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jumps by using ergodic method. Firstly, the sufficient conditions for extinction and
stable in the time average of each species are established under some suitable
assumptions. Secondly, under a technical assumption, the stability in distribution of
this model is proved. Then the sufficient and necessary criteria for the existence of
optimal harvesting policy are established under the condition that all species are
persistent. Moreover, the explicit expression of the optimal harvesting effort and the
maximum of sustainable yield are given.
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1 Introduction

As is well known, over-harvesting and unreasonable harvesting policies could cause a
number of adverse effects, such as ecological destruction, species extinction, and deserti-
fication. Therefore, the optimal harvesting problem is a meaningful and significant topic
in biology and mathematics (Zou and Wang [1]). In addition, several scholars have paid
attention to investigating competitive systems and obtained a lot of successful results (see,
e.g., [2—4]) in recent years. Wang et al. [5] have studied stability for the distribution of a
stochastic competitive Lotka—Volterra system with S-type distributed time delays. Hence,
it is very interesting to study the optimal harvesting of a competitive model. The typical
competitive model with harvesting can be described as follows:

doxy (£) = %1 () [ — hy — cux1 () — crax2(£)] dt,
diy(£) = x2(8) [r2 — ha — co1%1(£) — conx2 (1)1 d,

with initial data

x;(0) = ¢;(0), i=1,2,
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where x; and x; stand for the population size of two species, respectively, r; > 0 is the
growth rate of x;, i = 1,2. h; > 0 represents the harvesting effort of x;, i = 1,2. ¢;; > 0 is
for the intraspecific competition coefficients of x;, i = 1,2; ¢; (i #; i,j = 1,2) denotes the
interspecific competition rate.

In fact, the dynamics and optimal harvesting of population are inevitably affected by
some environmental perturbations in virtually all ecosystems, which mainly include two
types: white noise and jumping noise. White noise describes the continuous noise, such
as light, drought, cold wave and so on (see, e.g., [6—9]). Jumping noise describes sudden
environment shocks, such as earthquakes, floods, and epidemics (see, e.g., [10, 11]). In re-
cent years, several authors have studied some systems both with white noise and jumping
noise and published a number of successful articles (see, e.g., [12—17]).

On the other hand, Gopalsamy [18] have pointed out that “the current growth of a popu-
lation should also be influenced by the past history of the species” So it is necessary to take
time delay into consideration. To the best of our knowledge to date, “systems with discrete
time delays and those with continuously distributed time delays do not contain each other.
However, systems with S-type distributed time delays contain both”(see Wang, Wang and
Wei [19, 20]). And stochastic systems with distributed delays were considered in several
publications (see e.g. [21-23]). Qiu and Deng [24] have discussed the optimal harvesting
problem of a stochastic delay competitive model with Lévy jumps, which is about discrete
time delays, and obtained the result that discrete time delays have no impact on the op-
timal harvesting policy in some cases. Therefore, an interesting and significant problem
arises: how does the S-type distributed time delays affect the population dynamics and
the optimal harvesting policy? It is more natural and practical for us to consider. In this
paper, we consider the following model:

Aoy (8) = 210 (87) [y = Iy — cnaza () — [ xo(t +6) dF1a(6)] de

+ oy (£7) dB1(8) + x1() [, i(vN(dt, dv),
da(t) = 2a(6) o =l — [°, 1 (£ +0) dF3n (0) — exea(t)] e

+ oo () dBy(8) + 25 (t7) [, y2(IN(dt, dv),

1)

with initial data
x:(0) = ¢:(0), 0 €[-7,0], T =max{tyy, 11}, i=12,

x;(t7) is the left limit of x;(¢), i = 1,2. 7; > 0, i = 1,2 are time delays. ¢;(0) >0, i = 1,2 are
, %2(t+0) dF15(6) and f_om x1(t+6)dF,(6) are
Lebesgue-—Stieltjes integrals. F15(0) and Fy1 (0) are nondecreasing bounded variation func-
tions defined on [-7,0]. N(d¢,dv) = N(d¢,dv) — u(dv)de, N is a Poisson counting measure,
1 is the characteristic measure of N on a measurable subset Z of (0, +00) with w(Z) < +00.

continuous functions defined on [T, 0]. f_on

y; is the effect of Lévy noises on species i, if y;(v) > 0, the jumps represent the increasing
of the species; if y;(v) < 0, the jumps represent the decreasing of the species; Therefore, it
is reasonable to assume that 1 + y;(v) >0, ve Z,i=1,2.

We wish to solve the problem above and get the optimal harvesting effort (OHE) H* =
(K3, h3) such that the expectation of sustainable yield (ESY) Y (H) = lim;—, 10 Z?:l E(h;x:(t))
is maximum (all species are persistent). Firstly, we establish the sufficient criteria for the
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extinction and persistence of each species in Sect. 2. Then in Sect. 3, we prove the stability
in distribution of this model. Finally, we establish the sufficient and necessary conditions
for the existence of the optimal harvesting policy and obtain the explicit expression of
OHE and the maximum of ESY (MESY) in Sect. 4.

2 Extinction and persistence

At first, we define some notations for the sake of convenience,
o?
=l + 7’ + / [%(v) = In(1 + %:(v)) ] u(dv), bi=ri— B, i=12
zZ

R ={a=(a1,a;) € R*|a; >0,i = 1,2};

(f(t)):t‘I/Of(s)ds, (f)*zlimsupt‘lfof(s)ds;

t—>+00
t
{f)s = liminf¢™! / f(s)ds.
t—>+00 0
Before we state our results, we make some assumptions.

Assumption 1 c¢j1¢p — fim dF12(0) ff’m dF>1(0) > 0. This is a standard weak competitive

assumption which allows the system not to blow up.

Assumption 2 There exists a constant K; such that [, [In(1 + viv)Pu(dv) <Ky, i=1,2,
which means that the jump noise is not too strong.

Lemma 2.1 For any given initial data ($1(0),$2(0)) € C([-7,0],R?), model (1) has a
unique global solution x(t) = (x1(t),x2(t))T € R? almost surely (a.s.). In particular,
Inx;(t)

lim sup <1
t—>+00 Int

, as.,i=1,2. (2)

Remark 2.1 The proof of Lemma 2.1 is a special case of Theorem 5.1 and Theorem 5.2 in
Liu and Wang [25] and hence is omitted.

Lemma 2.2 (Liu, Wang and Wu [26]) Let z(£) € C[2 x [0, +00),R,].
() If there exist some constants T >0, Lo > 0, A, 0; and A; such that, forallt > T,

Inz(t) < At - Ao /0 9 ds + > Bty + Y /0 /Z In(1+y())N(ds,dv), a.s,
i=1 i=1

then

(z)* = limsup,_, ,o t™! [5 2(s)ds <A/ho  a.s., if 2 >0,
lim;_, .00 2(£) =0 a.s., if A <0.

(°B) If there exist some constants T >0, Ao >0, A >0, 0; and \; such that, forallt > T,

Inz(t) > At — Ag /Otz(s) ds + ZaiBi(t) + Z)‘i /Ot/ZIn(l + yi(v))ﬁ(ds, dv), a.s.,
i=1 i=1
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then

t
(z)y =lim inft‘l/ zZ(s)ds > A/hg, a.s.
t—+00 0
Lemma 2.3 Suppose that Assumption 1 and Assumption 2 hold, for model (1),
(I) if by <0 and by <0, then both x, and x, tend to extinction a.s., i.e.,
1imt—>+00 xl(t) =0,a.s., i= 1,2;
(II) if by >0 and by <0, then x, tends to extinction a.s., and
b,

lim (x(t)) = —, a.s.
t—>+00 C11

(III) if by < 0 and by > 0, then x; tends to extinction a.s., and

b
lim (xz(t)> =2, as;
—+00 C22

(IV) if by >0 and by > 0, then
(i) if brcar — by f_om dF12(0) > 0 and bycyy — by fo

—721

dF,(0) <0, then x, tends to
extinction a.s., and

lim <x1(t)) = ﬁ, a.s.;
t—+00 C11

(11) lfb1C22 — bz fo dFu(e) <0and b2C11 - bl fo dF21(9) >0, then X1 tends to

-T112 -1
extinction a.s., and

b
lim <x2(t)> =2 as;
t—>+00 ()}

(lll) lfblczz - bz f_oru dFlz(Q) >0 and szn - bl f_orn szl(Q) >0, then both X1 and

Xy are stable in time average a.s.:

bicyy — by fo dF15(0)

lim (xl(t)) = —2 , .
oo 11622 —f_om dFlz(Q)f_Om dFy(0) )
3
) byci1 — by f_om dFy(0)
Jim fwa(0) = o o |
cuuen — [ dF(9) [2 dFx(0)
Remark 2.2 1t is necessary to point out that if b; > 0, b, > 0 and ¢;1¢9p — f_om dF»(9) x

J2, dFx1(8) > 0, then bicyy — by [°, dFip(6) < 0 and bycyy — by [, dFy(8) < 0 cannot
hold simultaneously.

Proof of Lemma 2.3 Applying the generalized It6 formula to model (1) yields
Inx; () — Inx;1(0)

t t 0
=r1t—h1t—0.5aft—c11/ xl(s)ds—/ / x2(5+9)dF12(9)dS+OllBl(t)
0 0 J-11p
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+ /Otfz[ln(m (s7) +x1(s7)11 () —In(x1(s7)) - J/1(V)]M(dv) ds
v /0 /Z [in(x1(s7) +21(s7)1201) — In( (57)) ] (ds, dv)

=rit —hit —0.507¢t + t/ [ln(l + yl(v)) - yl(v)],u(dv)

e / 51(5)ds / dF12(0) / 35 ds - / / 3206 ds dF(6)
+/ /ng(s)ddeu(G)+alBl(t)+/O L[ln(1+y1(v))]ﬁ(ds,dv)

¢ 0 t
:blt—cn/ xl(s)ds—/ dFlz(G)f x5(s)ds
0 ~T12

-/—ru/ ;vcz(S)dde12(6’)+/_r12 /t+0x2(S)deF12

+a1Bi1(t) + [In(1 + % (») ]N(ds, dv).
0 JZ

This implies that

x1(2)

t'1n
x1(0)

1By (¢)

t pO
=b1—c11(x1(t)>— %/ / x2(5+9)dF12(9)dS+

1t N
+ ;fo /Z[ln(l + yl(v))]N(ds,dV)

(4)
0
=bi - enfm (@) _/ dFy5(0)(xa(2)) + alBtl(t)
* %/0 _/Z[ln(l + () N(ds, dv)
0 [0 ot
_ /_m /9 x2(s)dsdFy5(8) + /_m /t+9 %2(s) ds dFy2(9).
Similarly, one can also derive that
1, %2(2)
t " In 0
t (0
=by — % /0‘ /_121 x1(s + 0) dFy(0)ds — sz(x2(t)> . athZ(t)
* %/(:/Z[ln(l +12(1)) JN(ds, dv) .

a2 By(t)
t

0
= by — coo{xa(8)) - / dFy(6)(x1 (1)) +

1 [t ~
+ ;/O /Z[ln(l +12(v)) [N(ds, dv)

Page 5 of 17
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_/_; Loxl(s)dde21(9)+[j21 [jexl(s)deF21(9)‘

First, we prove (I). From the first equality in (4), we can get

x1(2)
%1(0)

Bit) 1 " ~
! /0 /Z [In(1 + 31 (%) [N(ds, dv).

t1n < by —cnfm(@)+

Since b; <0, according to (2() of Lemma 2.2, we have

lim x;(£) =0, as.
t—>+00

In the same way, we can derive that if b, <0, then lim;_, ;o x2(¢) = 0, a.s. by (5).
Second, we prove (II). Since b; < 0, from (I), we can note that lim;_, , x5(£) = 0, a.s. Thus,
for arbitrary ¢ > 0, there is a random time 77 > 0 such that, for ¢t > T7,

1 t 0
-&£ < - f / x(s +0)dF5(0)ds < e.
tJo -712

The above inequality can be applied to the first equality in (4), we can get

t1in il (t) <b +e- Cn<x1(t)> + til()llBl(t)
x1(0) ©)
+ 7! /0 t /Z [In(1 + () ]N(ds, dv),
l'_l In xl—(t) >b—ec— Cn(xl(t» + t_lOl]Bl (t)
%1(0) @)

1 t ~
+t fo /Z[ln(l +11(v)N(ds, dv),

Because of the arbitrariness of ¢, we can choose ¢ sufficiently small such that b; — ¢ >0
(b1 > 0). Applying Lemma 2.2 to (6) and (7), respectively, we can obtain
b —¢ by +¢

< (x)s < ()" < .
C11 C11

Letting ¢ — 0, we get lim;_, , o (x1(2)) = b1/c11, a.s.

Third, we prove (III). The proof of (III) is similar to that of (II) by symmetry and hence
is omitted.

Fourth, we prove (IV). Firstly, we consider the following equation:

dy1(8) = y1(67)[r1 = b — ey (7)1 de + anya (¢7) dBa(2)
+01() [, N(de, dv),

dya(t) = ya(t7)[re — iy — cooy2 (7)1 dit + gya (t7) dBs(t)
+32(67) [, (N (dt, dv),

where ¥;(0) = x;(0), 8 € [-7,0]. On the basis of the stochastic comparison theorem in
Huang [27], one can obtain

x1(8) < y1(0), %2(£) < ya(2). (8)
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Note that b; > 0 and b, > 0, using a proof like (II), we can get

. b; .
tl}{fn@(yi(t)) =—, as,i=12.

i

Hence, for arbitrary T > 0, we have
t t t-7T
lim ¢! / yi(s)ds = lim ¢! |:/ yi(s)ds — / ¥i(s) ds:| =0, as.,
t—>+00 -7 t—+00 0 0
according to (8), so we can see that

t
lim t’I/ xi(s)ds=0, a.s.,i=1,2,7>0.
t-T

t—>+00

Computing (5) x ¢11 — (4) x f vy, AF21(0), we have
e, x(t)
—In
t x(0)
1 [° t 0
= —/ dF21(9) In xl—() + szn - b1 / dF21(9)
t —T91 X1 (0) —-121
0 0
- (Cnczz - dF2(9) szl(Q))<x2(t))
—T12 —721

0
/ / [— In(1+ @) - % dF;(9)In(1 + yl(v)):|K[(ds, dv)

0
t (Cuasz( ) — / dF21(9)0llBl(t)> + A1),

21

where

0
A(t) = (Cu/ f9x1 )dsdFy(6) — c11 f x1(s) dsdFy;(0)
+ / dFn(60) / /e x2(s) ds dF(6)
0 0t
- / dFy (6) / / x2<s>dsdaz<e)>.
-1791 —110 Jt+6

Thanks to (2) and (9), for arbitrary ¢ > 0, there is a random time 75 > 0 such that, for

tZT21

1 (0 () €
— o szl(O)ln 1(0)

)

(10)

Page 7 of 17



Qiu et al. Boundary Value Problems (2021) 2021:31 Page 8 of 17

A0

1 0 t 0 0
S—(Cn / @) [ m@ds—cn [ dEn@) [ x()ds

t 1 t-121 —-T21 =721
0

dEn@) [ dF®) / x(s) ds

—721 712

0 t
£
- / dFy(6) f dFa0) [ x(s) ds) <%
-1 —112 t-T12

Applying the above inequalities to (10), we have

ci, %(t)

: 0

0
< byci1 - by dFy(0) +¢
—121
0 0
- (611622 - dF»(0) dF21(9)><x2(t))
—T12 —721

. 1)

+ %(cuasz(t) - dF21(9)0l131(t))

—721

Cll/ / In(1 + y,(v) [N (ds, dv)
1 ~
- /_m dF21(9)/0 /%[ln(l + )’I(V))]N(ds,dv),

Similarly, computing (4) X ¢z — (5) x f_om dFi,(0) and by (2) and (9), we can show that

¢, x1(t)

: U x00)

0
<bicy-by dF2(0) + ¢

—T12

(C11C22 - dF12(9) dF21(9)><x1(t))

—721

(12)

+ %(czzalBl(t) dF12(9)0lsz(t)>

—T12

622/ / ln 1+y1(v))]N(ds,dv)

1 ~
-] dFu(@)/O /Z[ln(l +12(v)) [N (ds, dv),

for t > T and arbitrary ¢ > 0.

(i): Note that bycq; — by f o
f_om dF,;(8) + € < 0. Applying () in Lemma 2.2 to (11), one can get lim;_, ;o x2() = 0,
a.s. The proof of lim,_, , o (x1(£)) = b1/c11, a.s. is similar to that of (II) and hence is omitted.

dF»1(0) < 0, and then let ¢ — 0 such that byc;; — by X

(ii): The proof of (ii) is similar to that of (i) by symmetry and hence is omitted.
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(iii): Since byci1 — by ff)m dF;;(0) >0, by (11), (2() in Lemma 2.2 we note that
<x2>* < b2011 — bl f 1 ng:)(G) + & ’
C11€22 —f_m dF(0) [~ dF5(0)

21

We let ¢ — 0 so that

byci1 - b dF,;(9)
(%) < x lf e ,  as. (13)
11622 — f - dF12(9)f dF>1(9)

21

In the same way, using (12), () in Lemma 2.2 and the arbitrariness of ¢ we see that

bicyy - bzf 2 dF15(9)
{e1)* < 0 5 , as. (14)
C11C22 — f,m dPlz(Q)f,m dFy (0)

biexn—by f_,u dFp2()
crien- f,qz dFya( 9)f,r21 dF>1(0)

Let ¢ be sufficiently small such that c;; — & > 0. Equations (9)

and (13) can be applied to (4), we get
0 a1 B, (t)

I xl(((?) by-¢ —611<961(t))—/_r12 dF12(0) (x2)* + ,

1[f ~
¥ ;/0 /%[ln(1+y1(v))]N(ds,dv)

>b—¢— Cu<x1(t)>

0 bycy1 - by f_of dFy(0)
_/ dFlZ(e) 0 = 0
-T12 C11€22 —f,m dFlz(Q)f, dFy(9)
O[lBl

/ / ln 1+ yl(v))]N(ds dv)

bicyn —b dFy»(0)
=cn : 2?) ’ f n, 90020 —&—cnxn(?)
cnen = 2 dF12(9)f o, AF21(0)

“1Bl(t / / In(1 + 1) [N(ds, dv),

for sufficiently large . Due to (B) in Lemma 2.2 and the arbitrariness of ¢ we see that

bicyy - bzfn dF12(0)

5 5 , (15)
€11€22 — f_m dF»(0 )f_m dFy(0)

(xl)* =

Similarly, when (9) and (14) are used in (5), we get

bycnr —blf vy 4F21(6)
C11€22 —f_m dFi2(0 )f_o dF21(9)’

21

<x2)* >

Page 9 of 17
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bica—by f,oru dFy(0)

This, together with (13)—(15), means that lim x1(8)) = ,a.s.
& (13)-(15) o0 (1)) 611622—f_°r12 dF12(9)f_or2l dF1(0)
. baci1-b1 [0, dF21(0)
and lim x9(8)) = 1 ,a.s.
t—+00(¥2(£)) 611622*f,0r12 dFlz(@)f,O,Z1 dF>1(0)
The proof is complete. d

3 Stability in distribution
In this section, we study the stability in distribution of model (1). Firstly, we state an as-

sumption and a lemma.

. 0 0
Assumption 3 ¢;; > f—le dF,1(8) and ¢y > f_m dF»(9).
Lemma 3.1 There exists a positive Ky such that

limsup E(x;()) <Kp, i=1,2.

t—00

Remark 3.1 We omit the proof for Lemma 3.1. For details, please refer to Bao and Yuan
[28].

Lemma 3.2 If Assumption 3 holds, then model (1) is said to be stable in distribution,
i.e., there is a unique probability measure ¢(-) such that, for every initial data x(0) €
C([-7,0],R?), the transition probability p(t,x(0),-) of x(t) converges weakly to ¢(-) as
t — +00.

Proof of Lemma 3.2 Suppose that x(;x(0)) and x(¢;%(0)) are two solutions of model (1)
with initial data x(9) € C([-7,0]; R?) and %(9) € C([-7,0]; R?), respectively. Set

Vi(t) = |Inx; (52(0)) — Inxy (6%(0))| + |Inxa (£2(0)) — Inxy (6%(6))|.
In view of the above equality, by Itd’s formula, one can deduce that
d*vi(z)

_ sen(1 (6:2(0)) - (670))) I:—cu(xl (62(0)) - (676)))

0
—/ [%2( + 0;%(0)) — x5 (¢ + 6;%(0)) | dF12(0)i| dt

112

+ sgn(xa (6:2(0)) - (670)) [_czz(xz (6:2(0)) - x: (67(0)))

0
- / [%1( +0;%(0)) —x1 (¢ + 6;%(0)) ] dF21(0)1| dt

21

2
<= cilxi(t:%0)) - x:(670)) | dt
i1
0
+ / |2 (£ + 0;2(0)) — x2 (£ + 0;%(0)) | dF12(0) dt

0
+/ |1 (£ +05%(0)) — 1 (£ + 0;%(0)) | dF21(6) de.

21
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Define
V(t) = Vi(t) + Va(t),

where
0 t
V)= [ [ [aa(ss500) - sa(s556)| ds i)
0 t
+/ e‘xl(s;x(G)) —xl(s;%(Q))| dsdF>;(6).

From Itd’s formula, we have

AT V() = d*Vi(e) + d* Va(t)

2
<- Z cii|xi(t;x(9)) — x,(t,%(@)) |dt

i=1

0
+ / |x2(t;x(9)) —X2(t;3€l(9))| dF12(9) dt

712

0
+/ |%1(6%(6)) — %1 (£%(0)) | dF21(0) de

0
= —<611 —/ dF21(9)>|X1 (t,x(@)) — X1 (t,%(@))|dt

—721

0
~(en- [ aru®) sa(6500) - 570

—T12

Consequently,

0 t
0<E(V()) < V(0)- (cu - / dF21(0)> / E|x1(s%(0)) - x1 (s:%(0)) | ds
0

0 t
- ((322 —/ dFu(G))/O E‘xz(s;x(ﬁ)) —xg(s;%(e))’ds,

which implies that

0 ¢
<c11 —/ dF21(9)> / E|x: (s%(0)) - x1(s5:%(6)) | ds < V(0) < +00,
0

-1

0 t
<622 —/ dFlg(G)) /0 E!xz (s;x(@)) —xg(s;%(é))‘ ds < V(0) < +o0.
Therefore,
Elxi(£%(0)) - x:(£%0))| € L'[0, +00), i=1,2.

From model (1), we note that

E(x1(2)) = x1(0) + / [(71 — h1)E(x1(s)) — CllE(x1(S))2
0

(16)

Page 11 of 17
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0
- / E (1 (s)x2(s + 6)) dFlz(Q)] ds

712
This implies the differentiability of E(x;(¢)). According to Lemma 3.1,
0

— (11 = hE(x,(0) = cn E (1 (1)) = / E (1 (5)xs(s + 6)) dF1o(6)

112

dE(x ()
de

<nE(x(2))

SrlDl;

where D; > 0is a constant. Thus E(x;(¢)) is uniformly continuous. Similarly, E(x,(¢)) is also
uniformly continuous. According to Barbalat’s lemma (Barbalat [29]) and (16), we can get

lim Elai(t) -%(t)| =0, i=1,2. (17)

Let P(£,x(0), Q) denotes the probability of x(¢;x(0)) € Q. From Lemma 3.1 and the Cheby-
shev inequality, we note that {p(t,x(9),dy) : t > 0} is tight. Z(R?) denotes all probability
measures defined on RE. For any Py, P, € &2, we define the metric

fg(x)Pl(dw [ «

T

dy(P1,P,y) = sup
gel

where

U={g:R*— R||glx) —g)| < llx-ll, |¢()| = 1}.

Forany g e U and t,5 > 0, we have

[E(g(x( + 55(0))) — E(e(x(6:x(0))))]
= [E[E(g(x(t +52(0)))1 F:) | - Eg(x(5:2(0))) |
‘/ Eg tx p(s,x ) Eg( ( ((9)))

(18)
< ., |Eg(x(6%(9))) - Eg(x(£%(9))) |p(s, x(6), d%(0))

 |Eg(x(£:39))) - Eg(x(t:%(9))) |p(s,x(6), d&%(6))

Gk

+2p(s,%(0), Gy),

where Gi = {x € R? : |x| < K} and G& = R? — Gk. Note that {p(t,x(9),dy)} is tight, thus
there exists a sufficiently large K such that p(s, x(0), G%) < ¢, Vs > 0. According to (17), for
arbitrarily € > 0, there exists a 7 > 0 such that

sup |[E(g(x(£:%(0))) - E(g(x(:x(0)))) <&, t=T.

gelu

This inequality can be applied to (18), we can get

IE(g(x(¢ +5%(0))) - E(g(x(£%0)))) <3¢, t=T.
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By the arbitrariness of g, we obtain

21618|E(g(x(t +5%00))) - E(g(x(%(0))))| <3e, t=T.

That is to say, for arbitrarily t > T, s> 0,

du(p(t +5%(6),-), p(6,%(6),)) < 3e.

This implies that p(¢,x(9), -) is Cauchy in Z?(R?) for any initial data x(9) € C([-7,0]; R?).
Therefore, there is a unique ¢ € 2 (R?) such that

lim dy(p(t,¥(©6),"),0()) =0, (19)

t—>+00

where ¥(8) = (¥1(0), ¥2(0))T, ¥:(0) = 0.1, 0 € [-7,0]. From (17), we have

tEIJrnoo du(P(t»x(e)» ')’p(t’ ¢(9), )) = 0’
combining with (19) this implies

tlg-noo dl[ (P(t» x(@), ')’ <ﬂ())
< lim_dy(p(6:5(0),),p(6,0(60),)) + lim du(p(t, ), ), ¢()

=0.
The proof is completed. d

4 Optimal harvesting
In this section, we will state and prove our main results. For the sake of making the proof

work, we introduce the following technical assumption.

Assumption 4 4C11622 — (611622 — fo dFlg(e) fo ngl(Q))z <0.

-T2 -1

Theorem 4.1 For model (1), suppose that Assumptions 1-4 hold. Define

* _ 2en1®
U aenen—(%, dFp@)+[%, dFxn(6)?
(%, dF020)+ )% dEx ()
4C11C22—(f9,12 dl'"12(9)+]f)f21 dFy1(9))2’
* _ 20989
2- 4611622—(]'_0712 dF12(9)+f_0I21 dFy1(0))?
(S, dF12(0)+ [0 dF21 (0%

4011622—(f9le <1F12(9)+f_0,21 dFy1 (0))2”

a% a% 0 (x% a%
where Ry = (ry — 5+ — k1) = (2 — 5 — Kz)f_rlz dF(0), Ry = (rn — 3 —k2) = (11 — 5 —

@) [, dFa(0), ki = [, [yi) (1 + y)](dv), i = 1,2.
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(A) If b1l py =t iy =iis > 05 b2liy =t = > 0, brcan — bzf vy E120) |y =i =iy > O and bacry —
by f vy G210y =t hy=iis > 0, then OHE is H* = (hi, ;) and MESY is

bicyy — bzf o, AF12(0)
1162 —f,m dF12(0 f,om dFy (9)
bycy — by f,om dFy(0)
€116 = f_om dF12(0) f_om dFy ()

Y* = It

*
+hj

(B) If the conditions (A) do not hold, then the optimal harvesting policy does not exist.

Proof of Theorem 4.1 Let G = {H = (hy,hy)T € R?|b; >0, ®; >0,h; > 0,i = 1,2}, where ®; =
bicy — by f_om dF12(6) 1y =kt py=his» P2 = baci1 — by f vy AF21(6) 1y =3 pp=s- By Lemma 2.3,
we can note that if H € G, then (3) holds; if H* exists, then H* € G.

Firstly, we prove (A). Clearly, A = (h7, h}) € G, hence G is not empty. For any H € G,

t—>+00

t 2 t
lim t'I/ HTx(s)ds:Zh,' lim t_I/ x;(s)ds, a.s. (20)
0 ] t—+00 0

From Lemma 3.2, model (1) has a unique invariant measure ¢(-). It is according to Corol-
lary 3.4.3 in Prato and Zabczyk [30] that ¢(-) is strong mixing. Then, as follows from The-
orem 3.2.6 in [30], ¢(-) is ergodic. By (3.3.2) in [30], we have

t—>+00

t
lim t_lf HTx(s) ds:f2 HT xp(dx). (21)
0 R?

Let p(x) express- the stationary probability density of (1). Therefore,

(H) = lim ZE hx, = lim E(HT / HTxp(x) dx. (22)

t—>+00 t—+00

Due to the invariant measure of model (1) is unique, it then follows from the one-to-one

correspondence between p(x) and its invariant measure (see e.g. [30], p.105) that
/ H xp(x)dx = f H xp(dx). (23)
R? R2

From (20)—(23) and (3), we obtain

bicyy - bzf 0 dF12(0)
11622 —f_om dFlz(Q)f vy dF21(6)
bycyy - blfm dFy;(0)
11622 — fm dF12(9)f dFy (6)

Y(H) =

(24)

+l’12

21

Page 14 of 17
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A direct calculation yields

AY(H) _ —2022h1+(,/_0,12 dF12(0)+, _om dF21(0))h2+81
ol crien—[0y, dF120) [Oy,, dF21(0)
oy _ “2enn+([y) dFn©)+[0 ) dFa@)n e
dhy 611622—f,0,12 dF12(9)f,0,2] dF1(0)
AY2(H) _ —~2¢9
- - 7
ohy Cnsz—f,O,u dF12(9)f,0,21 dF1(6) (25)
0 0
02 _ [y @[ dEn)
dh1 9y Cnsz—f?,lz dl”lz((*)f?,21 dFy 0)’
0 0
3Y2(H) _ ]7.[12 dF12(9)+f7r21 dFy1(0)
dha 9 Cnﬁzsz_orlz dFlz(G)ff),21 dF 0)°
IYAH) _ —2c11
o3 611622—f_0r12 dF12(9),f_0r21 dF>1(6)

Let %(11{) =0 and %(1:) = 0. By (25), we have i = I}, hy = h}. From Assumption 3, we

observe that

AY2(H) 9Y2(H)
ant  9h1ohy

Y2(H) 0Y2(H)

dhy ol i3

is negative definite. Therefore, (%], /4}) is the unique maximum point of Y (H), and the
MESY is Y (H*).
Now we prove (B). Suppose that OHE H* = (Z’;,ﬁ;)T exists, then H* € G, i.e.,

0
bllhkzzi >0, N ) dF12(9)|hk:Z,’; >0,
—T12
0
b2|hk:z[t >0, b2611 — b1/ dF21(9)|hk:Z/t >0, k = 1,2.

21

On the other hand, thanks to H* being OHE, then H* is the solution of (24). Note
that the solution of (24) is unique and H* is also the solution of (24). Hence, H* = H*,
Le, bilny=it py=ry > 05 baliy=pt py=ns > 0, bic2z — by f_om dF12(0)1ny =t iy=ry > 0 and bac1y —
by f_om dF21(8)|h1:h»1f,h2:h§ > 0. The contradiction arises.

The proof is completed. O

Remark 4.1 From Theorem 4.1 we can note that the existence of an optimal harvesting
policy has a close relationship with S-type distributed time delays, white noises and Lévy

jumps.

5 Conclusions

In this paper, we considered the optimal harvesting of a stochastic competitive Lotka—
Volterra model with S-type distributed time delays and Lévy jumps. We established the
sufficient and necessary conditions for the existence of optimal harvesting policy, and we
also obtained the explicit expression of the optimal harvesting effort and maximum yield
by using the ergodic method. Theorem 4.1 indicates that the existence of an optimal har-
vesting policy has a close relationship with S-type distributed time delays, white noises

and Lévy jumps.
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Some interesting problems can be further investigated, such as the optimal harvesting
problem for N-dimensional stochastic competitive Lotka—Volterra model with S-type dis-
tributed time delays and Lévy jumps. We can also study the optimal harvesting problem
for some stochastic model with infinite time delays and Lévy jumps. It is necessary for us
to work hard on these investigations.
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