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1 Introduction and main results
In this paper, we investigate the following Kirchhof-type problem with Soblev...Hardy crit-
ical exponent:

{a+b[ (| UIZ-.u%)dx]%f}(...u..pﬁz)
= W28 £ (x, ) in (1.1)

IxP®

u=0, on

where is a smooth bounded domainirR3,0  ,a,b>0,0 s<2,u [0,1/4),2(s)=
6 ... 2is the Sobolev...Hardy critical exponent, ari@x,t) : x R is a continuous real
function.

Equation (1.1) is called a Schroédinger equation of Kirchho type due to the presence of
thetermb[ (| ul?..pu?|x|3dx]@ 2, Whenu =0 ands = 1, it appears in the following
classical Kirchho type equation:

L8+b | uPdx) u=k(xu) in ,

u=0 on ,

(1.2)
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related to the stationary analogue of the equation
Ug... a+b | ul?dx u=f(xt),

which was “rst proposed by Kirchho [1] as an extension of the classical D-Alembert wave
equation for free vibrations of elastic strings. Equatiori (2) has aroused widespread con-
cern after the work of Lions P], which proposes a function analysis framework. After that,
many interesting results have been obtained such &.9]. For instance, Xu and Chen
[10] studied Kirchho -type equations with a general nonlinearity in the critical growth.
Under certain conditions, the existence of ground state solutions were proved by using
variational methods. In particular, they do not use the classical Ambrosetti...Rabinowitz
condition. Fiscella et al. 1] dealt with the existence of nontrivial solutions for critical
Hardy...Schtinger...Kirchho systems driven by the fractional-Laplacian operator. The
existence was derived as an application of the mountain pass theorem and the Ekeland
variational principle. The authors extend the existence results recently obtained for frac-
tional systems to entire solutions with critical nonlinear terms and generalized the systems
driven by thep-Laplacian operator to the fractional Hardy...Schrodinger...Kirchho case.
Xiang and Vicentiu [L2] investigated the existence of solutions for critical Schroédinger...
Kirchhof-type systems driven by nonlocal integro-di erential operators. By applying the
mountain pass theorem and Ekelandes variational principle, the existence and asymptotic
behavior of solutions for the problem under some suitable assumptions were obtained.
A distinguished feature of their paper is that the systems are degenerate, that is, the Kirch-
ho function could vanish at zero. This is the “rst time of exploiting the existence of solu-
tions for fractional Schrédinger...Kirchho systems involving critical nonlinearities RN .

In the casek(x,u) = f(x,u) + u®, Xie et al. p] studied the nondegenerate and degener-
ate cases and proved the existence and multiplicity of solutions by using the Brezis...Lieb
lemma and mountain pass theorem. Naimem8] further discussed this problem in the case
of k(x,u) = pug(x,u) + u® under di erent conditions of g(x,u) andpg  R. In the meantime,
the results were expanded ing] by establishing the existence and nonexistence of posi-
tive solutions by using the second concentration compactness lemma and mountain pass
theorem.

Problem (L.1) in the case ofa = 1 andb = 0 can be reduced to the classic semilinear ellip-
tic problem with critical exponents, for which the existence and multiplicity of solutions
was proved by Ding and Tangd].

Inspired by the results of the above paper, the purpose of this paper is to consider the
existence and multiplicity of solutions to problemZ.1). The main di culty in this paper
is that it contains the Sobolev...Hardy critical exponent term, which leads to the energy
functional not satisfying the Palais...Smale condition.

In order to state our main results, lef(x,u) = 0” f (x,t) dt. We introduce the following

assumptions: foct foct
(f) f C( x R*R),andlim; ¢+ # =0, lim¢ + % = 0 uniformly for a.e. X

(f2) Thereexistsaconstant > max{ﬁ ,6... T.. fi}suchthat0O< F(x,t) f(x,t)t
forallx ,t R*\{0}.

(f3) f C( x R,R),andlim; ¢ @ =0, lim; + iéx—tg = 0 uniformly for a.e. X

(f4) There existsaconstant > max{ ﬁ ,6... T...fi}suchthat0< F(x,t) f(x,t)t
for all X .t R\{0}
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Now our main results are as follows.

Theorem 1.1 Let f(x,t) satisfy (f;) and (f). Then problem (1.1) has at least one positive
solution.

Theorem 1.2 Let f(x,t) satisfy (f3) and (f4). Then problem (1.1) has at least two distinct
nontrivial solutions.

Remark 1.1 We added the Hardy and Sobolev...Hardy terms in equatitbri) on the basis

of [6]. We overcome the compactness problem with concentration compactness principle.
Lei [7] studied another special case of problem (1) with f(x,u) = f(x)|u|%%|x| fora
suitable functionf (x) and 1 <q < 2. By using the Nehari manifold and “bering maps, they
obtained two positive solutions. We observe that the termf (x)|u|%-%i|x|~ has to be a
homogeneous function; however, it does not satisfy the assumptions we give in this paper.

The rest of this paper is organized as follows. In Se2fwe give some preliminary results.
In Sect.3, we establish the proofs of our main results.

2 Preliminaries

In this part, we give some information to support this paper. Otherwise state@,Cp, Cq, . ..
represent positive constants, and «Z and « Z represent the strong convergence and
weak convergence in the corresponding space, respectively it ) be the usual Hilbert
space endowed with the usual inner product and norm

N

UV)ny( )= u vdx and U yiy= | u|?dx
By the well-known Hardy inequality L3]

u2
de 4 | u?dx,

we deduce that

1
2 2

uv u
x[2 dx and u = | u.p— dx ,

(u,v)= u v..u T

respectively, which are equivalent to the usual inner product and norm () for any
o [0,1/4).
We also de“ne the best Sobolev...Hardy constant

2 u?
sz gpp 0 U dE)d

u HIONO %dx)zi(s)

(2.1)

FromLemma2.2in 14 we “nd that Sisindependent of ,andwhen =R3, itis obtained
by the functions

_ Ty _
2 (3 ..S)_(_|J. L) ZS X T.0E . X (2.s)ﬁu..u 35
m

y ()=
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forall >0 andp =1/4. In addition, the functiony (x) is the solution to the equation

u O
.U l—=——— inR°\{O0}.
MiET T {9
Since0 , letRg be a positive constant such their,(0) . We take a cut-o function

(xX) Cp () suchthat (x) =1 for|x| Ro, (X)=0for|x|>2Rg,and 0 (x) 1 oth-
erwise. LetC :[%]z—‘i, 1= T T 2= O+ [ andU (x)='&,
Suppose

1

2.5 _1 .S 2 o’

U )= )
(X Z ®+ix 2 H]Zs

u)= (U ()=

25 1 S22 [
[Ix[Z w+x 2 v]zs
v X)= u (x) 7
lu (2O 41z
( s dX)
so that v (X) fz(?s)( o= IV I OIx|*dx = 1. Then we have the following results
[14]):
v(x) 2=s+0 73, (2.2)
q B
O( %), 1 g< _+3j,
q @
v [Tdx="O( Zs|n ), g= mgm- (2.3)
HE.9 1
O( @9 ), ‘+3—j <(Q<6.
Now we de“ne the functionall on H}( ) by
a b 1 u? ©
I(uW==u?2+—u*.— ——dx.. F(xu)dx. 2.4
W 2 4.5 2 (s) [x]¢ () (2:4)

Obviously, the functionall belongs to the clas€(H3( ),R). Furthermore,

uv

uv
ME dx+b u % Uu v.p— dx

I (u),v=a uv.pu ME

w2 O
X

dx... fquyvdx, v HZ( ).

3 Proofs of our main results
In this section, we consider the existence and multiplicity of solutions to problem.q).
We “rst verify that the functional I(u) satis“es the local PS) condition.
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Lemma 3.1 Let f(x,t) satisfy (f1) and (f2). Suppose ¢ (0, o), where

4.5 S = 2
_a(2..s). bSZT + b2S4s+4aS 2s
" 2(3..9) 2

0

b(2..s) bS% + DbZSEs+das 2%
2(3..5)(4..9) 2 '

Then I(u) satis es the local (PS), condition.
Proof Suppose thafu,} is a PS). sequence. Then, foc (0, o),

I(un) ¢, I (u)) O asn . (3.2)
First, we prove that{u,} is a bounded sequence. Fron3 (1) we have

1+c+0(1) up I(un) 1 I (Un),un

1 1 5 1 1
= 2.2 au, ’+ — .= buy?*s
2 . 4.5 "
1 1 luj2 © 1
+ - — dx + —f(x,unup ..F(x,uy) dx
2 () X[ (X, Un)Un (X,Un)
1 1
5 au 2

where =min{ ,2 (s)}. Thus we conclude thafun} is a bounded sequence iki3( ). By

the continuity of embedding we hav¢un|§ 8 C1 < (denoting the usualLP( ) norm

by |- |p). Up to subsequences if necessary, there exists H3( ) such that

Up U weaklyinH3( ),
U, u inL% )forg 1,2(s),

u, u a.e.in .

Then we prove thatu,  uin H3( ).
By (1), forany >0, there exista( ) such that

f(x,1) ZLCl > f+a( ).

Let 1= =0y WhenE and mesE < ¢, we have

f (X,un)up dx f(X,up)un dx
E E

1
a( )dx+ o [un]? © dx
E C1 & (3.2)

1
a E+— C
()mes 2C, 1
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Hence{ f(x,uy)u,dx,n N} isequiabsolutely continuous. Itis easy to get the following
from the Vitali convergence theorem:

f (X, un)uy dx f(x,u)udx asn . (3.3)
Similarly, we can prove that
F(x,up) dx F(x,u)dx asn

Further, by the concentration compactness principlelp] there exist a countable set ,
a set of di erent points {x;} \{ G}, nonnegative real numbersty;, x for j , and
nonnegative real numbersly, o, o such that

| unl® du | u+ Hx x *Ho o
i
uﬁlxl...Z d :u2|X|...2+ 00,

lunl? OIxI*d = U OIS+ 5+ oo,
j

where , is the Dirac mass ak .Forany >0, we letx; / B (0) for allj and choose
to be s smooth cut-o function such that O 1, 0 for x B®(0), 1 for
X Bp(0),and] | 4/ .Then

lim lim | up)? dx=1lim  dg Mo,
on 0
lim lim  u?|x|? dx=1lim d = o,
on 0
. . 2 (9) .S — 1 -
11rr(1) nhm |un® ®Ix|° dx ]1rr(1) d 0
lin%)nlim (up Hupdx=0, 3.4)

lin’(l) nlim f(x,up)up, dx=0. (3.5)

The proofs of 3.4) and 3.5 are similar to that of Theorem 2.3 in 8] and are omitted here.
Since{u,} is bounded, by 8.1) we have

0= llr%nllm I (un),up

2

u
2
| un]® +( un )un..uﬁ dx

= lim lim a+b u, 2°
on

|un|? ©)
|x[°

dx... f(x,up)un dx

a(lo .- o) +b(lo .4t )% o
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Combining this with (2.1), we have thas? ©2 ¢ (uo..u o) @2, and we deduce that

S...3$(uo L 0)2..5 b(”O L O)(Z..S)/Z .a 0,

which implies

bS* + b2SPs+4as s

(Mo--H 0) S >

Therefore we get

c+0(1) =1(uy) 4is I (up),un

a(2..s) ) 2.5 [un[? ©
= un +
2(4 ..9) 2(3..5)(4..9) [x]¢

dx

1
+ﬂ f(x,up)undx ...  F(X,un)dx

a(2 ..s) 2.8

2@t H I 3 5a O
a(2 ..s)
2(4 ..9)

(Mo .-H o)+ a(io .4 o) +b(lo .. o)

2.5
2(3..5)(4 ..9)

a contradiction. Thus we obtain

|un|* @ Juf? ©
|x[* |x[*

Combining this with (3.2), we “nd

o(1)=1(up) ..l (u),u,..u

2

= a+b u, 2° (Up,Up..1)...a+b u 23 (U,uy..u)+o(1)

= a+b uy, 2% (Uy..u Uy U)+b Uy 25 u 2 (Uyup .. ) +o(l)

a up..u 2+o(1),
which shows thatu,  uin H3( ). The proof is completed. O

Lemma 3.2 Iff(x,t) satis es (f;) and (f,), then there exists up H3( ) such that
sup | (tup) <
t o

Proof We consider the functions

at2 ) bt4..S 4 t2 ©)
)=— v “+ v TS
90 2 4.5 2 (5)
at2 bt4..s t2 )
t)=— v 2+ v oA .
0t = 4. 20

F(x,tv ) dx,
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From

O=g(t)=at v 2+bt3sv 45 201  f(xtv)v dx

we derive

1
av 2+pt>s vy 4--S:t“---?+t— fo,tv)v dx 4 (3.6)

Since 4...2=2(2 ..s), we have

1
bv 4.5 4 b2 v 24944 v 2 mA

> =to.
By (f1), obviously,
f(x,t)  tof+d()t, d()>0.
Therefore we obtain
av 2+pt2Sy 45 4ty [t 42V |2 (S)dx+d( ) v [2dx (3.7)
and
42 4 It |4'“2|v |2 Odx=t42 1+ v |2 ® gx gt4...g_ (3.8)

Thanks to 2.3, when is small enough, we conclude fromd( ) |v [°dx Oas 0
that

d() [v|?dx av 2 (3.9)
From (3.7)...8.9 we get
2 2.5 4.5 3 4.8 2
av “+bt° v Et +av -

Combining this with (2.2), we obtain

which implies

o2 s
=

Consequently, the functiomg(t) attains its maximum atty and continuously increases in
the interval [0,tp]. From this, together with .2) and the inequalityF(x,t)  C5|t| , which
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is directly obtained from §,), we derive that

g(t) go(to) ... F(x,tv)dx

_ a(2 ..S) 2 2, b(2 -'S) 4.5 4.5

2390 T23.9@.90 F(x,tov ) dx

a(2..s) 2 bv 45+ p2v 249+4aq vy 2 22—5

23.5) | 2
L D@ by e PPy MIrday 2 73
2(3..5)(4..9) 2
.Co t|v]| dx
4.5
1 2bsZ s
..C dx.
2.5 7 3 v dx
In addition, from (2.3) it follows that
0GE..
[v] dx=0 @9 x|
Thanks to (f»), we have
1 S H@... [
2(2.5) (2..5) p..u
Choosing small enough, we conclude
supl(tv ) =g(t )<
t 0
This completes the proof of Lemma&.2 O

Next, we prove that the functionall (u) satis“es the mountain pass geometry.
Lemma 3.3 Suppose that (f;) and (f2) hold. Then we have:
(i) there existr, >O0such thatinf , = 1(u) >0,
(ii) there exists a nonnegative functione H( ) such that e >rand1(e)<O0.
Proof (i) By (f,), forany >0, there exist<3 such that
f(x,t) t+Cst>2

forallt R*andx .By the de“nition of F(x,u) we get

1
F(x,1) 5 t?+Cut2 ©
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forallt R*andx ~,whereCs= 2—1(5)C3. Then by @.1),we get
a b 1 [u]2 ®
lW==u?+— u*..— ———dx... F(x,u)dx
W 2 4.3 2 (s) [x[® ()
a 20 e 1o 2.(9)
—u“‘“.—=S7"2 u .= Jul5..Cslu
2 2 (S) 2 | |2 5| |2 (s)
a 2 20 o C 2 2 ()
—u‘.—S72 u .= Uus5..CCsu
2 2 (5) 2 2T 20
for small enough. Hence there exists > 0 such thatl(u) forall u =r,wherer>0

is small enough.

By Lemmas3.2, there existsup  H3( ), Uo

0 such that
sup | (tup) <
to

It follows from the nonnegativity of F(x,t) that

at2 4.5 t2 ©) |U0|2 ©)
I(tug) = — ug 2+ Up *5 ... dx ... F(x,tug)dx
(tuo) 5 Uo Tt U 70 X° (x, tuo)
2 4.5 2 (s) 2 (s)
at” )2+ bt Uy 5 ...t [ug| ’
2 4.5 2 (s) [x]
which shows thatlim; + 1(tug) . . Therefore we can choosg such that tgug >r

andl(toug) 0. The proof of Lemma3.3is completed. O
Proof of Theorem 1.1 By the mountain pass theorem in]6] there is a sequencéu,}

H3( ) satisfying

I(un) ¢ and | (u,) O,
where
€= inf trr%(zi)i]l t) ,
= C [0,1],H5( ) | (0)=0, (1)=toUo -
Therefore
0< c=inf max | (t)
t [0,1]

max | (ttoug)  sup I (tup) <
t [0.1] to

Applying this inequality and Lemma3.1, we can obtain a critical pointu; of the func-
tional I. From the continuity of | we deduce thatu; is a weak solution of problem1.1).
Then | (u1),u; =0, whereu; = min{u, G}. Thusu; 0 andu; 0. By the strong maxi-

mum principle there isu; > 0 thatis a positive solution of problemX.1). Thus Theorem1.1
holds. O

Proof of Theorem 1.2 Theorem1.2can be proved similarly. d

Page 10 of 11
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