (3.3). Therefore,
U(00) = 0o, which contradicts the existence of U(00), so U'(00) exists. At the same time,
we can easily verify U’'(oo) = 0 from U(+00) = 1. Similarly, V’(oo) = 0 can be obtained by
integrating the second expression of system (2.18) from O to z.

Then, we would like to prove the existence of (I, V) and 1 > U(-00) > 0, V(-00) > 0.
Since U is increasing, and there is 0 < U < 1, thus U(-00) exists and 0 < U(-o0) < 1,
where U(-o0) # 1. If U(-o0) = 1, according to the monotonicity of U/, then U = 1. By
(2.18), we have V = 0, which contradicts V > V™ > 0 in (z;, 00). Therefore, U(-0c0) # 1.

In order to prove the existence of V(—00), we need to state that V < 1in R. By (1.1), we

know
" +rvV" + c(bl,[’ + rV’) +bU(1-U)=0.

Integrating the above equality from z to co, we obtain

/bLI”+rV”dt+/ c(bU’+rV')dr+/ bU(1-U)dr =0.
z z z



Wang and Zhang Boundary Value Problems (2021) 2021:33 Page 13 of 15

This implies that
bl (00) + rV'(o0) — (bL[/ +rV’)

o0
+c(bU(00) + 1V (00)) — c(bU + V) + / bU(1-U)dr =0.
z
Since U(00) =1, V(00) = 0, U'(00) = V'(00) = 0, we know that
o0
(U +rV') +cb—c(bU +1V) + / bU(1-U)dr =0. (3.5)
z

Since

[mbu(1—u)dr

o0

is convergence (by (3.11) and (3.12)), take a constant K such that

o0
K>/ bUu(l-U)dr.

00

Let W=bU +rV —b-K,since U < 1 and (2.30), we obtain
W) <rV <rV'<re?™, VzeR. (3.6)

Note that fzoo bU(1 - U)dr >0, by (3.5), we get
W+ cW = f bU(1 - U)dr - K <0. (3.7)
z

Multiplying the above inequality by the term e%, it is easy to see that [e”* W (z)]" < 0, which
implies that the function [e®* W (z)] is nonincreasing. Thus, if —c0 < z; < z < +00, then

€W (z) < e W(zp) < e“™Mp, (3.8)

Note that ¢ > A, if z; — —o0, then W(z) < 0. It is easy to see that bU +rV — b - K < 0.
Thus, we get that V < K/rin R.

Next, we prove the existence of V(-o0) and V(-o0) > 0.

Since V(o0) =0 and V(z; + 1) > V~(z; + 1), we use the mean value theorem to infer the
existence of & > z; + 1 such that V’'(§;) > 0. Multiplying the second equation of (3.2) by
the term e, we can easily obtain [e®V(2)]" = —e® Iif—l‘; < 0. Thus e*V’(z) is nonincreasing.
Since z > &1, e?V'(z) > e“1V'(£}) > 0, then there is V' < 0 on [£],00). Let &, := inf{z| V' >
0, in [z,00)}. Set &, be a finite number or & = —00. If & = —o0, then there is V' > 0 on R.
Note that 0 < V < 1, we know V(—00) exists and V(-o0) > 0. If &, is a finite number, then
there is V'(&;) = 0, which together with the monotonicity of e®“V’(z) leads to e“V'(z) <
€52V’ (&,) = 0, where z > &,. Therefore, there is VV/ < 0 on (—00, &]. We obtain that V(—o0)

exists and V(—o0) > 0. Next, we would like to prove

(U, V')(~=00) = (0,0). (3.9)
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Under the condition U(oco) = 1, U'(00) = 0, integrating the first equation of (2.18) from z
to oo, we find

V() ] . (3.10)

_u/(z)+C[1—U(Z)]=/ U(T)[U(f)—l‘l'm dt

By U >0, U’ > 0, we have

e rV(t)
/Z L[(r)|:l,1(r)—1 + . U(r)]dt <c.

This implies that the improper integral

/m L[(t)|:1 —U(x) - %] dr (3.11)

converges. Let z — —oo, from (3.10) get U(—00) exist, we infer that U/’(—o0) exists. In
addition, because of U’ > 0, then U’(-00) > 0 is derived. In fact, U'(-o0) = 0, if U'(-00) >
0, then U(-00) = —00, which contradicts the existence of U (—00).

Through a similar proof, we can also get V'(—o0) = 0 and

/*“’ rl(t)V(t) J

N 1+—L[(‘L') T. (3.12)

Next, we prove that (U, V)(—00) = (0, 1/r). Since U(—00), V(—00) exists, by the improper
integrals (3.12), we have

U(-o00)V(-00) = 0. (3.13)

Similarly, by virtue of (3.11), we obtain

rV(-o0)

l—u(—oo)—m: .

(3.14)
Since U(-00) # 1, from (3.13) and (3.14), we obtain that (U, V)(-o0) = (0, 1/r). There-
fore, the proof is completed. d

4 Conclusion

In this paper, we discuss that system (1.1) has a unique translation traveling wave solu-
tion by the supersolution and subsolution method and the Schauder fixed point theo-
rem. Moreover, the uniqueness wave solution (I, V) of (1.1) satisfies U(oc0) = 1, U(-00) =
0,V(00) =0, V(-00) =1/r.
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