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1 Introduction
In this paper, we consider the critical Fujita exponent of the following coupled quasilinear
convection—diffusion equations:

ou X

— =AU +k— - Vu" + |x|", xeR"\By,t>0, 1)
dat |2

d _

ad =Av”‘+lci VYV + xHul, x e R"\By,t>0, (2)
ot %2

u™ av"”

)= (x,)=0, x€dBy,t>0, 3)
av av

u(x,0) =up(x),  v(x,0)=vo(x), x€R"\By, (4)

where p,g>m>1, k e R, A >0, u = W > 0. In addition, B; denotes the unit
ball in R”, v denotes the unit inner normal vector to dB;, and 0 < u, vy € Cy(R") are
nontrivial.

In 1966, the first result of the exponent of the quasilinear diffusion equation was in-
troduced by Fujita [5]. Precisely, he investigated the Cauchy problem of the semilinear
equation

ou
E:Au+up, xeR"t>0,
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and showed that the problem does not have any nontrivial global nonnegative solution if
1< p <p. =1+ 2/n, whereas there exist both nontrivial global (with small initial data) and
nonglobal nonnegative (with large initial data) solutions when p > p. = 1 + 2/n. Among
many other results, it proved p = p, belonged to the blow-up case by Hayakawa [12],
Kobayashi et al. [13], and Weissler [27]. This is what we know as the blow-up theorem of
Fujita type, and p, is called the critical Fujita exponent. Early results of the Fujita type the-
orem can be seen in the review articles of Deng [2], Levine [15], and relevant references.
In recent years, there are a lot of Fujita’s results, such as [2, 3, 8, 10, 11, 14, 16-21, 24—
26, 30, 31] and the references therein.

Among those works, Galaktionov et al. [6, 7] considered the critical Fujita exponent of

the Cauchy problem

0
8_1: =AU+, xeR"t>0(p,m>1)
and proved that the critical Fujita exponent is p. = m + 2/n. Aguirre and Escobedo [1]

demonstrated the Fujita type theorem of the following convective—diffusion equation:

ou
E:Au’"+bo-qu+up, xeR"t>0,

where g > 1, p > 1, by € R”. They demonstrated that the critical Fujita exponent was

{ 2 2q}
pc=minyjl+—,1+ .
n n+1

Zheng and Wang [29] studied more general nonlinear convection—diffusion systems

ou X _
" — = Au" + kK — - Vi + |22, xeR"\Q,t>0,
ot |x|?

m

ou
— (1) =0, x€9Q,t>0,
av

u(x,0) = up(x), xRN,

wherep>m > 1,k € R, -2 < A; < Xy, Qisthebounded area in R” with a smooth boundary
02 and Bg, C Q C By, for some 0 < Ry < R,, and By denotes the ball in R” with radius R
and center at the origin, and v is a unit outer normal vector to dB;. It displayed that the

critical Fujita exponent is

2+A2
n+k+iy’

m+ K>—-n—»Aq,

Pc =
+00, K <-n-—2Aj.

Following from a lot of results, it shows that critical Fujita exponent of a single equation
is usually a constant, while the critical Fujita exponent of the coupled equations is usu-
ally a curve which is called the critical Fujita curve. In 1991, Escobedo and Herrero [4]
investigated the following coupled systems:

ou

av
— = Au+, —=Av+ul, xeR"t>0,
ot ot
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where p, g > 0, and showed that the Fujita curve is

2
(Pg).=1+—max{p+1,q+1}.
n

In [22], the authors studied the following Newtonian filtration system:

d d
—uzAu”’+v”, —VzAvm+uq, xeR",t>0, (5)
ot ot

where 0 <m <1, p,g > 1, and pq > 1. It was proved that the critical Fujita curve is
5 2
(pg)c = m" + —max{p + m,q + m}.
n

In [9], the authors studied the Fujita type theorem for the outer problem of the following
coupled nonlinear diffusion equations with convective terms:

u x _
— =Au+k—Vu+x"*, xeR"\By,t>0,
ot |2

av x —
— = Av+k— Vv +|x]2u?, xeR"\By,t>0,
at |x|2

and obtained

1+ max{p(2+12)+(2+11),q(2+A1)+(2+A)}

(pq)c = e

+00, K<-n.

K >—mn,

In this paper, we prove that the critical Fujita exponent is

m+ 22 s op,

Pe= e (6)
+00, K<-n.

The main attention of this paper is to prove the global existence and blow-up properties
of solutions. For the global existence of the problem solution, we use the method of con-
structing the self-similar solution and the comparison principle to prove our conclusion.
For the blow-up properties of solutions, we adopt the integral estimation method. It is
noted that when discussing the global existence of solutions, we construct the self-similar
upper solution to the system. In order to let the self-similar solutions have the same com-
pact supported set, we introduce the perturbation term (|x| + 1)*. But the disturbance
term has a negative impact on our results, which is the problem we need to solve.

The paper is organized as follows. In Sect. 2, we state some definitions and some theo-
rems. Then, several useful auxiliary lemmas are given. In Sect. 4, we derive a Fujita type
theorem for problem (1)—(4). At last, we study the asymptotic behavior of the solution to
problem (1)—(4) in the critical case.

2 Preliminaries
In this section, we introduce the definition of the solutions to problem (1)—(4) that will be
useful for the rest of the paper.
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Definition 2.1 Let 0 < T < +00. A pair of nonnegative functions (u,v) is called a super
(sub) solution to problem (1)—(4) in (0, T') if

u,v e C([0,T), L5 (R")) N LY. (0, T;L%(R")),

loc

and the following integral inequalities

T 8¢ T
/ / u(x, t)—(x, t) dx dt + / / u™(x,t) Ap(x, t) dxedt
o JrRmB ot 0o JrRmB

r 1
—x f / u™(x, t) div(—2<p(x, t)x) dxdt
0 JrRM\B; ||

T
+ / / |2 (x, £)(x, £) dx d
0 JR"M\By

T
-/ / um(x,t)(a—‘”(x,t)-i2<p(x,t)x-v)dodt
o Jog dv ||

. / uo(¥)p(x,0) dx < (=)0,
R™M\B;

T 9 w T
/ / v(x, t)—(x, ) dx dt + / / V" (x, ) Ay (x, t) dx dt
0 n\B; ot o JrRmB

r 1
- K / / V" (x, t) div (—2 ¥(x, t)x) dxedt
0 JrRM\B; x|

T
+// o[ “u (x, £) W (x, £) doe dt
o JrmB

T
—f f V'M(x,t)(%(x,t)-iw(x,t)x-v)dadt
o Jop v |2

. / Vo) ¥ (x,0) dx < (2)0
R™\By

are fulfilled for any 0 < ¢, ¥ € C>(R" x [0, T)) vanishing when ¢ is near T or || is suffi-
ciently large. (i, v) is called a solution to problem (1)—(4) in (0, T') if it is both a supersolu-
tion and a subsolution.

Definition 2.2 A solution (u,v) to problem (1)—(4) is said to blow up in a finite time 0 <
T < +o0 if

(-, 0) ||Lm(Rn\Bl) + v, 8) HLOC(R,,\BI) —+00 ast— T,

which T is called the blow-up time. Otherwise, (1, v) is said to be global.

The following existence theorem and the comparison principle to problem (1)—(4) play
an important role in proving our main results.

Theorem 2.1 (Local existence) When 0 < ug, vo € L-._(R")NL>®(R"), the Cauchy problem

loc

(1)—(4) admits at least one solution locally in time.
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Theorem 2.2 (Comparison principle) For0< T < +00, assume that (u*,v*) and (u**,v**)
are two solutions to system (1) and (2) with nonnegative initial data u§(x), v§(x) and ui*(x),
v§*(x) in (0, T), respectively. If (u(x), vj(x)) < (u§"(x),v5*(x)) a.e. in R”, then (u*,v*) <
(™, v*)a.e. inR" x (0,T).

The proofs of Theorem 2.1 and Theorem 2.2 are the same as the one in [23, 25, 28] and
are omitted here.

3 Auxiliary lemmas
In order to research the blow-up property of solutions to problem (1)—(4), we need the

following auxiliary lemmas.

Lemma 3.1 Assume that (u,v) is a solution to problem (1)—(4). Then there exists Ry > 0

depending only on n and « such that, for any | > Ry,

d

— u(x, £) v (|x]) dx
=Gt [ o) ds s [ oal) s )
Bsi\B; R"\B1
d v(x, ) Y(|x]) dx
dt R”\Bl ’ l
==t [ (el drs [ et o) s ®)
Bsi\B; R™\By
where
2, n+k—-1<0, 2
d= 0= T
=+l n+k-1>0, (6-1)
and
™, 1<r<]|,
Yi(r) = | 2r(1 + cos ((g’_?;’l), I<r<él,
0, r>4l.

Proof It follows from Definition 2.1 that

d
dt R"\By

= / u™(x, t)(Aiﬁl(lxI) - Kdiv(%llfg(lxl)x)> dx
Bs/\B1 |2

_ _/331 Vm(x,t)<3¢é(‘lx|) B I;‘?wl(m)x- v) do + s V2 (%, )Y (|¢]) doe

= / u™(x, t)(Aw1(|x|) - Kdiv(%wl(pd)x)) dx
Bs/\B1 |oc]

u(x, )y (|x]) de
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+ Vi, OYi(lxl) dx, >0, 9)

R"\By
where y;(r) € C'([0, +00)) satisfies ¥/(0) = 0 and

avi(lxl)  «
Fra— Wl/fl(|x|)x’ v=0, x€09B;.

For 0 < |x| </, it is easily verified that

Ay(lxl) - Kdiv(#wl(lxl)x)

=y () + 2L ) - . |22w(|x|)=o. (10)

While for [ < |x| < §1, a direct calculation gives

Ay (1) - KdiV<#1//z(lxl)x)

_ _l _ -1 _ -1 k=1 (|x| - l)]T
=3 =D r(m+e 1) xf sin 6o
1 V22772 (K (| |- D
2(5 1) 7wl *|x|* cos 6o

If n+xk —1<0, one gets

Ayi(x]) - Kdiv(ﬁ’#l(bd)x) 6= o ('(5'_ 1’;”
%(8 )77y (11)
If n+x —1>0, we have
Avi(jsl) - Kdiv(#iﬁzﬂxl)x)
> —%(8 - 1)27%72|%|“ sin % - %(8 - 12727 2|%|“ cos %
= (61 g, (12)
By (9)—-(12), we obtain (7). Similarly, one can prove that (8) holds. O

To prove the existence of a nontrivial global solution to problem (1)—(4), we introduce
the following form of self-similar supersolutions to system (1) and (2):

ux,t) =+ 1)U(E+1)Plx]), xeR"\B;,t>0, (13)
vix,t) = (t+ 1) V(E+ 1) Plxl), x€R"\B;,t>0, (14)
where
A+2 6= (p- m)a.

Tam-1)+2p-1) )

Page 6 of 20
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By a simple calculation, we show that

n+x-—1

(™' + (U™ (r) + Brid' (r) + aU(r) + r*VP(r) <0, (15)

n+k—1
——(

(Vm)//(r) + V™) (r) + BrV'(r) + @V (r) + r*U(r) < 0, (16)

for any r > 0. Then the self-similar function (x, v) with the structure (13)—(14) is a super-
solution to (1) and (2).

Lemma 3.2 Assume that m > 1,k > —n, p > p. and set

1/(m-1)
n

Ur)y=V(r) = (n —Arz) , r=>0, 17)

where s, = max{0,s}, n >0, and

_ (m=-1)(p-m
C mn+k)(p + pe—2m)’

Then there exists sufficiently small n > 0 such that (u,v) given by (13), (14), and (17) is a
supersolution to system (1) and (2).

Proof 1t is clear that U™ and V" satisfy (15) and (16) when r > (n/A)"2. For 0 < r <
(n/A)"2, a simple computation can obtain

@) )+ 2L @y )+ prir ) + ettt
= (i <—2Am _ ﬂ) ur-mr) + (ot _ M))U(r)
m-1\m-1 m—1
and
V)6 + L @) 4 V) v ()
= (i (2A_m _ ﬁ) Vl_m(}") + (Ol _ w>>v(r)
m—1\m-1 m—1

Due to % < B, there exists sufficiently small ; > 0 such that, for 0 < n < 5,

m\/! —1 m\/ / - c) u( )

(U ) (r) + &(U )(r)+ﬁrLI (r)+aU(r)<—%, (18)
o\ -1, . , - p)aV(r)

(V ) (r)+l(\/ )(r)+,BrV (r)+aV(r)<—%. (19)

Then, due to A, 1 > 0 and the definition of U, V, there exists 7, > 0 such that, for any
0<n<n,

172
U (r) < ATH2plaDIim=Denf2 _p=pie , O<r< T ,
2(p + p. — 2m) A

A 1 212 1)/(m—-1)+A/2 (P - p)a Ui e
VP (r)<A” n(p—)(m—)+ <—>=" " O<r<|— .
2(p + p. —2m) A
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Combining the above inequations with (18) and (19), we can see that for sufficiently small
0 <12 <n1 and 0 < 5 < Ny < N1, one gets (15) and (16). Thus, (&, v) given by (13), (14), and
(17) is a supersolution of system (1) and (2). O

4 Blow-up theorems of Fujita type
In this section, we establish the blow-up theorems of Fujita type for problem (1)—(4). First,
we consider the case k < —n.

Theorem 4.1 Assume that p,q > m, A, it >0, k < —n, and 0 < uy, vo € Co(R" \ By) are
nontrivial, the solution to problem (1)—(4) blows up in a finite time.

Proof Let (u,v) be the solution to problem (1)—(4). Denote
wi(t) = f (u(x, ) + v, 1)) Y (Ixl) dx,  £>0. (20)
R"\B;
For any [ > Ry, Lemma 3.1 shows that

d C
Lo == e yvn(inl) de + f Il e, £y ]

dt 2 Jpng, RM\By
C
S [ o) e+ / 42 e, ) 1) di. (21)
Bsi\B; R"\B;

The Holder inequality leads to
f u™ (x, t)wl(|x|)dx
Bsi\B;
mlq
< Clln+K—m(n+K+M)/q (/ | ul (x, t)¢l(|x|) dx) , (22)
R™\By

[ vrou(s)a
Bsi\By

mlp
< Clln+x—m(n+x+k)/17 (/ "2 (x, t)lﬁl(|x|) dx) , (23)
R™\By

where C; > 0 is a positive constant independent of [. Substituting (22) and (23) into (21)
shows that

d

—w(t

” wi(t)

mlq (g-m)/q
> (/ ol 24 (x, t)tm(lxl)dx) ((/ Joe| 04 (6, £) (¢ dx)
R"\B; R™M\By

_ CO Cl l—2+n+K—m(n+K+//,)/q)

m/p (p-m)lp
- (/ e (, t)l/fz(lxl)dx) <</ " (x, t)l/fz(lxl)dx)
R"\B; R"M\B;

_ C0C11_2+"+K_m(”+K+A)/p>. (24)

Page 8 of 20



Zhou et al. Boundary Value Problems (2021) 2021:36

Owing to the Holder inequality, for any ¢ > 0, we have

/ u(x, t)l/f[(|x|) dx
R™\B;
(g-1)/ 1/
< (/ |x|—u/(q—1)wl(|x|)dx) ' q(/ || 1 (2, t)¢1(|x|) dx) q,
Bs/\B1 R"\B;

/ v(x, t)wl(lxl) dx
R"\By

(p-1ip lp
< ( / e Dy (1)) dx) ( / |2 (x, t)lﬁz(lxl)dx> ,
Bs)\B1 R"\By

which imply
/ ol (x, £) |6 dx
RM\B;

Co o g, 2405, OV (fel) )T+ 1-900) i A (g, 1) <0,
= 3 Collfym g, 205, 0112 )T, if Alq, ) = 0, (25)
Col(fum 5, 1 OY1([x]) ), if A(q, 1) >0,

/ eV (o, £) (| ) doe
R™\B;

Col(fam s, V& )Y(|x]) dx)P 229, if A(p, 3) < 0,
> 1 Colfan 5, v Yn(x]) dx)P (In D) ®=D,  if A(p, 1) = 0, (26)
CZ(IR"\Bl V(xr t)wl(ldex)pr lfA(P,)L) >0,

where C, > 0 is a positive constant independent of / and A(q, ) =n + k + u — g(n + k),
A(p,)) =n+k + X —p(n+«k). Here, it should be pointed out that the above discussion only

requires p,q > m.
Due to k < —n, it is easy to verify that A(q, u) > 0, A(p,A) > 0. From (24)—(26),

d
Ewl(t)

ZCS"”(/ u(x,t)wz(lxl)dx>m(C§""”)“’( f u(x,t)wl(|x|)dx>q_m
R"\B; R™\By

_ CO Cl l—2+n+k—m(n+/<+/4)/q>

m/p " —m)/p b
+GC, (/ v(x, t)l/f1(|x|) dx) <C2 </ v(x, t)l/fl(lx|) dx)
R"\By R"\By

_ C0C11—2+n+1(—m(n+/(+)\)/p)' (27)

For sufficiently large /; > 1, and note that -2+ n+x —m(m+x + n)/q <0, -2+n+x —m(n+

Kk + A)/p <0, one can get

d
E Wll (t)

>cyh (/ u(x, t) ¥, (|%0) dx)m
R™M\By

Page 9 of 20
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1 C(q—m)/q o
X 5 G u(x, )y, (|x|) dx
R7\By

+ C;”/P (/ v, )Y, (|x|) dx)m
R\By

1 —m pmm
x —Cg’ i (/ Vi, D)y (1x]) dx)
2 R"\B;

q 14
> C3<(/ M(x,t)lﬁll(|x|) dx) + (/ V(x;t)l/fll (|x|)dx) >
R"\By R™\B;

> P,y . min{WZ(t), W;Il(t)}’

where C3 > 0 is a constant depending on /;. Since p,q > m > 1, there exists 0 < T < +00
such that

wy (2) = / (u(x, t) + v(x, t))l//;1 (|x|) dx —> +o00, t— T .
R™\By
Obviously, supp ¥, (x) = By, . Then one gets

|utt) ”LOO(]R”\Bl) + v 0 HLOC(]R”\Bl) — 00, t—>T.

That is to say, (¢, v) blows up in a finite time. O
Next, we discuss the case x > —n.

Theorem 4.2 Assume that p,q>m>1, A, >0, k >—n, and 0 < ug, vo € Co(R" \ By) are

nontrivial. Then, for p < p., any nontrivial solution to problem (1)—(4) blows up in a finite

time.

Proof Let (u,v) be a nontrivial solution to problem (1)—(4). Set
wi(t) = / (u(x, t) + Pv(x, t))w1(|x|) dx, t>0, (28)
R"\By

where 0 is a constant determined below. According to Lemma 3.1, for any [ > Ry,

d
&Wl(t)
=Gt [ (e de [t (i) da
Bsi\B; R™\By
—Col™? / V™ (x, ) (x]) doe + / v (x, )Y (Ix]) dix. (29)
Bsi\B; R™\By

Substituting (22) and (23) into (29) shows that

d
awl(t)

mlq
> ( / Il t)wz(|x|)dx)
R™\By
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(g-m)lq
. (19 </ |x|uuq(x, t)‘/’l(m') dx> _ C0C11—2+n+K—m(n+K+u)/q>
R™\By

m/p (p-m)/p
. (/ o2 (i, t)wz(lxl)dx) ((/ e (x, t)wz(lxl)dx>
R"\B; R™\B1

_ CO Cl l—2+9+n+x—m(n+x+k)/p> . (30)
Let us discuss the classification of symbols of A(g, 1) and A(p, 1) in (25), (26).
If A(g, 1) <0, A(p, 1) < 0, we substitute (25) and (26) into (30), and this yields that

dw(2)
dt

q
z—@cmwwﬂn+quMWWww(f umnmeﬁh)
R

"\B1

b
+ CZI*P(H+K)+H+K+A7P9 (/ 191/(.76, t)lﬂz(|x|) dx) , (31)
R7\B,

where Cy = max{C;Wp, C;”/q} >0, and

m(9) = max{(l —m(n+k)-2,1-mmn+rx)-2-(m- 1)9}.

Set
q—p( A+2)
6= n+K— ,
p+1 p—-m
which implies that
pn+r)+n+k+ri-pd=—qn+r)+n+xk+pu+60=0,
namely,

(-P*q +pgm +p —m)(n +«) + (= + 2)(pq — p*) N

o= @+ Dp-m)

A

By a simple calculation,

dwi(t)
dt

> —CoCyl™Owi(t)

) q p
+C2[®<(/1;”\B u(x,t)t/fl(lx|)dx) + (/MB lgv(x,t)l/fl(|x|)dx> )

> w(8)(=CoCal™® + 27D Cy1° - min{w] ™" (&), w! " (8)}). (32)

Note that if p < p,, then m(0) < ©. Further, w;(0) is nondecreasing with respect to / €
(0, +00) and

sup{w;(()) :le (O,+oo)} > 0.

Page 11 of 20
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Then there exists sufficiently large /, > 1 such that
CoCaly® < 27C* Gyl - min{wf " (0), wl, " (0)}. (33)

Combining (32) with (33), we get

dw, ()

” > 2‘“’*‘““@[;’ -min{wi(t),wi(t)}.

Just like the proof of Theorem 4.1, we can obtain that (i, v) blows up in a finite time.
For A(q, 1) =0, A(p, 1) <0, we set 6 = 0. It follows from (25), (26), and (30) that

dwi(t)
dt

q\ mlq
. (Cg(lnl)‘(‘"l) ( fR ulx, t)lﬁz(lxl)dx> )
"\B1

q-m
x (cg‘f"">/‘1(1n 1)-@-1)('1-’")/'1( / (e, £) () dx)
R™M\By

_ C() Cl ln+/<—2—m(n+/(+//.)/q)

p\ mlp
+ (CZZ—p(n+K)+n+K+)\ </ v(x, t)lﬁl(|x|)dX) >
R"\By

p-m
« (Cép—m)/lﬂl(p(n+lc)+n+/c+)\)(pm)/p (f V(x, t)wl(|x|) dx)

R\B|
_ Coclln+/c—2—m(n+f(+k)/p> . (34)

Here

n+i—-2-mmn+x+u)g<o0,
n+k-2-mn+k+1)/p< (—p(n+ic)+n+x+k)(p—m)/p.
Then there exists sufficiently large /3 such that

dwy, ()
dt

> CJ(1n Lyy"1-0's ( /
R

u(x, )\, (|x|) dx)

"\B1

X Sy 1) 1-a-mg ( /
2 R

" C;n/pl;m(n+l<)+m(n+f(+)»)/p (/
R™\By

> %Cép—m)/pl(3—p(n+k)+n+K+A)(p—m)/p (/
R

q-m
ulx, )y (1x]) dx)

"\B1

vix, )Y, (|x|) dx)

p-m
vix, )Y, (le) dx)

"\B1

q p
> Cs ((/ u(x, t)wl3(|x|) dx) + (/ vix, )Y, (|x|) dx) )
R”\By R™\B;
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> 27¢*0Cs - min{wf, (0, W], ()},
where C5 > 0 is a positive constant depending only on /5. Therefore, we can obtain that
(#,v) blows up in a finite time by a similar proof process of Theorem 4.1.

For other cases, select = 0. By the similar argument as A(g, 1) = 0, A(p, 1) < 0, we can
also prove that any nontrivial solution blows up in a finite time. d
Theorem 4.3 Assume that p,q>m>1, A\, 0 >0, k > —n, and 0 < uy, v € Co(R" \ By)
are nontrivial. Then, if p > p., there exist both nontrivial global and blow-up solutions to
problem (1)—(4).

Proof The comparison principle and Lemma 3.1 can prove the existence of the nontrivial
global solution to problem (1)—(4) with sufficiently small initial value. Next, we study the

blow-up solution to problem (1)—(4) when the initial value is sufficiently large.

For [ > 1 and (u, v) is the solution to problem (1)—(4), set
wi(t) = / (u(x, t) + v(x, t))¢;(|x|) dx, t>0.
R™\By

According to the Holder inequality and (30), we have

mlq (q-m)/q
> ( [ tmmxodx) (( [ e tmuxndx)
R"\By R"\B;

_ CO Cl 12+r1+l<m(n+/<+/4)/q>

m/p (p-m)/p
. ( f VP (s, t)lﬁz(lxl)dx) (( [ VP (s, t)lﬂz(lxl)dx>
R"\By R™\By

_ CO Cl lZ+n+Km(n+K+A)/p)

> VV;H(L‘)(_C()C1 Co + 27@+q)c7 : min{ﬁ/f_m(t)’ﬁ/?_m(t)})’ e

where
(-q)mlq
C6 _ max{l—2+n+l(—m(n+f(+u_)/q (/ |x|—u_/(q—1)¢l(|x|) dx) ,
R™\By

(1=p)mlp
l—2+n+)<—m(n+lc+k)/p (f |x|—}\/(p—l)1//l(|x|) dx> }’
R\B

1-q 1-p
Cr- min{ ( [ o) dx) ( [ ) dx) }
R"\By R™\By

If (1o, o) is so large that

CoC1Cs < 27®**DC; - min{#) ™" (0), W] " (0)},
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then (35) leads to

dwi(t)

& >, . min{ﬁ/’;(t), Vv?(t)}, t>0.

By a similar argument in the proof of Theorem 4.1, one can show that («, v) blows up in a
finite time. O

5 The critical case
In this section, we consider the critical case

2+ A

p=pe=m+ " (36)
n+kKk

Obviously, we can prove that (29), (32) still hold, and
n+k+pu—gqun+r)=n+k+r—-pn+r)=0-m)(n+x)-2. (37)
The result of the critical case is based on the following three lemmas.

Lemma 5.1 Assume that (u,v) is a nontrivial global solution to problem (1)—(4) with p =
P> then there exists My > 0 independent of t such that

/ (u(x, t) + v(x, t)) |x|“dx <My, t>0. (38)
R"\B;

Proof For any sufficiently large [ > 1, it follows from (32) that

dw,(t)
dt

> Wy ()l (LCoCy + 27D C, - min{wh T (), wiT(0))),

where w; is defined by (28) with 6 = 0. Similar to the end of the proof of Theorem 4.1,
there exists some /3 > 1 such that, for any / > 5,

27 btV Cy - min{wf " (), wi " (#)} < CoCa,
which implies
wi() < max{(CoCyCyl2rera )0 (o Cycytaperart) Ve
Let [ — +00 in the above inequality, then we can obtain (38). |

Lemma 5.2 Under the assumption of Lemma 5.1, there exist three positive constants
My, My, M3 > 0 independent of | and t such that, for any sufficiently large | > 1,

dwi(t)
dt

> MT_T l(l—m)(n+/<)—2w;n—t(t)

X (—Mz </ (u(x, ) + v(x, t))l/f[(IxD dx)
Bsi\B;
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+ Mi(mfr)Mg . min{wfc_m” @), wi™" (t)}), (39)
where
. {pc —-m q—-m }
0< T <min ,— 1.
pc—1 g-1

Proof It is easy to verify that

n+/<—2—m(n+/c+/L)/q+r(u—(q—1)(n+/c))/q

=((1-q@)n+k)+pu)g-m+1)lg, (40)
n+/c—2—m(n+/c+A)/pc+r(k—(pc—1)(n+x))/pc
= ((L=p)(m+K)+A)(pe —m +1)/pe. (41)

For any sufficiently large / > 1, it follows from the Holder inequality that

/ u” (x, t)yr (|x]) d
Bsi\B;

(g-m—(g-1)1)/q
< (/ |x|—(m—f)u/(q—m—(q—1)f)wl(lxDdx)
By \B;

(m-1)/q T
X (/ |l 1 x, )1 (1] dx) </ u(x, £) ¥ (Jx]) dx)
Bsi\B; Bsi\B;

< C8 ln+/<—(n+/<+u)m/q+t(u—(q—1)(n+l<))/q

(m-1)lq T
X (f el 2 (x, ) W (|61 dx) (/ u(x, )y (1%1) dx) ,
R™\By Bsi\B;

[ () e
Bsi\By

(pe=m—(pc-1)7)/Ipc
< ( / [ e () dx)

(m-1)/p¢ T
x ( / il (x, t)llfz(lxl)dx> ( / v, t)l/fz(lxl)dx>
Bsi\B; Bs;\B;

< C81n+K—(n+K+A)m/pc+r(A—(pc—l)(nw))/pg

(m-1)/p¢ T
x (/ lekvp”(x,t)wz(lxl)dx> (/ V(x,t)wz(lxl)dx> ,
R"\By Bsi\B;

where Cg > 0 is a constant independent of /. Substituting the above two inequalities into
(29) with 0 = 0, it follows from (25), (26), (37), (40), and (41) that

d
Ewl(t)

> —CoCyl D=2 (A wy (2)) " ( L (u(x, ) + v(x, ) Y (1] dx)r

21\Bi

+ 27 Per® Gy = D0=2 min{wh* (2), wi (1)},
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which yields (39) by choosing
My =max{Cy%,C1),  My=CoCs, Mz =270, O

Lemma 5.3 Under the assumption of Lemma 5.1, there exists a constant My > 0 indepen-
dent of | and t such that, for any sufficiently large [ > 1,

d

— (u(x, ) + v(x, t)) ¢1(|x|) dx > — M [Pelmre=2—mlnrici)(pe=m) (42)

Proof Owing to the Holder inequality, one obtains

/ u” (x, t)yr(|x]) dx
By\B;

e (g-m)lq mlq
< ( / FE=) dx) ( / Il e, £y ) dx)
By \B; By \B;

mlq
< C91n+x—m(n+x+;4)/q (/ |x|;4 ul (x’ t) dx) ,
By \B;

[ vrou() @
By \B;

” (pe=m)Ipc mlpc
< (/ Joe| 2o~ (] ) dx) </ el V7 (x, £) Yy (1%1) dx)
By\B; By\B;

mlpc
< C91n+/<—m(n+f<+k)/pc (/ |x|kvpc (x’ t) dx> ,
Byi\B;

where Cy > 0, independent of /. Substitute the above results into (29) and

gn+x-2)-mn+x+un) pn+r-2)—mmn+r+1)

q—-m Pc—m ’

then it follows from the Young inequality that

d mig
&Wl(t) > —Cp C91n+x—2—m(n+x+u.)/q (/ |x|“uq (x,1) dx)
B

21\Bl

+/ ol 2 (x, ) (J]) dxe
R™\By
mlpc
e ( / 3, ) dx)
By\B;
+/ eV (x, )y (| ) doe
R"\By

= [ e ya(x]) e+ f Il e, )]
q Jrm\B, R"\B;
q— m

(CO Cg)q/(q—m) l(q(n+K—2)—m(n+K+;4))/(q—m)

S e (i) dx + f 2 G, (1) e

Pc Jrm\B; R"\By
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bc—m (CO Cg)pC/(pc—m)l(pC(nH{—2)—m(n+K+A))/(pc—m)
Pc

- _M4l(pc(”+l(—2)—m(n+’(+)\.))/(pc—m)

where

M,y = maX{ 4 _qm (C()Cg)q/(qu), pcp;m(COCQ)PC/(PC*m) }. 0

Now we prove the following theorem.

Theorem 5.1 Assume that k > —n. Then any nontrivial solution to problem (1)—(4) with
P = pc blows up in a finite time.

Proof We prove the theorem by contradiction. Assume that (,v) is a nontrivial global
solution to problem (1)—(4) with p = p.. Set

A = sup w(t) = sup/ (u(x, ) + v(x, t))|x|K dx. (43)
1>0,¢>0 t>0 JR"\B;

It follows from (38) and the nontriviality of (,v) that 0 < A < +00. Owing to (43) and the
monotonicity of w;(£) with respect to [ € (0, +00), there exist /p > 1 and ¢, > 0 such that, for
anyO<e <A,

Wirs(to) = A —e.

From Lemma 5.3, for s > £,, we obtain
/ (u(x,s) + V(x,S))WlO/(g (|x|) dx
R™\By

> / (14 20) + V(e £0)) Yy (1) e
R"\B1

_ M4(lo/8)(pc(n+)<—2)—m(n+/c+A))/(pc—m) (S _ tO)

>A—¢ _M4(ZO/8)(pc(n+x—2)—m(n+x+k))/(pc—m)(S _ tO);

which yields that

f (u(x, ) + v(x, 8)) Wy, (1x]) dx
Bsiy\Biy

< / (ulx, £) + v(x, 1)) || dox — / (u(x, 8) + v(x, ) Wipss (1)) dx
R™\By R"\By

<e+ M4(lo/8)(pc(n+)<—2)—m(n+/<+A))/(pc—m) (S _ t())r s> to.

Let [ = [y in (39), from the above inequality, one gets that

dwy, (¢ _ _
1o () EMT_I-IE)I ) (n+€) 2wf§”(t)

dt
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X (—Mz (/ (wlox, £) + v(, )y dx)r
Bsig \Bg

+ Ml_(m_r)Mg . min{ wfoc_m” @®), W (1) })

lo
> M;n—‘[l(()l—m)(n"’l()—zw;’g—f (t)
x (—Mz (8 + M4(10/8)(pc(n+K—2)—m(n+K+A))/(p¢—m)(S _ to))r

+M1_(m_T)M3 -min{w’;;_m”( ) q— m+r(t)})
Take &y € (0, A) and M5 > 0 to get

1
Ma(o + Ms)" < EM;“”*”Mg -min{(A - )P (E), (A — )T (1),

where &) and M5 are independent of /[, 0< 7 < min{f’;cc*’f 4} Then we obtain
dwy, (£
(;(;( ) 2M l(l m)(n+K)— mln{wpﬂ(t),wz)(t)}, to<t<t,
where

b=ty + %(lo/a) —pc(n+k=2)+m(n+k +1))/ (pc—m
M,

Integrating (44) over (t, t1) with respect to ¢ and using
(pc(n+/< -2)—-m(n+«k +A))/(pc—m) =1-mm+k)-2,
one gets that

wy, (t1)

1
> wy, (to) + iMslél_m)("”)_z -min{(A — g0)”, (A — £0)?} (51 — to)
1
= wiys(to) + 5 My ™" -min{ (A — e}, (A — e0)1]}
x % (ZO/5)(—pc(n+K—2)+m(n+K+A))/(pc—m
My
= Wys5(to)

M3Ms
+

L 8(pc(n+l( =2)-m(n+k+1))/(pc—m) mm{(A _ go)pc, (A _ EO)q}~
4

That is to say,
/ (o, t1) + vl £1)) %1 doe > wyy (£1) = wigss(f0) + o = A — €0 + o,
R"\By

where

M3 M,
o = Spr SR N) min(A — so, (A ~ £0))
4

(44)
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is a positive constant independent of /. It is obviously verified that
Wsiys(t1) = wi(81) = A — 80 + Yo = A — &o.

Using the same method, one gets
[ (o)t )l = g () 2 w8 0= A =0 + 2,
R™\By

where

ty=t + %l(()—pc(n+x—2)+m(n+x+k))/(pc—m).
My

Similarly, for any positive integer i, we obtain

/ (u(x, ;) + v(x, ti)) ) dx
R"\By
> Wiy, (8) > Wai-yy (ti1) + 80 = A = &0 + iyo, (45)

where

tl‘ _ ti_l + % (ai_zlo)—(pc(n+/(—2)+m(n+/(+A))/(pc—m)'
M,

Letting i — +o00 in (45) implies

sup/ (e, £) + v(x, 1)) %] dx = +00,
R"\B;

t>0

which contradicts (38). g

Acknowledgements
The authors would like to thank the referees for their valuable comments and suggestions which improved the original
manuscript.

Funding
This work is supported by the National Natural Science Foundation of China (No. 11871133), by the Department of
Science and Technology of Jilin Province (YDZJ2021012YTS044).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All the authors contributed to each part of this study equally and approved the final version of the manuscript.

Author details

'School of Mathematics, Jilin University, 130012 Changchun, China. ?School of Science, Northeast Electric Power
University, 132012 Jilin, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 3 January 2021 Accepted: 19 March 2021 Published online: 26 March 2021



Zhou et al. Boundary Value Problems (2021) 2021:36

References

1.

20.

21

22.
23.

24.

25.

26.

27.

28.

29.

30.

31

Aguirre, J,, Escobedo, M.: On the blow-up of solutions of a convective reaction diffusion equation. Proc. R. Soc. Edinb,,

Sect. A 123(3), 433-460 (1993)

. Deng, K, Levine, H.: The role of critical exponents in blow-up theorems: the sequel. J. Math. Anal. Appl. 243, 85-126

(2000)

. Diaz, JI, Herndndez, J., llyasov, Y.Sh.: On the exact multiplicity of stable ground states of non-Lipschitz semilinear

elliptic equations for some classes of starshaped sets. Adv. Nonlinear Anal. 9(1), 1046-1065 (2020)

. Escobedo, M., Herrero, M.: Boundedness and blow up for a semilinear reaction—diffusion system. J. Differ. Equ. 89,

176-202 (1991)

. Fujita, H.: On the blowing up of solutions of the Cauchy problem for u; = Au+ u'™®. J. Fac. Sci., Univ. Tokyo, Sect. 113,

109-124 (1966)

. Galaktionov, V.: Blow-up for quasilinear heat equations with critical Fujita's exponents. Proc. R. Soc. Edinb. A 124,

517-525(1994)

. Galaktionov, V., Kurdjumov, S., Mikhailov, A, Samarskii, A.: On unbounded solutions of the Cauchy problem for the

parabolic equation du/dt = V(uo Vu) + u? . Dokl. Akad. Nauk SSSR 252, 1362-1364 (1980)

. Ghoul, T-E., Nguyen, V.T,, Zaag, H.: Construction of type | blowup solutions for a higher order semilinear parabolic

equation. Adv. Nonlinear Anal. 9(1), 388-412 (2020)

. Guo, W, Gao, Y. Critical Fujita curves for a class of coupled convection—diffusion systems. J. Jilin Univ. Sci. Ed. 58(2),

271-276(2020)

. Guo, W, Lei, M.: Critical Fujita curves for a coupled reaction-convection-diffusion system with singular coefficients.

J.Jilin Univ. Sci. Ed. 54, 183-188 (2016)

. Guo, W, Wang, X, Zhou, M.: Asymptotic behavior of solutions to a class of semilinear parabolic equations. Bound.

Value Probl. 2016, 68, 1-9 (2016)

. Hayakawa, K.: On nonexistence of global solutions of some semilinear parabolic equations. Proc. Jon. Acad. 49,

503-525(1973)

. Kobayashi, K, Siaro, T, Tanaka, H.: On the blowing up problem for semilinear heat equations. J. Math. Soc. Jpn. 29,

407-424 (1977)

. Leng, Y, Nie, Y, Zhou, Q. Asymptotic behavior of solutions to a class of coupled nonlinear parabolic systems. Bound.

Value Probl. 2019, 68, 1-11 (2019)

. Levine, H.: The role of critical exponents in blowup theorems. SIAM Rev. 32(2), 262-288 (1990)
. Li, F, Lin, H,, Liu, B.: Blow-up analyses in reaction-diffusion equations with Fujita exponents. Nonlinear Anal., Real

World Appl. 50, 386-412 (2019)

. Li, H, Wang, X, Nie, Y., He, H.: Asymptotic behavior of solutions to a degenerate quasilinear parabolic equation with a

gradient term. Electron. J. Differ. Equ. 2015, 295, 1-12 (2015)

. Lian, W, Wang, J,, Xu, R Global existence and blow up of solutions for pseudo-parabolic equation with singular

potential. J. Differ. Equ. 269(6), 4914-4959 (2020)

. Liu, C, Wang, H.: Global existence and nonexistence of solutions for Newtonian filtration equation. Appl. Anal. 96(8),

1379-1389 (2017)

Martynenko, A, Tedeev, A.: Cauchy problem for a quasilinear parabolic equation with a source term and an
inhomogeneous density. Comput. Math. Math. Phys. 47(2), 238-248 (2007)

Na, Y., Zhou, M., Zhou, X., Gai, G.: Blow-up theorems of Fujita type for a semilinear parabolic equation with a gradient
term. Adv. Differ. Equ. 2018, 128, 1-12 (2018)

Qi, Y, Levine, H.: The critical exponent of degenerate parabolic systems. Z. Angew. Math. Phys. 44, 249-265 (1993)
Quittner, P, Souplet, P: Superlinear Parabolic Problems. Blow-up, Global Existence and Steady States. Birkhduser
Advanced Texts: Basler Lehrbticher. Birkhduser, Basel (2007)

Rault, J.: The Fujita phenomenon in exterior domains under dynamical boundary conditions. Asymptot. Anal. 66(1),
1-8(2010)

Wang, C, Zheng, S.: Critical Fujita exponents of degenerate and singular parabolic equations. Proc. R. Soc. Edinb,,
Sect. A 136(2), 415-430 (2006)

Wang, C, Zheng, S., Wang, Z.: Critical Fujita exponents of a class of quasilinear equations with homogeneous
Neumann boundary data. Nonlinearity 20, 1343-1359 (2007)

Weissler, F.: Existence and non-existence of global solutions for semilinear equation. Isr. J. Math. 6(1), 85-126 (2000)
Wu, Z, Zhao, J,, Yin, J,, Li, H.: Nonlinear Diffusion Equations. World Scientific, River Edge (2001)

Zheng, S., Wang, C.: Large time behaviour of solutions to a class of quasilinear parabolic equations with convection
terms. Nonlinearity 21(9), 2179-2200 (2008)

Zhou, M,, Li, H, Guo, W., Zhou, X.: Critical Fujita exponents to a class of non-Newtonian filtration equations with fast
diffusion. Bound. Value Probl. 2016, 146, 1-16 (2016)

Zhou, Q, Nie, Y, Han, X.: Large time behavior of solutions to semilinear parabolic equations with gradient. J. Dyn.
Control Syst. 22(1), 191-205 (2016)

Page 20 of 20



	Fujita type theorem for a class of coupled quasilinear convection-diffusion equations
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Auxiliary lemmas
	Blow-up theorems of Fujita type
	The critical case
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


