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This paper is devoted to studying the following nonlinear fractional problem:

(~AYu+u=K(x])uP, u>0,xeRV, (0.1)
u(x) € HRM), |

where N >3,0<s< 1,1 <p< M2 K(x|)is a positive radical function. We

constructed infinitely many non-radial solutions of the new type which have a more
complex concentration structure for (0.1).
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1 Introduction and main result
In this paper, we focus on the following fractional problem:

(=AYu+u=K(x)u?, u>0,xeRY,

(1.1)
u(x) € H*(RN),

N+2s
N-2s

arises from the study of time-independent waves ¥ (x,t) = e

where N >3,0<s<1,1<p< , K(]x|) is a positive radical function. Problem (1.1)

~iEty(x) of the following non-

linear fractional Schrédinger equation:

i{;—‘/t’ = (=AY + Px)y — |W Py, xeRN,t>0. (1.2)

In (1.1), the fractional Laplacian operator (—A)® is defined as

(~A)u(x) = CyP.V. / Mdy, (1.3)

RN |x _y|N+2s

where Cy ; is some normalization constant and P.V. stands for the Cauchy principle value.
The fractional Schrédinger equation was discovered by Laskin [23, 24] as a result of ex-
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tending the Feynman path integral from the Brownian-like paths to Lévy-like quantum
mechanical paths. This problem has a strong physical background and it has frequently
been studied by a lot of researchers.

Problem (1.1) is a typical case of the equation
(~AYu+Vx)u=f(xu), u>0xecRN (1.4)

For a subcritical power, under suitable conditions on V and f, Bieganowski and Secchi
in [6] showed that the ground state solutions to (1.4) converge in leoc (RN). Using the pe-
nalized technique and the variational methods, An et al. in [3] proved the existence of a
positive solution to (1.4) with the fast decaying potential V. In [10], D4vila, del Pino, and
Wei generalized some previous results on the Schrédinger equation to fractional problem
(1.4) by using the Lyapunov—Schmidt variational reduction. In [27], Long, Peng, and Yang
obtained infinitely many non-radial positive solutions for (1.1) whose functional energy is
very large. For the general nonlinearity, in [32], Secchi constructed solutions to (1.4), and
the approach based on minimization on the Nehari manifold. For the critical case, He and

Zou in [21] considered the following problem with critical growth:
(~AYu+u=u>"+ k(f(x, u) + h(x)), u>0,xeRY, (1.5)

where the parameter A > 0, 27 is the critical Sobolev exponent, f and / satisfy certain
conditions. They showed the bifurcation and multiplicity of positive solutions for (1.5)
in their paper. In [19], Guo and He proved the existence and concentration of positive

solutions to the following fractional nonlinear Schrédinger equation:
¥ (-A)u+ V(x)u = P(x)g(u) + QW)u*2u, xeRN. (1.6)

For the supercritical case, Ao et al. in [4] proved the existence of bound state solutions for
(1.4). When the potential and nonlinearity satisfy certain conditions, Bisci and Radulescu
in [30] studied the existence of multiple ground state solutions for the following problem:

(=AY u+ V(x)u = Af (%, u).

For other existence results, we refer to [1, 2, 5, 7-9, 12, 14, 17, 18, 20, 22, 25, 26, 28, 29, 31,
35-37] and the references therein.

After the above bibliography review, we want to specifically mention two papers [13]
and [33]. In [33], Wei and Yan used a constructive method to produce infinitely many
non-radial solutions to (1.1) when s = 1 with high energy. Using the same method, Duan
and Musso in [13] got other type of building blocks for the same problem in [33]. It is
worth mentioning here that the structure of solutions in [13, 33] is dissimilar. Compared
to the results in [33], the solutions in [13] have a more complex concentration structure.
The solutions in [33] show the polygonal symmetry in the (x;,%;)-plane and are radially
symmetric in other variables. However, the solutions in [13] have the polygonal symme-
try in the (x,%3)-plane, the even symmetry in the x3 direction, and the radial symmetry
in other variables. Inspired by the two works mentioned above, our aim is to construct
new type solutions like the solutions in [13] which have a more complex concentration
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structure for problem (1.1). Since the fractional Laplacian operator is a nonlocal one, it
is difficult to use the methods for local operator directly. For instance, the ground state
for —A decays exponentially at infinity. In contrast, the ground state for (1.7) decays alge-
braically at infinity. So, the research of problem (1.1) becomes more complicated. At the
same time, we need to redetermine the range for the parameters /# and r which will be
used to determine the position of the locations y,, y, of the bumps in W, ;,(x).

Next, we give some notation and definitions which are used in our paper.

Let N > 3, m be an integer and introduce the points

yl,:r(«/l—hzcos 2("_Tl)”,\/l—hzsin 20_1)”,}1,0), ji=12,....k

3
Zj:r(\/l—hzcos @,vl—hzsin @,—h,O), ji=12,... .k

where 0 is the zero vector in RN-3,

Throughout this paper, we assume that (r, 1) € Ay and define

1 1
Ape = | ((ANH29) VTP iz (AN 29N s
Em Em

[ ( As ) N ] ( As ) N ] :|
||\ =-8 o\ = B N |
A, kNAi232+2 A, kNA+12s2+2

where «, 8 > 0 are small constants, 1:11, As, and E are defined in Proposition 4.1.
Set x = (x1,%2,%3,%") € R x R x R x RN-3, Define

N = {u:ueHs(RN),uis eveninx;,(=2,...,N,

u<\/x% +x3080,,/x% +x3 sin@,xg,x”)
27 2mj
= u(,/x% +x§cos<9 + l—]),,/x% +x§sin(6’ + T]>’x3’x/,>}’
k

where 0 = arctan %

We choose the unique positive solution W (up to translations and dilations) of the fol-

lowing equation:

(-AYu+u=u?, u>0inRY, w7
u(0) = maxpn u(x), '

to construct the approximate solution for (1.1).
Denote

k k
Wonlo) = D Wy, + 3 Wy,
j=1 j=1

where Wy, = W(x - ), sz = Wix _Zj)'
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Forj=1,...,k we divide R into k points:

Q= {x = (xl,xz,xg,x”) eR3 x RN-3.;

(x1, %) 2(-Ymr . 2(-1)m -
<|(x1:x2)|’<cos K STk )>ZCOSZ}'

For ©;, we divide it into two points:
Q; = {x:x = (xl,xz,xg,x”) € Qj,x3 > 0},

Q; = {x:x = (xl,xg,xg,x") € Q)3 < 0}.

We see that
k
RV=Jo, =9 uq;
j=1

and the interior of
QNQ, QN
and empty for j #I.

Before we give the main theorem, we first give the following conditions on the potential
function K:

(K)
a 1
K(r):l—r—m+O i ) asr — +09, (1.8)
forsomea>0,9>0andNA$Szfl<m<N+23.

Our main result is summarized as follows.

Theorem 1.1 Assume that N >3,0<s<1,1<p< %%%i If K(r) satisfies K, then there

exists ko > 0 such that, for all integer k > ko, problem (1.1) has a solution Uy of the form
uk = Wr,h(x) + Vrhs

where v, € R, (r,h) € Ay, and as k — +00,

|Vr,h(x) - Vr,h(y)|2 + 250
_ |N+2s rh :
R2N |x —yl RN

In this paper, we first give some preliminaries in Sect. 2, and then we study the reduced
finite dimensional problem in Sect. 3. In Sect. 4, we prove Theorem 1.1. Some useful lem-

mas are left in the Appendix.
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2 Some preliminaries
In this section, we list a couple of important properties and basic theory of fractional
Sobolev spaces which are used in our paper. For more technical details, we refer the reader
to [11].

For any s € (0, 1), the space H*(RY) = W*2(R") is defined by

H(RY) - {ueLZ(RN) ) - ”@)'eLz(RNxRN)}
-yl T

- {u e *(RY): /RN(l +lE>)[aE)| < oo}.
The norm of H*(RY) is written as
lulls =/ (wu),,  ueH(RY),
where

(vi,va)s = (v1,v2) +/ Vivy

(1(®) —vi () (va(x) — v2 ()
dxd .
= [ L T ey [ e

The following identity comes from Proposition 3.6 in [11]:

(] sy = C(/]RN |E|2§|ﬁ(5)|2d‘§> - C“(_A)%MHLZ(RN)’

whereis the Fourier transform, C is a suitable positive constant depending only on s, and
(4] sy is the Gagliardo (semi) norm of the form

lu(x) - u(y)|? )
(/I;N/RN oy V)

The following results play a key role in proving Theorem 1.1.

N\'—‘

[M]Hs ]RN)

Theorem 2.1 ([11]) The following embeddings are continuous:
(1) HY(RN) — LI(RN), 2 < q < 25, if N > 2s,
(2) H*(RN) — L1(RN),2 < g < o0, lfN =2s.
Moreover, for any R > 0 and p € [1,2}), the embedding H*(Br) < L”(Bg) is compact.

Theorem 2.2 ([15,16]) LetN > 1,s€(0,1),and 1 <p < 3 N+2S . Then the ground state solu-
tion W of (1.7) has the following properties:
(1) (Unigueness) W e H*(RYN) is positive and unique up to translations and dilations.
(2) (Symmetry, regularity, and decay) W is radially symmetric and strictly decreasing in
|x|. Moreover, the solution W satisfies
G &3

N
< <
1+|x|N+2s =W= 1+|x|N+25’ x € RY,

with some constants C, > C1 > 0.

Page 5 of 20
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(3) (Non-degeneracy) The kernel of the linear operator (=A)* + 1 — p|W|P~1 is spanned
by {06, W, 0, W, ... 00, W

3 Variational reductlon

oW, oW, oWy
Letle - Zl} ZQ} = ,sz= W’]Zl"“’k'

Define

k k
. -1 -1 _ _ P
:{VGNS.ZAng Zyv=0and ZAng Zyw=0,1=1,2j=1,..k¢.
j=1 j=1

The energy functional corresponding to (1.1) is defined as

1 1 1
I(u) = = (u,u) + —/ w— —— | K@)t
2 2 RN [)+ 1 RN

Letting

k
](¢):I(Wr,h+¢):1<Z(Wyj+Wyj)+¢)r ¢€Hs;

j-1

we can expand J(¢) as follows:

J9) =10)+ 9) + L) +R@), ¥ < H,
where

(@)= (W, 0 f W — / Kx)W}, ¢,

L(g) = (¢,0) + fR K /R PK@W! 6%,

and

1
p+1

R(p) = - / 1<(x)((Wr,h ot Wl -+ YW b - %(p + 1)Wf,;1¢2).
RN ’ ’ ’

The following result implies that L is invertible in Hj.

Lemma 3.1 There exists an integer ko > 0 such that, for k > k, there is a constant C >0
independent of k, satisfying that, for any (r,h) € Ay,
I Lulls = Cllulls, Vu € H;.

Proof We argue by contradiction. Suppose that there are n — +00, u, € Hy, (ri, hi) € Ax
such that

ILttnlls = o(D)l|ttnlls  Iletll? = K. (3.1)

Page 6 of 20
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By symmetry, we have

(un(x) — un ()W (x) — ¥ () ) .
k/ RN |+ y[N+2s +/</;21 Uny k/leK(x)Wr,h Uy

= oW)lluallsll¥ lls = oK) W lls, YV € Hi. (3.2)

In particular

|24 (x) — _
[, L [ [ o <oum
1 1

Q1

and

// 24, () — ij\l[ngy + |un|2=1- (3.3)
o JRN =y Q

Let #t, = t4,,(x + ¥,), we can choose R > 0 such that Br(y,) C ;. Thus

,(x) — i1 .
/ / () Nzg +/ |it,* < 1.
Br0) JRN  [x =Y BR(0)

So, we can conclude

i, — %, weaklyin H’ (RN )
and

i, — %, stronglyin L} (RV).

At the same time, we can obtain that 7 is even in x;,j = 2,...,N.

From the orthogonal conditions for functions of Hj

/N Wa‘ﬁ_lzuun =0, /N Wf;_lzﬂun =0,
R RN 7

we can get
ow ow
/ W"‘l—ﬁn:/ WPt ——i1, =0
RN 0%, RN X3
Letting k — +00, we obtain
d W d W
[ wr-l wp-l =0. (3.4)
RN axl RN Bxg

Now, we claim that u satisfies

(~AYu+u—-pwWPlyu=0, inRM.
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Set

~ oW
Hy={y:y e H'(RY), | wP" 1—1p WPl —y =01,
RN 8x1 RN 8963
For any R > 0, let ¢ € C§°(Bz(0)) N H, be any function satisfying that ¥ is even in x;,

j=2,...,N. Then yr1(x) = ¥ (x —y,) € Br(y,). By Lemma 5.3, and inserting v (x) into (3.2),
we have

(4 (%) — u, () (¥ (%) - ¥ () _ P10
/]RN » +/D;Nmp ANpW uy = 0. (3.5)

|x _y|N+25

But (3.5) holds for i = Clg + Cz . Hence, (3.5) is true for any ¢ € H*(RN). Then, by
orthogonal condition (3.4), w =0, and thus

/ ufl =o0(1).
Br(1)

Thus, we can take R > 0 large enough, then

() = wn I® 12
o(l) = // PKx)W,, u,,
o JrV  |x— )’|N+2S Ql o) g
|1 (%) — ()|
Q1 JRN |x yl Q1
—/ pl((x)th u, —/ pK(x) fhluz
Q1\Br(1) Br(y1)

2
- 2 (_/Q /RN |”‘n|xx) yr;ﬁg)' +/Q uﬁ) +0r(1) + 0(1),

which is a contradiction to (3.3). g
Moreover, we give the estimate for /.

Lemma 3.2 For (r,h) € Ay, if k > ko for some integer ko > 0, then

k N§23+T k%
m<c(é(;7mm) )

where C > 0 is a constant independent of k and t > 0 small enough.

Proof Recall that

)= (Wi o / Wnd — /Kx)Wp

/R N Z WP + Wf’ /R LK) w?,¢ 36)
k
/R . (121: (W +Wy) - h>¢ - /R (K@ -1)W),0.

Page 8 of 20
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Using the fact NAJ{ ;szfl <m < N + 2s, we can check that

[ e -nwe

:2/(/RN|(K(x)—1)W£¢|

P 1
+1 p+1 il

<Ck K () - 1"’7 wr )’ o)

b4
RN RN
p+l p+1
= Ck”¢”s</ !K(x) - 1| r W;’lﬂ +/ WP+1>
Br
301)

RN\B%@I)
k | P
-1
§C||¢||s(r—m+k</r o dr) )

2

§C||¢||s<£+/<

rm r(N+25)p—I%N )

ST

k
< C— 1l
r

for some small constant 7 > 0.

: N+2 C o
Since m > 75, we can choose o satisfying
+1/N+2 1
(N+2s)(p+1)—p— S+o >N, 14 -=< " o
p 2 p+l 2 N+2s—-m

Then it follows from Lemma 5.1 and Lemma 5.3 that

b

p+l
p p\ p |pd
§ 2 2

1%
1 1 51
= I:CZ/N _ (N+2s)(p+1) _ (N+25)(p+l)i|
7 R A+ ly=y) 2 A+ly-y) 2
1 1
=< I:CZ _ zil(NJrZsHT) /RN< _ (N+2s)(p+1)—’il(N+25+a)
% =yl 72 L +1ly-yD P2
ya
1 )]p+l
+
(1+1y _yj|)(N+2s)(p+1)-1’71(%+a>
B (3.7)
1 P+l
EC(Z _ p+1(N+23+0)>
X _ 7 2
1% 15—l

k
= Ck% (Z — _1 N+2s )
2 71—l 2 e

3 Ck[% (L) N;ZS-;-U
N rv1—h?
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N§2S +T

and

1
= [CZ/R (2 i)

L+1y=yl

Page 10 of 20

L

17+1

1
S [CZ _ _ Pj(N+23 )\/RN
1 1y - (

y,‘| v

1
+

1+1ly-

1 p+I
S C<Z = _@ !M(N£23+G)>

% 1y =yl

k

— CkPT 1

N+2s

= =yl 2

N+2s
S5 HT

+0

for some small constant 7 > 0.

Similarly, we have

and

—
7
N
<X

R
S
SN——
.
~

Combining the above estimates, we obtain

k
[, (Zw;; o) -t )o

j=1

yj | )(N+2s)(p+1)—1%1 4o

E
]
oY
|
¢§
N
_
3
IA
—

+1 1
< it (—

(N+2s)(p+1)— ’”1 N+2S+a)

(3.8)
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4 )4 4 )4 )4 14
CX oty fan Wiy W 6 + CXory o Wy Wy 6 + C Xy fon Wi Wil d,
ifl<p=<2,
1 -1 -1
CZI;!/‘IRN Wp W50 + CZ[;!; Jan WZ Wz,.‘b + CZI#I]RN W£ sz¢’
ifp>2,

IA

prl  p p p+l
Cln (T W W-j PO+ L (S W W) P 1T g+

p+l

+C[fRN(Z,#,W2W )P 1P gl ifl<p=<2,
Clfan (1 W2 W5) 7 ]wl 18]+ C e (S W5 W) 7 gl
+ Lo (S W2 W) 5 Ng Nl 69> 2,

IA

N+2s
e T

[T

< Ck ( k >
- rv/1—h?

for some small constant t > 0.

Inserting the above estimates into (3.6), we obtain the desired results. O

The proof of the following significant Proposition 3.3 is the same as in [27], we only
describe the content of it briefly.

Proposition 3.3 There exist ky > 0 and a constant C > 0 independent of k, for any k > ko,
there is a C' map from Ay to R, : v = v(r, h) satisfying v € Hy and

J W)k, =0

Moreover,

A k N;Zsﬂ: 1
Ivils < Ck2 | ( = + = | (3.9)
r r2tT

where t > 0 is small enough.

4 Proof of our main result

In this part, we mainly give the estimate in Proposition 4.1 and show Theorem 1.1.

Proposition 4.1 It holds

-1 2k B! A - k Nvas
(w,,) =2 k/ w4 2B kA ——
p+1 Jrs p+lrm (rh)N+2s 11— 2

1 k N+2s+1 1
+l<O( ~ae t < ) + 7),
(I‘h) tostT r/1 = h2 (l"' /1 — h2)m+r

where B}, A3, A1 are some positive constants and t > 0 is small enough.

Proof

1 1
I(Wrm-— Wi Wip) + = / w2, - —— / K (x)| W, plP 1.
2 RN p+1 RN
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By symmetry, we see

2

2

ZXk:Xk:/ w3 W5 +ZZ/ leWyl+2; /

=1 j=1 =1 j=1 j=1

k
=k W+l +/<Z/ Wp w5, +/</ W+l +k / WP W,
RN RN =1

—1
k
+ 2k w2 W,
k k
— p+1 P v/ P
_ZKQNWV +2k§:AQ\ghw%+2k§:AQJ%hwz. (4.1)
j=2 j=1
Next, we estimate the term fRN K(x)| W, ,|P*1. Using the symmetry, we can compute

/ K@)\ Wi "
]RN

p+1

=2k /Q K@

k k
W5, + VVzl + Z Wy/ + ZWZ;
j=2 j=2

k k
- 2k/ Kw?' + 2/</ (p+ DK (=) W2 (Wyl Y Wiy m},)
Q i T =2 =2

1

pil p+l .

Ofoy W5, (Wy, + 201 Wy + 2wy )T, if1<p <2,
p-1 k a k 2 .

O(fQI W (W + 300, Wy + 305, WZj) ), ifp>2.

+ 2k

For x € 27, we have lx =yl = %Wj—yﬂ and lx =¥l = |x = y,|. So

k k 1 1
W5 <C
Z Yj — Z (1 + |x )N+2$ y (1 + Ix y1|)y

(4.2)

(7:§: 1 1
=) Iy, - yj|)N+23—y 1+ =y )

Page 12 of 20
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and

k k 1 1
<
Z Y = Z 1+ |x— y|)N+2§V(1+|x y|)y

j=2

(4.3)

1 1
<C .
- Z: (ly —Z/I)N*ZS‘V L+ lx=y "
Here, we choose y > 0 satisfying

. {p+1
min

and the parameter y is useful in (4.4) and (4.5).
Using the fact that Wy}. > W, forx e Qf, (4.2) and (4.3), we can check that
=

(N+2s—y),2(N+23—y)} >N +2s,

pil

IA
a

/ 1 ( 1
(N+2s)(p+1) _ N+2s
of (Lrlw-gl) 2 \(LHx=g,D%

prl
1 2
Z(Iyl -y )N*ZW(1+|x 2104

1 1 1
= C/+ — (N+2$)( (N+2s (N+2s)(p+1) (1 + |x y |) (N+2s)T
Qf (1+[x—=y) D1+ |- v,

pil

1 i 1 2
+C/ +25)(p+ + = = (44)
o (1 + |x_yl|)(N 22)(17 1)+ple (_Z (|y1 _yj|)N+25—y)

j=2

1 1 1
<C
=, - |N+25 /;2+((1+ |x — _)/1|) (N+2s)(p-7) (1_,_ lx — 2 |)+29)(p-7) )

1 L 1 k2
X p +C ——vo
(1+x _y1|)(N+2s)r (/22: |)’1 _yj|N+2s—y>
p+l
k v
C 1
<—5—+C P
|y1 _Xl |N+25+r (;Zz: |y1 _yj|N+25—y )
(N+2s5—y)(p+1)
o gas

1 N+2s+T k
=(z) )
rh rv1-h?

1 N+2s+1 k N+2s+1
<c(= +Cf ———
B (’"h> (rvl—h2)

Page 13 of 20
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and

k 2
< C/+ we (Wy1 £y W/y])
& j=2

1 1 1
<C
= /Q{ 1+ |x_y1|)(N+25)(p—l—r) (1+ |x—Z1|)2(N+28) 1+ |x_yl|)(N+25)r

k 2
1 1
+ C./g;if 1+ |x_y1|)(N+2s)(p—l)+2y (Z Wl _yj|N+2$—y) (4.5)

j=2

: / ( 1 | )
<C— — +
1y - |N+2s Qt L+ x =y, YN+2)e-0) (1 + |x —J_’1|)(N*2S)(”‘f)

1 k 1 2
X — +C —
(1+x _yll)(N+2s)r (Z |y1 _yj|N+2sy)

j=2

1 N+2s+t k 2(N+2s-y)
c(= o 2
<’"h> (rx/l—hz)

1 N+2s+1 k N+2s+t
c(~ o —— .
B <’”h> (rx/l—hz)

In addition,

IA

A

k k
/Q K@wy, <Wy1 Y Wy o+ Wyi>
1 =2

Jj=2 J
L,

k k
w2 (WZl +> Wy, + > WZ/) (4.6)
j=2 j=2
g
Q

Applying the estimates in Lemma 5.2, we get

k k
(K@) -1)w2 (Wy1 Y Wiy Wy/).

N
1 j=2 j=2

k k
(4 -
1 j=2 j=2
k k
— (4 _
= /RN w3 (Wyl £ Wi+ Wy,-)
=2

Jj=2 J

k k
» a
RYAQ] j=2 j=2

k k

As A Ay
= (rh)N+2s + Z |N+23 + Z

V. 7 V. _ 4 |[N+2s
= - = -yl
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1 k N+2s+1
' O(W) * O((ﬁ) ) (4.7)
k g k k
o -7 W= W, W,
' «rm) AN\Q{ N (,22: N; y))
1 o
+O((rh)" /H‘QN\Q; Wi, Wy1>

k k
As Ay A,
= (rh)N+2s + Z W —y,|N+23 + Z W _ |N+25
j=2 Y1 /) j=2 V1 Z,’

1 k N+2s+T
+O((rh)N+2$+r) +O(<r /1—1’12) )’

where o > 0 satisfies p — o > 1.

Moreover, we find

J;

1

k k
- /RN |K () - 1|W2 (Wyl £y Wy, + > Wy])

j=2 j=2

k k
K(x) -1|wy (Wzl DD WZ])
j=2

j=2

k k
- AN\W |[K(x) - 1wy (Wy1 £y Wiy ng)
1 = i

j=2 j=2

IA

k k
/ K@) - 1w (Z Wy, + Z sz)

B iz 0 j=2 j=2

2

+/ |K(x)—1|W£ Wy1
Bion B
21

k k
[K(x)—1|w2 (Z Wy, + > Wzi)

g
RN\ /i O1) j=2 j=2
2

+ K(x) - 1|WZ W,
/RN\%; W W,

k N+2s+tT 1
+ o((ir = h2> ) + o<4(rh)N+2w) (4.8)

k

k
C ) C )
T o (Z Va2 W%) v L

Jj=2 Jj=2

IA

k
1 1
+0 S— / wWE= 4wk
((Nl - h?)e° =Zz by =5 Jeos s @1)( n g )>
2

J

k
1 1
+0 = f W2 4 wpe
((r /1 _h2)a’ Z b,1 _zj|N+2s RN\BY — @1)( 1 Y ))
2

j=2
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) W2 4 W
+ (ra |y y |N+25 ~/RN\Br(;V1 ( i Vil ))

N+2s+1 1
(7)) ola)
N+2s+1 1
<(f 1 hz) ) +O<(rh)N+25+r>

1
+ (rm+r) <(f /1 hz)m+f)

)

Inserting (4.7), (4.8) into (4.6), we obtain

k k
/ Kx)W? (Wyl Y Wiy Wyj>
Q7 - i

j=2 j=2
k k
Aj Ay A
= + — + _ (4.9)
(rh)N+2s 1:22 |y1 _yj|N+23 FZZ |y1 _Z1'|N+25

1 k N+2s+1 1 1
+0 h N+2s+T + 2 + m+T + 2\m+1 ’
(rh) rV1-h r (rv/1-h?)

Similarly, we have

K(x) w2
[ xoow;

=/RN1<( ) ;fuo(/ ] 1<(x)W;*1>

= f KW' + / K@w?'!
Br@l y

+ O(/ K(x)W}-fM)
RN !

\B iz 00
/i

B 1
— p+l 1 1
_/%N W’ m +O<rm+r> (ﬁm p(N+2s)(p+1) rN dr)
B 1 k N+2s—1
=] wrl-ZLiof—)+O(|— :
Jorr-zrolm) o) )

Combining (4.4)—(4.5) and (4.9)—(4.10), we deduce that

(4.10)

/ K (x)| W, P!
]RN

B/ 1 k N+2s—t
=2k wrl L) 4 kO
( o rm) i (w ’ (m) )

k k

As A A
+2k(p+1)| ———— + — + —
(( rh)N+2s ; 7, _y/|N+28 ; [y, —Xj|N+2s>
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/O< 1 ( k >N+2§+‘L’)
+ K +
(rh)N+2s+r r /1 )

1 1
+ kO —_— ).
(rm” (rv/1 = h2)m+t >

Finally, by Lemma A.2 in [27], we have

I( Wr,h)

1 1 1
- _ ) _ 2 _ I( p+1
2<Wr,h W) + 5 /]RN W P /N )| Wyl

=k WP“+/<Z/ w2 W, +k /W”

k k
U RCE ) R (RS S )
p+ 1 RN rm (rh)N+25 = Wl _yj|N+2s = Wl _Zj|N+25

N+2s+1
+ kO ! + k + ! + !
(rh)N+25+r r /1 2 ym+T (V /1 — hz)m”

:p—lk W, 2k Bj
p+1 Jrgn p+1r”‘

k k

A A A
_k((rh)13+25 +Z ¥ _—1 +Z 5 : )

N+2s N+2s
= v, -l ) 71 X/'

. ko( 1 N < k >N+2s+‘[ N 1 )
(ri)N+2s+ =\ /1 = 2 (r/1 = 2y

p=1 [ g, 2 B A; . koM
= + — — - [
p+1 Jpn p+1r (rh)N+2s ! 1 = K2

/O< 1 ( k )N+2$+T 1 )
+ K + + .
(rh)Nv2see T\ T (/T = R2ym+ O

We are now to prove Theorem 1.1.
Proof of Theorem 1.1

F(r,h) = IW,0) + O(ILlsIvils + V1)

Pl [ o, KB A (kTP
p+1 RN p+1lrm  (rh)N+2s \Vice

1 k N+2s 1
+ kO N2 + B
(rh)N+2s+7 rv1-h? (rv/1 = h2)ym+t
E A3 B k N+2s
=k[D+= - —A
o+ () )

1 k N+2s 1
+ kO( ~as t ( ) + 4),
(rhN+2+7 =\ p/1 - 2 (rv/1 = h2)m+e

_ B ~ . .
where D = I;T} Jon WPHLE = % and As, A, are constants defined in Proposition 4.1.
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Define

G(r,h)=D + £ A4 K\
r,n)= — - - .
ym (rh)N+2s 1 /1 2

Then we consider the system

_ m A3(N+2s) AN (N42s)
Gr(r)h) =—Lom + JN+2s N+2s+1 (V1=H2)N+2s;N+2s+1 — 0,
_ _A3(N+2s) AN (N2
Gu(r,h) = N+ N2+ Mgz = 0-

rN+2X(1—h2) 2

Then we can calculate that

N+2stm |
Em

1
. /A Nz ]
h= <ATB + 0(1)) N

1 kN+25+2

~ 1
A (N + 2 N+2s-m 405
7= <71( +25) +0(1)> s

which is really an interior point of Ag.
Define

Grr Gr
M(r,h) = .
Gi G

By computing, we know

Grrl =iy < O Gl =iy < 0

5

and

2
Grr X Gl =0y = Gl =5y > O

So, we obtain that (7, /) is a maximum point of G(r, /). Then the maximum of G(r, /) in
Ay can be achieved. Thus, we can find the critical point (rx, i) € Ak of F(r, k). Through
the conventional conclusion in [10], we can show that W/, j, (x) + vy, 5, is a critical point

of J, then W, 5, (x) + v, 5, is a solution of (1.1).

Appendix

Some vital lemmas are given as follows.

Lemma 5.1 (Lemma B.1, [34]) For any constant 0 < o < min{w, B}, there is a constant

C > 0 such that

1 1 . C ( 1
A+ lxe—yD)* QA+ lx=yDf = lyj—ylo \(A + |x —y;|)erbo

where o, B > 1 are two constants.

L+ |x—y|)eb—o
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The proofs of the following two lemmas are similar to Lemma A.2 and (28) in [20] re-
spectively.

Lemma 5.2 Forj=2,3,...,k, there exists a small constant Tt > 0 such that

Ay 1
W2 Wy = —— +o<_ — >
/]RN n Y 7, —J’j|N+2S 7, _yj|N+2s+r

/ ww, - 2 o( ! )
RN N1 % |yl_zj|N+23 |yl_zj|N+2s+r ’

and

wrw, - 2o !
RN n Zl_(rh)N+2s+ (rh)N+2s+t ’

where T > 0 is small enough.

Lemma 5.3 For (r,h) € Ax and n € (1, N + 2s), there is a constant C > 0 such that

k

1 n n
Wy £ < C
= (L + e =y D257 [y, |7 (21K

Sorall x € Q]

and

k" k"

k
W, <C <C
122: 5T T A ey DNy 0T Ty |

SJorallx € Q.
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