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1 Introduction

Many papers in the literature studied the structural stability for the partial differential
equations. They obtained the results of continuous dependence or convergence on the
equations. Unlike the traditional stability study, they focused on the changes of the coeffi-
cients of the equations. This is to say, the structural stability mainly focuses on changes in
the model itself, while the traditional stability focuses on the initial data. For a review of
the nature of the structural stability, one could see the monograph of Ames and Straughan
[3]. In continuum mechanics problems, it is important to obtain the continuous depen-
dence result on the model itself. This problem is discussed for several different partial
differential equations by Hirsch and Smale [8]. We usually want to know if a small change
in the constructive coefficient in the equations themselves will lead to drastic changes in
the solutions. If the answer is no, we can do further studies. It is very important for us to
study the structural stability for the model.

There are many models that have been studied in a porous medium. Nield and Beijan
[14] and Straughan [27, 28] discussed these models in their books. The authors of [2, 16,
17]studied these models in an unbounded domain and obtained some Saint-Venant-type
results. They mainly focused on the studies of the Brinkman, Darcy, and Forchheimer
equations in porous media.
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Recently, some authors began to study the structural stability for equations in porous
media. They obtained some continuous dependence results. For a review of these pa-
pers, one could see Payne and Straughan [19-22], Scott [23], Scott and Straughan [24],
Straughan [26], Ames and Payne [1], Celebi, Kalantarov and Ugurlu [4, 5], Franchi and
Straughan [6], Harfash [7], Kaloni and Guo [9], Li and Lin [10], Lin and Payne [11, 12],
Payne, Song and Straughan [18], and Straughan and Hutter [30]. The Brinkman, Forch-
heimer, and Darcy equations are widely studied in these papers. They consider only one
fluid in the domain. In reality, there typically exists more than one fluid in a domain. It is
interesting to study two fluids interfacing with each other in one domain.

In [21], Payne and Straughan established the structural stability result for the Brinkman—
Darcy interfacing equations. They studied the continuous dependence result for the in-
terface boundary coefficient ;. We change the Brinkman equations to the Forchheimer
equations. However, if we use the same method as in [21], we cannot obtain a similar result.
Since the equations do not contain the term Au, it is difficult to deal with the nonlinear
term |u|u;. Recently, in [13] and [25], the authors studied the structural stability for the
Forchheimer—Darcy interfacing problems in a bounded domain. In order to obtain their
results, the authors obtained the results supjg 1 || Tl o < Tar and supyg ;1 [|Sllo < Sas for the
temperatures 7 and S using the method proposed by Payne, Rodrigues, and Straughan in
[15]. In the present paper, the equations for the temperatures are not the same as in [13]
and [25]. We cannot get the same results by using the method proposed in [15]. We must
seek a new method to get the results. How to get the maximum estimates and the related
bounds for T and S is the biggest innovation of this paper. In our opinion, it is of great
significance to study the structural stability for the Forchheimer—Darcy interfacing fluids.

The purpose of this paper is to study the manner in which a solution to a flow in a fluid
which borders a porous medium depends on a coefficient in the Forchheimer equation.
Thus, let an appropriate part of the plane z = x3 = 0 denote the boundary between a porous
medium occupying a bounded region §2, in R? and a nonlinear fluid occupying a bounded
region €; in R3, and the governing equations be Forchheimer equations. We denote the
interface by L, and further denote the remaining parts of the boundaries of 2; and €2, by
I'y and I'y. We also denote 02 =T'y UL and 92, =T, UL.

We are interested in the solution of the following initial-boundary value problem. The

governing equations for Forchheimer flow are (see [29])

duj
at

i _ g, (1.1)

ax,'
ar +ui% =xAT +Q,
1

=-Mulu;—p; +gT,

kG

where u;, p, and T are the velocity, pressure, and temperature, « is the thermal diffusivity.
Here g;(x) are gravity vector functions, and Q(x, ) is a prescribed heat source. We assume
that g; satisfy |g| < G;. Here also A is the Laplace operator.

Equations (1.1) hold in the region ©; x [0, t], where ©; is a bounded, simply connected,
and star-shaped domain with boundary 9€2; in R3, and 7 is a given number satisfying

0<t<o0.
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The Darcy equations governing the flow are (see [27])

Vi=—q,;+gsS,
i _
a—;i =0, (1.2)

% +V,'g—i =k AS + Qs
where v;, ¢, and S are the velocity, pressure, and temperature, while Q;(x, £) is a prescribed
heat source.

Equations (1.2) hold in the region €2, x [0, 7], where 2, is a bounded, simply connected,
and star-shaped domain with boundary 92, in R3, and 7 is a given number satisfying
0<t<o0.

We impose the boundary and initial conditions as follows:

u;=0,T = TU(x) t)) (x: t) el x [0¢ T]:

(1.3)
vin;=0,8 =Sy (x,t), (xt) el x[0,7].
We assume further that
Mi(x’ O) =ﬁ(x)¢ T(x’ 0) = TO(x)! X € Ql) (1 4)
S(x,0) = So(x), xe. '
Finally, the interfacing conditions are taken from [21] as
Uz = s, T=S, T3=S3,
3="V3 3=903 (1.5)
q=p
on L x {t>0}.

In the next section, we will derive some a priori bounds which will be used in deriving
our main results. In Sect. 3, the convergence results for the Forchheimer coefficient are
obtained.

In this present paper, the comma is used to indicate differentiation, and the differen-

tiation with respect to the direction x; is denoted as “,k’, thus u; denotes 37” Hence,

_ 3 aui
Ui = Zi:l Pl

2 A priori bounds
We now begin to derive a priori bounds for both T and S.

First, we introduce the function H, which takes the same boundary values as T

AH =H,, (x,8) € Q1 x [0,7],
H(x,0) = To(x), x € Q,

Hx,t) = Ty(x,t), (x,t) e’y x [0, 7],
H(x,t) = Tye(x,t), (x,t) €y x [0,7].

Page 3 of 22
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Next, we introduce the function 7, which takes the same boundary values as S:

(2021) 2021:46

Al =14, (x,£) € Q9 x [0, 7],
1(x,0) = Sp(x), x € 9,
(%,0) = So(x) 2 22)
I(x, t) = SU(xr t)r (x) t) € FZ X [O’T])
I,t(x) t) = Su,t(x; t), (x) t) € FZ X [O; T]'
On L x {t > 0},we let
H=1,
(2.3)
H;=1; H; =1,
If we let

H; (x) t) € S21 X [0) T]»
F= (2.4)
]; (x’ t) € QZ X [07":]1

we get

AF=F;, (x,t)eQx][0,1],
Tylx,t), (xt)el’7 x[0,1],

P < | Tu@ D, @OETx (0]
SU(xr t)» (x, t) € 1—‘2 X [O)T], (25)
To(x), x€ 8,

F(x,0) - o(x) 1
So(x), x € Q.

If we let
Fy =max{sup To,supSp, sup Ty, sup Su}, (2.6)

Q1 Q9 ' x[0,7] Iy x[0,7]

we know by maximum principle that |F| < Fy.

The following lemmas will be used in deriving our main result.

Lemma 1 For the temperatures T and S, we have the following estimates:

t t
/ Tzdx+/. Szdx+K// Tifidxdan/ / S;Sidxdn
o3} Q 0 Jo Q2
t t 41:2
54// T2dxdn+4// Szdxdn+—// uiu; dx dn
Q1 0 Qo Q1

4F2 5 5
vividydn +4 | Hdx+2 H*dxdn
Q9 1931 0 JQ;

Q*dxdn

Q1

t t
+2K/ H,iH,idxdn+2/ H,H, dxdn+4/
0 J 0 JQ 0
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t t
+4/ I2dx+2/ / Izdxdn+2xf / L1 dxdn
Qo 0 JQy 0 JQo
t t
+ 2/ / I,0,dxdn+ 4/ Q% dxdn. (2.7)
0 J, 0 J2
Proof Multiplying (1.1)3 by 2(T — H) and integrating over 2; x [0,¢], we find
t t
2/ f u,TT,,dxdn—Z/ / MLHT,dedY)
0 Ql 0 Q1

=2/<// (T—H)Adedr/+2// (T -H)Qdxdn
0 J 0 J

_2/;/91 (T - H)T, dxdn. (2.8)

For the first function on the left-hand side of (2.8), using the divergence theorem and
equations (1.4), (2.1), we find

t t t
sz uiTIidxdnsz ui(Tz).dxdnzf /T2u3n;”d5dn
0 Joy 0 Joy * 0 JiL
t
—/ /SZVSn(SZ)den. (2.9)
0 Ji

For the second function on the left-hand side of (2.8), we have

2F%,
/ / u;u; dxdn + —/ / T;T;dxdn. (2.10)
Q1 Q1

For the first function on the right-hand side of (2.8), using the divergence theorem and
equations (1.3), (1.5), and (2.1), we get

t
2/(/ / (T -H)AT dxdn
0 JQ
t t
zzK/ /TT,gng” dei]—zK/ /Hr3ngl’d5dn
t
—2/{/[ Tdedn+2/</ H,T;dxdn
91 Q1

/fSSgn3 den+2/</ f153n3 dSdn

—K/ / T:T; dxdn+/</ HH;dxdn. (2.11)
Q1 0 JQ

wHT ;dxdn| <
2

For the second function on the right-hand side of (2.8), we get

2/OI/S21(T—H)dedr/

t t t
< 2/ Q*dxdn +/ / T? dxdn +/ H?dxdn. (2.12)
0 J 0 J 0 J
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For the third function on the right-hand side of (2.8), using equations (1.4) and (2.1), we

find
t
—2/f (T -~ H)T, dxdy
0 JQp

t
=2// (T—H),,]dedn—Z/ (T-H)T dx
0 JQ; Q

t
5—/ Tzdx—/ Tydx+2 Hde—2/ H,Tdxdn
Q1 Q1 Q1 0 J
1 t
5—/ Tzdx——/ T?dx +2 szx+f H,H,dxdn
2 Q Q1 0 J
/ / T? dx dn. (2.13)
2
Combining (2.8)—(2.13), we obtain
t t
/ Tzdx+/</ / T),-T)den+4l</ /SSgngz)den
Q1 0 J o JL
t
—4/{/ /IS,gn(gz) dsSdn
0o JL
t t 4F2
52[ /82V3n(32)dxd77+4/ f T?dxdn + / f uiu; dxdn
0 JL 0o Jo; Q1

t t
+4/ Q*dxdn + 4 H2dx+2/ H?dxdn
0o JQ 0 J

Q1

t t
+ ZK/ H,H;dxdn + 2/ H,H,dxdn. (2.14)
0 J 0 J

Similarly, we get

t t
/Szdx+/c//5,i5,idxdn—4/c/ /SSgn3)de77
Qo 0 JQ 0
t
+4-K/ /IS,gn(gz) dSdn
< 2/ /SZV3I’I3 dxdn+4/f Szdxdn+—// vividxdn
Qo Q0
+4/ dedn+4/ 12dx+2// Pdxdy
2 Q
+2K/ / I;1; dxdn+2/ / I,1,dxdn. (2.15)
97) 2

Combining (2.14) and (2.15), we can get the desired result (2.7). |

Lemma 2 If

F@)=[ H;H; dx+/ I,1;dx,
Q1 Qo
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D (t) = < / To,iTo,idx + / S0,iSo,i dx)
o Qs
4 8 4 ) ¢ )
202 \VH2dS dy + VI dS dn
d m 0 Jry 0 Jry

d2 t t
+— (/ (Tu,e)*dSdn + / (Sue)? den>,
A4m\Jo Jr, 0 Jry

we have

4

A0 <D0+ /O Di(med ™ dn = m (), (2.16)

where m and d are positive constants to be defined later.

Proof Start with the identity
2/ xl‘H,[Ade = 2/ xiH,iH,t dx. (217)
951 2

For the first function on the left-hand side of (2.17), using the divergence theorem and
equations (2.1), (2.3), we get

2 / x:H;AH dx
Q1
:2/ xl»H,iH,jnde+Z/xiH,iH,sle(sl) das
I L

-2 H,l'Hyi dx — 2/ xiH,i,-I-Lj dx
Q1 Q1
=2 / x;H H,n;dS —2 / xil L 3n$ dS
Iy

-2 H','H'l' dx — 2/ x,»H,,',»H,j dx. (218)
Q1 Q1

For the fourth function on the right-hand side of (2.18), using the divergence theorem

and equations (2.1), (2.3), we get

—2/ xiH,,»,'H,j dx=3 H,,'H,i dx — / xiH,jH,,'n,» ds - /H,,»H,jxgn(;) das
Q1 I L

Q1

=3 H,iH,i dx —/ xiH,jH,,ni ds + /I,jlvjxgngz) ds. (219)
Q1 ry L

For the first function on the right-hand side of (2.17), we get

1
2/ x:H;H;dx <2 H Hidx + —/ xixiH Hy dx
Q1 2 91

2
<2 | HHydx+Z | H.H,ax, (2.20)
Q1 Q1

where d? = maxq x;x;.
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Combining (2.17)—(2.20), we obtain
2/ xiH,,'H,jnj dS—/ x,»H,,»H,,rni das + /I’jl‘jxgl’l(gz) das
'y I L
2

d
< | HH;dv+— | HH,dx+2 / x:d 13n dS. (2.21)
Q1 2 Q1 L

Similarly, we get
2/ x,-I,iI,jn,- ds - / in,jI,/ni ds - /I,jl,,xgn(gz) das
Iy I'y L
< 1naxs® @
= iliax + — Iytl,t dx—2 xil,il,gng ds. (2.22)
Q 2 Ja, L
Combining (2.21) and (2.22), we obtain

2[ x,'H,iH,jnde+2/ in,,-I,,-nde—/ x,'H,,'H,,»n,»dS—/ x,»]yjl,jnidS
I Iy I W)

d? d?
< H,H;dx + / Il;dx+ — HH,dx+ — 1.0, dx. (2.23)
Q1 Q) Q) 2 Q2
Since
oH ol
I‘[,i =—Mn; + S,'VSH, I,l‘ =—n; + siVsI, (224)
on on

where # and s are the normal and tangential vectors to 9€2, respectively, and V,H and V,/
are the tangential derivatives, we have

H\’ 1\’
/ x,»n,-(a—> dS+f xini(a—) as
r on Iy on

OH
5/ xini|VSH|2dS—2/ xisiVSH—dS+/ x:;| VoI |* dS
I I on Iy

al
- 2/ x,»s,»VsI— das + H,iH,i dx + f I,il,i dx
Iy on Q Q)

d? d?
+ — H/H,dx + —/ 1.0, dx. (2.25)
2 o 2 Q

We know €2 is star-shaped with respect to the region and, setting m = minyq x;1; > 0, we
then obtain

AH\?2 A\ >
m (—) dsS +m (—> dsS
r 81’! Iy 3}’1
24> OH \?2
§(d+—>/ \V,H[2dS + ﬂ/ (—) ds
m I 2 I 8}’1

2d? ar\?
+ <d+ —>/ |VI12dS + Z/ (—) S+ | H;H;dx
m Iy 2 r, on Q1

d? d?
+ / Iyil,i dx + — ]_I,tH,t dx + — / I,tl,t dx. (2.26)
Qo 2 Q1 2 Qo
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Multiplying (2.1); by 2H; and integrating over €21, we find

2 H,tH,t dx
2

=2 h[tAde=2/

OH
Tys— dS +2 / H,H3ndS—-2 | HH,dx
Q I on L

Q1

2

d 2 OH\?
<2 | (Tytas+ 22 (-) ds -2 / LIn® ds
2m I d? I on L

d
- — H;H;dx. 2.27
dt Jo, @27)

Similarly, we get

d? 2 ar\’?
2/ I’tI,[ dx < — (Su,t)z das + —m < ) das
Q) 2m

Iy d2 Iy a
d
+2 / I Isn?ds— = / I,1;dx. (2.28)
L dt Jg,
Combining (2.26)—(2.28), we obtain
d d
— H’l‘Hyl' dx + —f I,l‘lyl' dx
dt Jq, dt Jg,
4 4 8 ) )
== H,H;dx + Lilide )+ |-+ — |V.H|*dS + |ViI|“dS
d Q1 Q9 d m I Iy
d* 2 2
+— (Ty)“dS+ | (Suy)dS). (2.29)
4m I r,
Therefore, integrating (2.29) yields
4 t
A0 =D0+ 5 [ Fmdn (230)
0
Gronwall inequality now implies (2.16). O

Lemma 3 For the functions H and I, we have the following estimates:

t t
/ H,H,dxdn+ / / I,1,dxdn < ms(t), (2.31)
0 JQ 0 JQ

2 P 2
where ms(t) = “22@ | 3(fo, HoiHosdx + [o Toidosdx) + 25([y [r (32) dSdn +

2m

Jo Jiy () ds ).
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Proof Multiplying (2.1); by 2H,; and integrating over 21, we find

2| HH,dx=2| H,AHdx
951 91

OH
-2 / Ty —dS +2 / HHsn$ dS -2 | HuH,dx
I n

2
d2
<Z 1_‘](Tut) dS+—/< )

d
—2 / IsndS- = | HH,dx. (2.32)
L dt Q1

Similarly, we get

2/ Iytl,tdx
2
d? al
<— (SUt) dS+—/ dS+2/ t13n3 dS——/ I;I;dx. (2.33)
m Q

Combining (2.26), (2.32), and (2.33), we obtain

H 1\? 2
(/ (8 ) dS+/ <8—) dS>+d—(i 111,,»H,,Aa,’x+i I,,»Ividx>
r, \ 0n r, \ 07 m\dt Jg dt Jq,
4 d* ) )
< — H,il‘[,i dx + / I,l’l’j dx | + — (Tu,t) das + (Su,t) das
m\Jq; Q) m Iy )

4d 84>
+ <— + —) <f |V.H|*dS + |VSI|2dS). (2.34)
m Iy
Therefore, integrating (2.34) yields
t 2 t 2
([ L, G) asans [ [ (55) asn)
on on
4d 84> ¢
<—/ ml(n)dn+<—+—2></ |V.H| den+/ IVSIIZden)
m 0 Jry
</ / (Tue)? den+/ / (Sus) den)
I Iy

a?
+ — </ TO,z To,l dx +/ SO,zSO,z dx) le(t). (235)
m Q1 Qo

Combining (2.32) and (2.33), we obtain

1/d d
H,H,dx + / I, dx+ — (— H,H;dx+ — / I;1; dx)
o 2 2\dt Jq, dt Jo,
d’ 2 2
< — (Tu)™dS+ [ (Sue)”ds
2m I Iy
H Ji
L / U AN / LAY (2.36)
2d? r 871 Iy 8n

Therefore, integrating (2.36) yields the desired result (2.31). O

Page 10 of 22
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Lemma 4 For the functions H and I, we have the following estimates:
H?dx + / I dx < my(2), (2.37)
941 Q9

with my(t) = [o Tedx + [o S3dx+ [y [ ThdSdn + [ [r S} dSdn + my(2).

Proof Multiplying (2.1); by 2H and integrating over ;, we find

d
— | H?*dx=2| HH,dx=2 | HAHdx
dt Q1 Q Q
OH
:2/ Tu—d5+2fHH,3n§” dS-2 | H;H;dx
I on L Q
OH >
< / T2 dS + / (—) as -2 / 1131 ds. (2.38)
I I on L
Similarly, we get
d ar\?
= | Pdx< f S2.dS + f (-) das +2 f 1131 ds. (2.39)
dt Q) Iy Iy on L

Combining (2.38) and (2.39), we obtain

d d
— Hdx + — I dx
dt Jq, dt Jq,
IH\? al
5/ Tf,d5+f S%,d5+f (—) dS+/ ( ) ds. (2.40)
I Iy I on Iy on
Therefore, integrating (2.40) yields the desired result (2.37). a

Lemma 5 For the temperatures T and S, we have the following estimates:

t t
/ Tzdx+/ Szdx+/c// TJT,,»dxdnﬂc/ / S;S;dxdn
Q1 Q9 0 JQ; Q9
t t 4[_'2
54/ / Tzdxdn+4/ / Szdxdn+—/ / uiu; dxdn
Q) 2 o

4F2
/ / Vv dxdn + my(t) +2/ my(n) dn
Q)

+2/</ ml(n)dn+2m3»(t)+4/
0

0 JQp

t
Q*dxdn +4/ Qszdxdn. (2.41)

0 JQy

Proof A combination of (2.7), (2.16), (2.31), and (2.37) leads to the desired result (2.41). O

Lemma 6 For the solutions (u;, T) and (v;,S) of equations (1.1) and (1.2), if we let
Fy(0) = fo T?dx + [q, S2dx + [q wiu;dx, ms = max{4 + G +2F}GL2+ 8P, Dy(t) =
(L+ 2F2) [o, fifidx + ma(t) + 2 [y ma(n) dn + 2 [§ my(n)dn + 2ms(t) + 4 [y [o Q*dxdn+
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4f0t fQ2 Q% dxdn, we get

Fo(t) < Da(t) + mse™ f Da(n)e™" dn = (), (2.42)
0
t Gl +1+|GI -1 m7(t)
f ul ddy < =T () + | fidn== (2.43)

/ /s;lT T; dxdfl+/ ‘/;ZZSS dxdn < Dz(t).,._/ me(n) dn = mg(t), (2.44)

and

t G2+1+|G%-1| [
/ / vvidudn < 116171 / meydn + [ fifidx=mo(o) (2.45)
Q 2 0 o

where mo(t) = LA ) 4 1 L o fifida.
Proof Multiplying (1.1); by 2u; and integrating over Q;, we find

d
— uu;dx = 2/ Uilki s dx

=2\ |t a1, dox — 2/ piuidx + 2/ giTu;dx. (2.46)
@ @ Q

For the second function on the right-hand side of (2.46), using the divergence theorem

and equations (1.3), (1.5), we get

—2/ p,iu,«dxz—Z/pugns)dS 2/qV3n(32) dS:Zf q,vidx. (2.47)
Q1 Q

If we insert (1.2); and (2.47) into (2.46), we get

d
—/ uu; dx + 2\ |u|u;u; dx
dt Q1 Q

52/ q,ividx+2/ giTu;dx
Q9 Q1

(@S —v))vidx + f ggT? dx + / u;u; dx
Q)

2 Q1

/ glg,Szdx+G2f Tzdx+/ u;u; dx
Q9 Q Q1

1
<-G? / S*dx + G2 / T? dx + / uin; dx. (2.48)
Q) Q1 Q1

l\?lP—‘

l\.)

Therefore, integrating (2.48) yields

t 1 t
/ uiu; dx < G%/ / T?dxdn + —Gf/ / S2dxdn
Q 0o Jo 2 0 JQy

t
+/ / uy;dxdn + | fifidx. (2.49)
0 J Q

Page 12 of 22



Shi and Liu Boundary Value Problems (2021) 2021:46

Similarly, we get

t L t
/ f vividxdn < G%/ / T2dxdn+Gf/ / S?dxdny
0 J 0 JQ 0 JQ

t
+// uiuidxdn+/ fifidx. (2.50)
0 Q1 Q

Combining (2.41), (2.49), and (2.50), we obtain

t t
/ Tzdx+/ S2dx+/ um,-dch/ / T,,-T,idxdnﬂc/ / S,;S;dxdn
Q1 Q) Q1 0 J 0 JQy
2. 40 0 ! 2 L, 45 5 ! 2
<|4+Gy+—F,G] T dxdn+ 4+ -Gy + —F,G] Stdxdn
K 0o Jou 2 K 0 J,

8 ¢ 4
+ (2 + —F}A) / / wu; dxdn + (1 + —Fﬂ) fifidx + ma(t)
K 0 J; K Q1

t t t
+ 2/ my(n)dn + 2k f mi(n)dn + 2ms(t) + 4/ Q2 dxdn
0 0 0

Q
t
+ 4/ Q*dxdn. (2.51)
0 JQoy
We can get
t
Fat) < Da(0) 415 | Fa) (252)
0
Gronwall inequality now implies the desired result (2.42). d

Similarly, we can also get the desired result (2.43).
Combining (2.51) and (2.42), we obtain the desired result (2.44).
Combining (2.50) and (2.42), we obtain the desired result (2.45).

Lemma 7 For the temperatures T and S, we have the following estimates:

max{sup [0, T Tloc,Sup il } < € max{sup [ QllocsSUp 1Qullcs Far | = No (2.53)
[0,7] [0,7] [0,7]

Proof Multiplying (1.1)3 by 2+(T%~! — H?~1) and integrating over Q; x [0, ], (where r >
2), we find

t t
Zr// uiTZ’_IJ",idxdr)—2r// wH T dxdn
0 JQ 0 JQp
t
—2}"// (1%~ H”")Qdxdn
0 Jo
t
=2r1c// (' =H* ) AT dxdn
0 JQ;

t
-2r / / (T = H” )T, dxdn. (2.54)
0 JQ
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For the first function on the right-hand side of (2.54), using the divergence theorem and
equations (1.3), (1.5), we get

t
2rk / / (T*' ~H"")AT dxdn
0 Jo
t t
=2r;c/ /TZ’_IT,gngl)den—ZrK/ /Hzr—lT,gn(;)den
0 JL 0 JL
A(2r-1) [* ‘
—M// (T’)i(T’)idxdn+2r/<(2r—1)/ / H*H,T;dxdn
r 0o Jo; ’ ’ 0 Jo
t t
5—21’/{/ /52”15,371(32) den+2rK/ /12”15,3;1%2) dsSdn
0 JL 0 JL

t
+r(2r — 1)F12\,f’2/ mi(n)dn +re(2r — I)Fﬁ’zms(t). (2.55)
0

For the first function on the left-hand side of (2.54), using the divergence theorem and
equations (1.4), (2.1), we find

t t t
Zr/ / uiTzr’lf;dxdnzf / ui(TZ’)idxdn =/ /Tzrugngl) dsSdn
0 J 0 Jo ’ 0o JL

t
= —/ /S”Vgn(f) dSdn. (2.56)
0 Ji

For the second function on the left-hand side of (2.54), we get

t
f/ u,»Hzr"lT,,-dxdn‘
0 J
t
§2F,2VI"1// w;T;dxdn
0 JQp

t t
< Fj%/;71 /0 L u;iu; dxdn + FZ%JLI \/0 /Q T,l'T’l' dxdr]
1 1

t
< £ [ o + E (o) (2.57)
0

2

For the third function on the left-hand side of (2.54), using Young inequality, we get

2r

t t
/f (Tz”—HZ”)dedn‘SZ// Q¥ dxdn
0 JQ 0 J

t
+(2r—1)// T% dxdn
0 JQp

t
+(2r-1) / H¥ dxdn. (2.58)
0 JQ;

Page 14 of 22



Shi and Liu Boundary Value Problems (2021) 2021:46 Page 15 of 22

For the second function on the right-hand side of (2.54), using Young inequality and
equations (1.4), (2.1), we find

t
~2r / / (1> = H*" )T, dxdn
0 J
:—/ TZ’dx+2r/ H ' Tdx—(2r-1) T dx
91 Q1 Q1
t
—2r(2r-1) / H*2H,Tdxdn
0 J

1
< / T dx + (2r — 1)25T / H? dx + r(2r — 1)FX2ms ()
Q1 Q1

+7r(2r — 1)Far > / t me(n) dn. (2.59)
0

Combining (2.54)—(2.59), we obtain

t
/ Tzrdx—Z/ /Szrvm(gz) dSdn
191 0 JL

t t
+4ri / /52’_15,31/1(32) dSdn —4rk / /12"15,371;2) dSdn
0 Ji 0o Ji

t t
< (4r - 2)/ / T dxdn + 4/ Q¥ dxdn + (4r — 2)22r1—1 HY dx
0 J 0 J Q1

t t
+ (4r - 2)/ H” dxdn + 2ric(2r - 1)F§;’2/ my(n) dn
0 Jo 0
t
202~ DB o)+ (265 +2r2r - DEG 7] [ st
0

+[2F5" + 2ric(2r = 1)Fyy | ms (). (2.60)

Similarly, we get

t t
/ S dx + 2/ /52’1/3;4(32) dasdn —4rk / ‘/52’_15’311(32) dSdn
Q 0 Jr 0o Ji

t
+4ric/ /12”15,311(32) dSdn
0 JiL

t t t
< (4r—2)/ / Szrdxdn+(4r—2)f / Iz'dxdn+4f Qszrdxdn
0 J 0 J2 0 JQ

+ (4r - 2)27 /

t
I* dx + 2re(2r — 1)Fﬂ‘2/ my(n)dn
Q 0

t
+2r(2r - 1)F§,f"2m3(t) +2r(2r - l)Ff,f"Z/ me(n)dn
0

+ [2F3" + 2ric(2r = 1)Ey; 2 ms(2) + 2F3; ' mo(2). (2.61)
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Combining (2.60) and (2.61), we get

/ Tzrdx+/ S¥ dx
Q1 Qo
t t
5(4r—2)// Tzrdxdn+4/f Q¥ dxdn
0 J 0 JQ

t
+(4r—2)2ﬁ Hzrdx+(4r—2)/ H¥ dxdn
Q1 0 JQ

t t
+(4r—2)// Szrdxdn+4// Qf’dxdn+(4r-2)2ﬁ/ 1 dx
0 JQo 0 JQp Q

t t
+ (4r - 2)/ / I dxdn + 4r (2r — 1)F,%/f_2/ mi(n) dn
0 J 0
+4r(2r — V)F52m3(t) + 2F 5 mo(t)
t
2B+ 4r2r - DFY?) / me(n)dn
0

+ [4F3 " + dric(2r = 1)Fy; > | ms(2). (2.62)
Letting

Fg(t):/ Tzrdx+/ S dx,
Q1 Q9

t t
Ds(?) :4/ / Q¥ dxdn + (4r— 2271 | H¥ dx + (4r—2)/ H? dxdn
0 J 0 JQ

91
t 1 t
+4/ Qf’dxdn+(4r—2)2ﬂ/ Izrdx+(4r—2)/ / I* dxdn
0 Qo Qo 0 Qo
t
+4ric(2r — 1)F12w’_2/ myi(n)dn +4r(2r — 1)F1%,f’2m3(t) + 2F,2\,f_1m9(t)
0

t
+ [21“1%;'1 +4r(2r — l)Fﬂ_Z] / me(n)dn + [ZLF/%/[’_1 + 4ric (2r — l)Fﬁ_Z]ME;(t),
0

we get

F5(6) < Ds(t) + (4 — 2) f Ey(n)dn. (2.63)
0

Gronwall inequality now implies

t t t
/ Fy(n)dn < / Da(n)e 26 g < oar-2 / Ds(n)dn. (2.64)
0 0 0

Raising to the power of % both sides of (2.64), we have

[ / th(’))dn:| 7 < [e<4r—2>t]% [ / th(n)dn} § (2.65)
0 0

S
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From the definition of F5(¢), we have

oo ([ frvasan)” ([ 57w

[ f Fs(n)dn]_ < [e+2] [ / Ds(n)dn]w. (2.66)

Using the facts

1
t b
lim (/ / Tzrdxdn> =sup | Tl oo
r=\Jo JQ [0,7]
t %
lim (/ /Sz’dxdn) = sup IS wos
r=\Jo Ja [0,7]

and the equality

1
lim (a” +a” +--- +a”)" = max{ay,as, as,...,a,},
n_)oo( 17T % p) {ar,a2, a3 )
with ay,ay,...,a, all nonnegative constants, we can get the desired result (2.53). O

3 Continuous dependence results for the Forchheimer coefficient A
In this section,we will discuss the continuous dependence on the Forchheimer coefficient
A. Let (u;, T,p) and (v, S, q) be the solutions of (1.1)—(1.5) with A = A; Similarly, we set
(uf, T*,p*) and (v}, S*, g*) to be the solutions of (1.1)—(1.5) with A = A,.
We define w; =u; —u},0 =T -T*m =p—p*,): =M —Ayand 0 =v; -V}, 0" =5 - 5%,
"=q-q".
We find that (w;, 0, ) satisfy the following equations:

a .

= = (M ulu; — Ao |u*|uf) — i + i,
dw; _

a—xf =0,

M +”lax +wld —KA9

and (!",0™, 7™) satisfy

axl,v = 0, (3.2)

The boundary conditions are

w; =0, 0=0, (x,t) e’y x [0,7],

(3.3)
w"n; =0, 0" =0, (xt) €lyx]01],

Page 17 of 22



Shi and Liu Boundary Value Problems (2021) 2021:46

and additionally the initial conditions are given at £ = 0, i.e.,

w;(x,0) =0, 0(x,0)=0, xe,

(3.4)
6" (x,0) =0, x € Q.
The conditions on interface L ar
w3 = Wy, 6 =0m", 03 =07,
5T SR (3.5)
T =n"

Theorem Let (u;, T, p) and (v;, S, q) be the classical solutions to the initial-boundary value
problem (1.1)—(1.5) with X = A1, while (uf, T*,p*) and (v},S*,q*) are the classical solu-
tions to the initial-boundary value problem (1.1)—(1.5) with X = Ao, We define (w;,0, 1)
and (o]",0™,7™) to be the differences of these two solutions, respectively. Then the solu-
tions (u;, T, p) and (v;, S, q) converge to the solutions (u}, T*, p*) and (v}, S*,q*) as the Forch-
heimer coefficient i tends to 0. The differences of solutions satisfy

N2 .
/ szx+/ (Gm)zdx+ M wiw;dx < Amy (t), (3.6)
Q1 Q9

K Q

2
My, (1) + U0 gmiot [y ()e=moN iy,

2Kch1 A2

Ny NGt Ny
where myy = max{-M, 41}, mi(t) = 2KA1x2

Moreover, the differences of velocities satisfy the following estimates:

/o /s; oo dxdn 55\2( ) ik +Wl12/ Wln(’?)dﬂ) (3.7)

where m;; = max{G?, 2’; 1.

Proof Multiplying (3.1); by 2w; and integrating over €2;, we see

d
E [OHON dx

:—2):/ |u|uiwidx—2A2/ (|u|ui—|u*|u;‘)widx—2/ T w; dx
o] Q1 Q1

Q1

For the third function on the right-hand side of (3.8), using the divergence theorem and
Egs. (3.3), (3.5), we get

—2/ ﬂ,iwidx:—Z/nwgn(;) dS:2/n wy' n3 ) dS = 2/ 'w)" dx. (3.9)
951 L

L Qo
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For the second function on the right-hand side of (3.8), we have

2(|ulu; — |u*|uf ) oo;
= 2(Juf® + | °) — 2u00; (|ue] + |u*))
= (laal + [ |) [ (10al? + s* |* = 20 [u*]) + (el + || = 2005007 ]
= (Il + [a [ 1l + [a])" + eieo]

> |u|w;w;. (3.10)

For the first function on the right-hand side of (3.8), we have

. A2
—2A |u|u;w; dx < — || dx + Ay |u|w;w; dx. (3.11)
2 A2 Q 9]

Combining (3.8)—(3.11), we have

— [OHON dx
dt Jo,
22

A
<— |u|3dx+2/ nwa"dx+2/ gifw; dx
Q9 ’ Q1

2 JQ1

22
<— |u|3dx+2/ (giem—w[”)w;”dx+/
A Q0

2 JQ

w;w; dx + G%/ 02 dx

Q1 Q1
5‘2 3 m,  m
< — lul>dx— | ol"o"dx+ | ww;dx
)‘-2 Q1 Qo Q1
+G§f 92dx+G§/ (6" dx. (3.12)
Q1 1931

In order to estimate [, 66 dx + [, ™0™ dx, we multiply (3.1); by 26 and get

d
— | 6%*dx= 2[ 00, dx
Q1 Q1

dt
= 2/ 0(k A0 — w0, — ;T7) dx
Q)

=2/<f 9A0dx—2/ 9ui0,idx—2/ 0w T dx. (3.13)
(9] Q1 Q1 ‘

For the first function on the right-hand side of (3.13), using the divergence theorem and
Egs. (3.3), (3.5), we get

2% / OAOdx =2 / k031 dS — 2 / 0,0, dx
Q1 L 91

<-2 / 0" 67N dS - 2uc / 0,0, dx. (3.14)
L (931
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For the second function on the right-hand side of (3.13), using the divergence theorem
and Egs. (1.3), (3.5), we get

—2/ Guie,idx=—/ Mi(9)2idx=—/u392”g) das
91 91 ' L

=/V3(0m)2n(32)d5=2/ 0"v,0 dx. (3.15)

L Q)

For the third function on the right-hand side of (3.13), using the divergence theorem and
Egs. (1.5), (3.3), and (3.5), we get

-2 f Oy T dx = -2 / Ows T*n) dS + 2 / 0,00, T* dx
ol ’ L Q1
=2 / 0" Wl n$ dS + 2 / 0,0;T* dx. (3.16)
L Q

Combining (3.13)—(3.16), we get

d
— | 0%dx<-2 / 0,0, dx +2 / 0,0, T* dx — 2 / 0" k07n$ ds
dt Ql Ql Ql L ’

+2 / 0" WS n? dS + 2 / 0"y, 07" dx
L Qo

NZ
< —Mf a)iwidx—2/(9’”x6'3”ngz)d5
2K Q1 L !
+2f9”‘a)§"$*n(32) dS+2f 0"vi07 dx. (3.17)
L 2

Similarly, we multiply (3.2); by 26", we have

d m? g N [ g2
(0™) dx < w'w"dx+2 | 0"k0%5n;’ dS
dt Q) 2K Q0 ’

L

-2 / I ) / 0" v0™" dx. (3.18)
L Q0 ’

Combining (3.17) and (3.18), we have

d N? N2
— (/ 0% dx + / (6"“)2 dx) <M / wiwidx+ =2 | '@ dx. (3.19)
dt of! Q) 2K Q 2K Q0

Combining (3.12) and (3.19), we have

d N?
—(/ 92dx+/ (Gm)zdx+ M a);a)idx)
dt Q Q) 2K Q

iZ N2 NZ N2 GZ
< ——M/ lu®dx + =M w;w; dx + L/ 0% dx
)\,2 2K Q K Q 2K Q

Nz, G}
§ M / (6" dx. (3.20)
2K Q1
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2 2 2 2
If we let Fu(t) = le 0%dx + sz 0™)% dx + ]\2]—],‘(4 le w;w; dx, Mg = max{j%, %}.
Therefore, integrating (3.20) yields
R N2 t
Fy(t) < AZW’YAZMN) + ml()/ Fy(n)dn. (3.21)
0
Gronwall inequality implies
~ ]\[2 ~ N2 mio ¢ A
Fu(t) < 22— y,(8) + AzM—emlotf ()™ dn = 2 2my (8), 3.22
a(t) < YRR 7(2) YRR A 7(n) n 11(2) (3.22)
N2 N2
where m1:1(t) = 552 m7 (t) + 2'%\’1”}}; e"‘lotfot my(n)e”™0m dn,
Inserting (3.22) into (3.12), we have
t R m (¢t t
/ / wl'w} dxdn < 3* ) + Wlu/ my(n)dn |, (3.23)
0 Jo A1A2 0
where m;5 = max{G?, 2£}. O

17 N2
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