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1 Introduction and statement of the problem

Some problems related to physical and technical issues can be effectively described in
terms of nonlocal problems with integral conditions in partial differential equations.
These nonlocal conditions arise mainly when the values on the boundary cannot be mea-
sured directly, while their average values are known. The problem of parabolic equa-
tion with integral condition is stated as follows: Let us consider the rectangular domain
Q =]0,1[ x ]0, T'[, then the problem is to find a solution o (x,¢) of the following non-
classical boundary value problem:

do 0 do do
o= 5t 9 (ua—x) :g<x,t,a, a), for (x,¢t) €]0,1[ x ]0, T, (1.1)
with the initial condition
lo =0(x,0)=p(x), forxe]l0,1], (1.2)

and the Dirichlet boundary condition

(0,t)=0, fortel0,T], (1.3)
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and the nonlocal condition
o 1
/ a(x,t)dx+/ o(x,t)dx=0, 0<a<pB<1Vtel0,T]. (1.4)
0 B
In addition, we assume that the function a(x, ) and its derivatives satisfy the conditions

O<ag<alxt)<ar VYxt)eQ,

o<%xt)<a, Vit e (1.5)
|5 (x, £)| < b, Vixt) €Q,

where the functions g(x, ¢, 0, %—Z), ¢(x) are given, and we assume that the following match-

ing conditions are satisfied:

¢(O) = Or
Jy ox) dx + fﬂl ox)dx=0.

We also assume that there exists a positive constant d such that

30’1 30’2
g x)tralf_ _g x;t7027_
ox ox

for all (x,¢) € Q.

This type of problem can be found in various physic problems such as heat conduction

80'1 30’2

0x 0x

Sd<|01 —-oa| +

[1-4], plasma physics [5], thermoelasticity [6], electrochemistry [7], chemical diffusion [8]
and underground water flow [9-11]. Several research papers such as found in [1-4, 7, 12—
18] have studied and solved the parabolic equation by combining the integral condition
with Dirichlet condition or Newmann condition, or with purely integral conditions, us-
ing various methods. For hyperbolic equations, the unicity and existence of the solution
have been studies in [13, 19-22] and the mixed-type equations in [23-27]. The elliptic
equations were considered in [28, 29] and [30].

The linear problem associated to the problem stated in (1.1)—(1.4), for « = 8 = 0, has
been studied in [18] and for 8 = 1 in [16]. Meanwhile in [31] the solved problem is for the
case @ + B = 1. It is worth mentioning that in [32] the author studied the same case where
% (a%—i) was replaced by the Bessel operator.

In the present paper the motivation is to study and find a solution to the stated problem
without imposing any conditions on the constants « and f in the interval [0, 1]. In addition,
the nonlinear problem of the parabolic equation with integral condition defined on two
parts of the boundary is solved.

First, an a priori estimate is established for the associated linear problem and the den-
sity of the operator range generated by the considered problem is proved by using the
functional analysis method. Subsequently, by applying an iterative process based on the
obtained results for the linear problem, the existence and uniqueness of the weak solution
of the nonlinear problems is established.

The rest of the paper is organized as follows. In Sect. 2, the associated linear problem is
stated. Section 3 deals with the proof of the uniqueness of the solution using an a priori
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estimate. Section 4 gives the solvability of the considered linear problem. Finally, in Sect. 5,
on the basis of the obtained results in Sects. 3 and 4, and on the use of an iterative process,
we prove the existence and uniqueness of the solution of the nonlinear problem.

2 Statement of the associated linear problem
In this section we introduce the linear problem and the different function spaces needed
to investigate the mixed nonlocal problem given by the equation.

ou 0 ( Ou
fu= E - a <ﬂa) :f(x, t), (2.1)

and the conditions given by (1.2)—(1.4).

The given problem (2.1), (1.2)—(1.4) can be considered as finding a solution of the oper-
ator equation Lu = (£u, lu) = F =(f, ), where the operator L has as a domain of definition
D(L) consisting of functions u € L?(Q) such that %—;‘, g—}’:, %(x, t) € L*(Q) and satisfying
the conditions (1.3) and (1.4).

The operator L is an operator acting on E into F, where E is the Banach space of functions

u € L*(Q), with a finite norm
2 1
] dxdt + sup/ [(1 —x)?
t Jo

nuu%:/Q(l—xV[

IF is the Hilbert space of functions F = (f, ¢), f € L*(Q), ¢ € H'(0, 1) with the finite norm

2
9%u

0x2

u

ou
ot b

2
+ |u|2] dx. (2.2)
x

1 d 2
||F||?F=/Q(1—x)2[f(x,t)|2dxdt+f0 [(1—x)2 d—z +|¢|2} dx. (2.3)

Then we show that the operator L has a closure L and later on, in Sect. 3, we establish an
energy inequality of the following type (see Theorem 3.1):

lulle < kllLullg  Vu € D(L). (2.4)

Definition 2.1 A solution of the operator equation Lu = F = (f, ¢) is called a strong solu-
tion of problem (2.1)—(1.4).

Since the points of the graph of the operator L are limits of sequences of points of the
graph of L, we can extend the a priori estimate (2.4) to be applied to strong solutions by
taking the limits, that is, we have the inequality

lulle < clLullg, YueD(L). (2.5)

From this inequality, we deduce the uniqueness of a strong solution, if it exists, and that
the range of the operator L coincides with the closure of the range of L.

Proposition 2.1 The operator L : E —> F admits a closure L.

Proof Let u,, € D(L) be a sequence such that

lim u,=0 inE (2.6)

n—>-00
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and

lim Lu, =F =(f,¢) inthe space F, (2.7)

n—-00

we then must show that f =0, ¢ = 0.
Since (2.6) holds, we have

lim u, =0 inD'(Q), (2.8)

n— 00

where D'(Q) is the space of distribution on Q. By virtue of the continuity of derivation of
D'(Q) in D'(Q), (2.8) implies that

lim fu,=0 inD'(Q),

n— 00

According to (2.7), we have
lim £u, =f in L2(Q), (2.9)

where L2(Q) is a Banach space with norm ||u||i2 ~ fQ % |u|? dx dt. Then
P

lim £u, =f inD'(Q).

n—00

By virtue of the uniqueness of the limit in D'(Q), we conclude that f = 0.
According to (2.7), we also conclude that

lim lu, =¢ inH,0,1),
n— 00

2
where H;(O, 1) is a Banach space with norm ||u||i1ﬁ17(0,1) _ fol((l_zx) g_z|2 + |u|?) dx. By the

fact that the canonical injection from H}) (0,1) into D'(0,1) is continuous, we deduce that

lim lu,=¢ inD'(0,1), (2.10)

n—>-00

Moreover, since (2.6) holds and

”lun”H}(o,l) < llunlle
we have

lim lu, =0 inH,)(0,1),

n—>-00

Hence

lim lu, =0 inD'(0,1), (2.11)

n— 00

By virtue of the uniqueness of the limit in D’(0, 1), we conclude, from (2.10) and (2.11),
that ¢ = 0. This proves Proposition 2.1 d
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The following a priori estimate gives the uniqueness of the solution of the posed linear
problem.

3 An energy inequality and its application
In this section, the uniqueness of the solution will be proved using an energy inequality
method.

Theorem 3.1 There exists a positive constant K, such that for each function u € D(L) we
have

lulle < K[ Lufg. (3.1)

Proof Let

(1-x)% 0u
2 ot

Mu =\

xau 1
+A(1—x)f —d{—xes(x_l)f g(¢,t)de,
0 ot x
where
¢ du ¢ du ¢ du
,t) =k —du—(k-x —d k- —du,
gc.=k [ Srdn-e-a [ S du )/ﬁatu
and A, k and § are a positives scalar parameters such that
A 4
3<%<4-e_‘S with8>ln<g). (3.2)

Taking the scalar product in L2(Q°), where Q° = [0, 1] x [0, s] of Eq. (2.1) and the operator
e “Mu, with0 <s < T, ¢ > 0, we have

D(u,u) = Re/ e 'f (x, yMu dx dt
Q&

ou—— d ou\ —
= Ref et Y Mudxdr - Re/ et — <a(x, t)—u)Mu dxdt. (3.3)

Substituting Mu by its expression in the first term in the right-hand side of (3.3), we obtain

(1- x)z ¢t
QS 2

ou
ot

P 2
Re / e P N udrdt = 5 dxdt
o ot

du [1——
—Re/ xe‘s(’“'l)e’”a—?/ g(¢,t)d¢ dxdt
(04 x

ou [0
+Re / A1 —x)et 22 / % d4r dxds. (3.4)
o ot J, ot

Integrating by parts the second term in the right-hand side of the last equality of (3.4) with

respect to x, using the fact that % = %xe‘s("‘l) g—i, then

! ou [ 1 ] —
R WU—f ,0)d¢dx=—R / 5(’“’—/ ,0)d¢ d
efoxe or | 8@ Ddede=rRe | xetRa0 | g D dg dx

Page 5 of 24
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integrating by parts with respect to x, we obtain

1 ou 1
Re/ xea(x’l)a—/ g(¢,t)de dx
0 z x

1 1 9g 1—
= —Re/ xe‘s(""l)—g/ g¢,t)d¢ dx
k 0 0x x
1 N 1 2
- —xe‘s(x‘l)g/ g(¢,t)yde dx|=y + —/ xe®* Ve~ g(x, )| dx
X . ko

1 1 1
% Ref 1+ 5x)e‘s(x’1)g/ g(z,t)de dx,
0

X

using this equality

d

d | dh(x) dh(x)
dx

) + i) =

" = & e - 2

dh(x)h( )+ )dh(x)

X

=2Re (h(x) dZ(x) ) .

The last term in the previous equality becomes

1 1 1
% Ref 1+ Sx)e’s(x’l)g/ gg,t)de dx
0 x

1t 3(x-1)
=— 1+ 8x)e’™
50 | e

1
+ 5{((1 +8x)ef*D

2 jx=1

/ e, nde

x=0
2
(25 +8%x) e’

1
g(¢,)de

T2k

el

2%k

2
dx.

1

/ e, nde

X

2 1 1
dt — — / (26 + 8%x) ™V
2k Jo

Then

Re / xe®* Ve et 0t / g(¢,t)de dxdt
o at
1 )
:—Re/ xeeDgmet g/ gC.0d¢ dxdt
k & ox

g(g“ £)d¢  dedi

1 2

1
xe® @ Ve g (x, £) dxdt——/ 28 + 8%x)e?* Ve~
-/, g0 c ) 0o e
=
- 2.t dt
0

(3.6)

_ioe
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Similarly integrating by parts the last term of (3.4) with respect to x, we obtain

du 70
Ref A(l—x)e‘”t—u/ % dr dxdt
o ot J, ot

A

— 2
=0 QSe t‘g(x,t)‘ dxdt

A - 9 A »
top ) € ‘1g(0,8)| dt—k—2Re / tg(0, t)g(x, t) dx dt, (3.7)

From (3.7) and (3.6), equality (3.4) becomes

ou—
Re/ et A dx dt
ol ot

(1 x)2 —ct 8” —ct 2
= A/ o dxdt + — 2k2 ’g(x,t)‘ dxdt
A 5 1
—ct —Ct
+ﬁ ‘gOt)] dxdt+2k e 2,
1 S(x—1) —ct 2
—— | xe e ‘g(x, t)| dxdt
kJos
1 ! >
+ —/ (28 + 8%x) e’ Vet / g(¢,0)de| dxdt
2k Jos ;
A —ct
—w Re e 2(0,8)g(x, t) dx dt. (3.8)

Similarly, substituting Mu by its expression in the last term in the right-hand side of (3.3),
integrating by parts with respect to x, using the Dirichlet condition (1.3) and the integral

condition (1.4) we get

0 0U \ —
- Re/ et — (a(x, t)—u)Mu dxdt
103 ox ox

1-x)? u u
:ARe/ Q ~La(x, t) — “ dxdt
o 2 ox 0wt

+Re/ (A kxe®® 1)a(x,t)e u dxdt
&

da(x,t *0
+ARe/ Me‘”u/ —Mdg dxdt
o or

X 0

ad
- Re/ (x—6Z +2a(l + Sx)) Ve yg(x, t) dx dt
Qs ox

1
+Re / ((1 +5x)g—: +(28 +52x)a)e8<x—”e‘“u / g(¢,t)dt dxdt. (3.9)
(08 x
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Integrating by parts the first two terms with respect to ¢ in (3.9), using the condition (1.2)
we have

1-x)? u 92
kRe/ ﬂe‘”a—u—udxdt
103 2 dx dxdt

A da\ (1 -x)2 2
=—/ (ca a)( x) dx dt
2 Jos o) 2
A (1 -x)? ) A (1 -x)? do|?
—/ (1-%) e “a(x,s) v dx——/ (1-» a(x, 0) ad
20y 2 x| |, 20, 2 dx

o
Re/ (A kxea(’c‘l))e_“a(x, t)u—u dxdt
o ot

d
:/ (ca— —a>()\—kxe‘s("1))e“|u|2dxdt
o\

1 1
+ / (% - kxe®™ V) e a(x, s) | ul?|;-; dx — / (% - kxe®™ V) a(x,0)|¢|* dx,
0 0

Bx

2

then from the above equalities and equalities (3.8) and (3.9), (3.3) becomes

2 2

&/ (1-# e‘“ d dt+&/ (ca >(1 %) e_“

2 e 2 2 Jos at) 2

-~ (x-1) ) ,—ct —ct 2
Zk/ ( 2xe’ ) |g(x,t)| dxdt+2k2/ |lg(0,8)|" dxdt

+i B/S—ct/I (xt)2
Tl R A
/ (26 + 8%x)e** Ve
(1 x e cs

G ST >H

+§/ (A = kxe®™ D) e a(x, s)|ul*| - dax
0

da(x, t *a
+ARe/ Me‘“u/ —Mdgdxdt
& ax 0 at

0 _
- Re/ (x—6Z +2a(l + 8x)> Ve yg(x, t) dx dt
Qs ox

ddt

ot ox

1 0
dxdt + 3 / (ca - 8_6tl> (h - kxe®™)e ™ u|* dx dt

dx dt

)\’ 1
_ 2—kZRe/ e“g(0, t)/ g, b)dxdt
0

a 1
+ Ref ((1 + 8x)8—a + (28 + 52x)6l)65(x—1)e—6tu/ o(¢,8)de dxdt
Q& x x

— A
=Re/ e “fMudxdt + —f
@ 2 Jo

1 1
) / (% - kxe®™ V) a(x,0)|¢|* dx. (3.10)
0

Ha- x)za(x, O)' d_(p
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Using the Young inequality in the last four terms in the left-hand side of (3.10), and using
the facts that

1-
f e ul? dxdt<8/( 2

ddt

A
and

2 2
1—

dxdthf ﬂe’c

o 2

ddt

/"‘814
, ot

[ e
&

we get

—/\R/ -“a“("’t) /—d;“d dt
QS

_ )2
§8A61b2f ue‘ d dt + 2)\/ (1-%) e
g 2 €1 Q@ 2

at

dx dt,

ax ot

a
Re/ (x—a +2a(l + 6x)> ug(x, t)dxdt
Q@ 0x

ou |*
ox

8(2a1(1+8)+b)2/ (1-x?*
< e
- 282 Qs 2

dxdt + %f e’“|g(x,t)|2dxdt,

Re/ ((1 + 8x)g—a +(28 + 82x)a> d-1) o= / g, t)d¢ dxdt
Q@ X

- 8((28 + 8%)ay + (1 + 8)b)? / Q-x?2 _,|oul’
= 23 o 2 |ow

2
dx dt,

dxdt

€3 _
+ 2 ea(x 1 ct

2 Jo

2? Re[ 40, t)/ gt dxdt<—/| ©.0f de+ Akz /S

We choose €1 =8, 6, =2, 63 = %, and g4 = 2 and ¢ > 0 such that

/ @ D de

2
dt.

1
/ glx,t)dx
0

2
256b + 8/—((2511(1 +8) + b) + 8/—[(28 +68%)ay + (1 + 8)19]2 +Co, (3.11)
)\(lo (Sﬂ

c>
ap

therefore by combining the previous inequalities with (3.10), we get the following expres-

sion:

[
4 ) 2

)" —ct A 3 —ct) 12
(cao—cz)/ |u] dxdt+<2k2 2k> /Qse lg|* dxdt

ou
ot

du?
0x

2 2
1-
dxdt + Mf ( Zx) e dxdt

by 1- .0 1
+ 2% UON e© “ |t de+kaO/ e\ ul?| s dx
2 0 2 8x 0
A 1-x)*|d
sRe/ e ““fMudxdt + al/ (1-x)"|dg dx+a1/ lp|? dx, (3.12)
o 2 )y 2 dx

Page 9 of 24
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where
A 2 2k 2 2
M = 2 (cao - c2) - 642D —4k(2a1(1+8) +b)" - 43[(25 +8%)ay + (1+8)b]".

Substituting Mu by its expression in the first term in the right-hand side of (3.12), we
obtain

Re/ e “'fMudxdt
Q&
p— 2 .,
:ARe/ Me‘“fa—u(,ixdl.‘
o 2 ot
xa_ 1
+ARe / (1-x)eif / 9% dxdt + Re / eCtaf / &) dedxdt,  (3.13)
o3 o 9 @ x

each term in the right-hand side of (3.13), can be, respectively, controlled by
1-x)?2 9
ARe/ e‘”tﬂf—u dxdt
s 2 ot

1-x) A (1-x)?
S2A/ ﬂe‘“[f|2dx¢7lt+—/( %) e
o 2 8Jo 2

dxdt

ot
(3.14)

ARe | (1- x)efc‘f‘/. —dxdt
QS

<i e—ct(l_x)
16 J o 2

ou |?
—| dxdt+ 641 e
ot o

o (1=%)?

If 2 dx dt,

and
1—
Re/ xe‘s("‘l)e‘“f/ g, ¢)de dxdt
Q¥ x

A 1-%?* _ |oul* A2 — 34
2 / (L=2) | B dxdt(—<) / exp(=ct)|g(x, ¢ dx dt
32 Jp 2 ot ;

IA

4k?

2k2 1% (1-x)7°

The combination of the previous inequalities with (3.12) yields

/QS 1 2x)2 d dt /Q 1 2x)2

1 (l_x)z

ddt

at Ax

du |

1
o + / ]
0

0
2 1 2
Sa(/()%lflzdxdmfo ((1—2x)

dp
0x

2
+ lez) dx), (3.15)

where

max((kgk% + m +661), 2 )

o= exp(cT).
min(M, & e‘5(0a0 - ) ke=3 g, 290 P

k-
s 330 5re a0, %

Page 10 of 24
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From Egs. (1.1) and (3.15), we deduce that

2

1-x2[|oul* |0%ul|? 1-%)2%]9
/( %) |:_u + a4 ]dxdt+/( %) i dxdt
o 2 ot x> Qs 2 0x
1 1-— 2 9 2
+/ <( %) ou +|u|2)dx
0 2 0x t=s
1-x) L(1-x)?|dg|?
51(2[/ ﬂmzdxduf (( 2" | 3¢ +|¢|2>dxi|. (3.16)
Q 2 0 2 ax

If we drop the second term in the last inequality and by taking the least upper bound of
the left side with respect to s from 0 to T, we get the desired estimate (3.1) with K2 =
o+ 4+20 +4b*c

a2
Then the uniqueness of the strong solution results from the desired estimate (3.1) and

(2.5) holds. O
This last inequality implies the following corollaries.

Corollary 3.1 If a strong solution of (2.1)—(1.4) exists, it is unique and continuously de-
pends on F = (f, ).

Proof First, If u; and u, are two solutions of (2.1)—(1.4), then u = u; — u, is a solution of

the problem
ou ) ou
fo =4 —5.(ags)=0 for (x,£) €]0,1[ x 10, T'[,
lu=u(x,0)=0, forx € [0,1],
u(0,1) =0, forte[0,T],

Jo o tydx+ [joxde=0, 0<a<p<1,Vtel0,T],
then from Theorem 3.1, we deduce that ||u|r <0, which implies that ; = u5. O

Corollary 3.2 The range R(L) of L is closed in F and R(L) = R(L).
Proof First, we prove that R(L) is closed. Let T € R(L), then there exists a sequence
U, € D(L) such that LU, — T, in F. since |U||z < c|[LU |5, YU € D(L). Then ||U, |z <

n—00

c|LU,|lg, YU, € D(L), we deduce that the convergence of LU, in F implies the conver-

gence of U, in E, say U, — U, in EE. Since L is closed, (U,) is a sequence in D(L) and

U, — U,inE,and LU, — T,inF, we have U € D(L) and LU = T, that is, T € R(L)

Hence, R(L) is closed in F.

Now, to prove that R(L) = R(L), we observe that L is an extension of L; therefore, I'(L) C
I'(L), where T'(L) is the graph of L, hence R(L) € R(L), which implies R(L) C R(I) = R(I).
On the other hand, let T € R(L), that is, LU = T for some U € D(L), which means that
(U,LU) € T(L) = T (L), therefore, there exists a sequence (U, LU,) ey in I'(L) such that
(U,,LU,) — (U,T) in E x F, which implies that LU,, — T but U, € D(L), Vn € N,

n—0o0 n—00

then we have T € R(L) and hence R(L) C R(L) O
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Corollary 3.2 shows that, to prove that problem (1.1)—(1.4) has a strong solution for
arbitrary F, it suffices to prove that the set R(L) is dense in F.

4 Solvability of the linear problem
In order to prove the solvability of problem (2.1)—(1.4) it is sufficient to show that R(L) is
dense in F. The proof is based on the following lemma.

Lemma 4.1 Suppose that the function a and its derivatives are bounded.
Let u € Dy(L) = {u € D(L), u(x,0) = 0}. If, for u € Do(L) and some functions w € L*(Q), we

have
/ O(x)fwdxdt =0, (4.1)
Q
where
2, xe(0a)
O(x) = w, x € (o, B),
2
5 xe (B,

then w vanishes almost everywhere in Q.

Proof Equality (4.1), can be written as follows:

d
/ O dxdt = / A()up dxdt, (4.2)
Q 0t Q
where
0 =0(x)w

and
0 ou
A(t)u = Fw (a(x, t)a)

We introduce the smoothing operators J;! = (I — ¢2)™ and (/;1)* = (I + £2)™! from
L%(0, T) into the space H'(0, T) with respect to t, then these operators provide the so-

lution of the problems:

we(£) — %= = u(t), u:(0)=0,

*
avg

vi(t) +e5p =v(t), vi(T)=0.
We also have the following properties: If g € D(L), then J-'g € D(L) and we have

lim [|J7'g - gllz20,7) = O, fore — 0,
lim |(/71)*¢ - gl 201y =0, fore — 0.
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Substituting the function « in (4.2) by the smoothing function u, and using the relation

A)u: =J ' A(Ou - ] B (Hue,

where
A e
Be(t)us = 0 (t)ue = i 3_ﬂau
ot ox \ 0t dx
we obtain
apr —
- | u dxdt = (A(t)u - eBg(t)ug)p;" dxdt. (4.3)
o Ot Q

Since the operator A(¢) has a continuous inverse in L2(0, 1) defined by

A (g / / dn+cl)/0x”§,

where the functions C; (t) satisfy the following expression:

Jo K& = g () dy dx
fol K2 dx ,

a

Ci(t) =

the function K (x) is given by

x—a, (0,a),
K(x) = 0, (05’13);
x-1, (B,1).

Then we have f: A Qudx + fﬂ L(®)udx = 0, hence, the functlon] u = u, can be rep-

resented in the form

ue =J AT (DA,

then
3a _Ci(t)+ [ gtn)dn @ 3 ¢ Cy(t
Bs(t)g: a]:l l( )+f() g(n) n ﬂ] ﬂ]—l gx 1( )+f0
otox a a a
Consequently, equality (4.3) becomes
;. -
—/ u dxdt:/A(t)uhe dx dt, (4.4)
o Ot Q

where

he = pf —€B.(t)p}
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and

* *_l l*aﬂ* xl _1*82(1 * 1 da «0a
Bé(t)pg_a(]e ) /(.) < (]€ ) ataé- 42 84'(] ) at )dé_

8t a
Jy Kdx+ [ Kdg *82 o 1da, . +0a
i €y Je 8t8§ uza;(])at dx.
X

The left-hand side of (4.4) is a continuous linear functional of u, hence the function %, has

dhe 83 h; € L*(Q) and the following conditions are satisfied:

the derivatives ol

he(0,2) = he(a, t) = he(B,8) = he(1,2) =0, o (1,2) =0.

For a sufﬁciently small € and the operator "5 s bounded in L*(Q), we have
< 1, hence, the operator I —

le 0! ) 3 220 e(jft)l—‘” has a bounded inverse in L?(Q), we
deduce that 8;); , 3@ ”:2‘ € L*(Q) and the following conditions are satisfied:

p2(0,2) = pf (e, t) = pZ(B,t) = p}(1,£) = O,
e e w: (4.5)
<(a,t) = 5=(B,t) = 55(1,£) = 0.

We introduce the function v such that

Tyl fwde, x€(0,a),
v=3w, xe(ot,,B),
Vzll_;;w—ﬁfgwdé', x€(B,1),

then the function p(x) can be expressed as follows:

Z—Zw:%v—é ;V, x € (0,a),

px)={w=v, x € (o, B),
2 -

((11_;))2 =15v+ gl x€(B1)

Then we deduce that

v(0,8) =v(a, t) =v(B,8) =v(1,) =0, [;'vdx+ [;vdx=0,

g_;(art) = g_;(ﬂrt) = g_;(lrt) =0,

and
£ xe(0a),
g_': :H(")g_;’ where H(x) = 1 1, xe(a,p)
=2, xe(B,1).
Putting

t
u:/ exp(ct)vdt,
0

Page 14 of 24



Djerad et al. Boundary Value Problems (2021) 2021:70 Page 15 of 24

in (4.2) and integrating with respect to x and ¢, using (4.5) we obtain

Re/A(t)uﬁdxdt
Q
H 9 du|? 'H oul?
=—/ H(x) ca— 2 e ) ou dxdt—/ ﬁae‘“ ou dx|er
and
S o au_ S o o 9
Re —pdxdt = e H(x)|v|” dx dt,
o Jo 0t o Jo
as we choose
as
c>—
ap
then we get
/ exp(ct)H (x)|v|* dxdt = 0,
Q
so v =0 a.e., which implies w = 0. O

Theorem 4.1 The range R(L) of the operator L is dense in F.

Proof Since F is a Hilbert space, we have R(L) = IF if and only if the relation

! do dyr v
2 _x)? _ =
/Q(l x) fgdxdt+/0 1-x) p dx+/0 oY dx=0, (4.6)

dx dx

for an arbitrary # € D(L) and (g, ¥) € IF, implies that g =0 and ¢ = 0.

Putting u € Dy(L) in (4.6), we conclude from Lemma 4.1 that (1 — x)2g = (x)w = 0, a.e.
theng=0.

Taking u € D(L) in (4.6) yields

1 = 1
/ ¢! —x)zd—(p d—w dx + / oY dx =0, (4.7)
0 dx dx 0

Since the two terms in the previous equality vanish independently and since the range of
the trace operator is everywhere dense in Hilbert space with the norm

fo A

hence, ¥ = 0. Thus R(A) = F. O

do|* !
ad dx+/ lo|? dx,
dx 0

5 Study of the nonlinear problem
This section is devoted to the proof of the existence, uniqueness of the solution of the
problem (1.1)—(1.4).
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If the solution of problem (1.1)—(1.4) exists, it can be expressed in the form 6 = w + U,
where U is a solution of the homogeneous problem

£U = % - i( 81,[) 0, (5.1)
Jat  ox 0x
Uy = U(x,0) = p(x), (5.2)
u,t) =0, (5.3)
o 1
/ U(x,t) dx + / U(x,t)dx =0, (5.4)
0 B

and w is a solution of the problem

fw= 8_w_i<a8_w> =F<x,t,w,a—w>, (5.5)
at  dx\ Ox ax
w(x,0) =0, (5.6)
w(0,t) =0, (5.7)
a 1
f w(x, t) dx + / w(x, t)dx =0, (5.8)
0 B

where F(x, ¢, w, %x) =flx,t,w+ U, W*” ol satisfying the condition
’F(x, t,ui,vi) — F(x, t, uz,vz)| < d(|u1 —Us| + v — V2|) forall x,t € Q. (5.9)
According to Theorem 3.1 and Lemma 4.1, the problem (5.1)—(5.4) has a unique solution

that depends continuously on U, € V*°(0,1) where V1°(0,1) is a Hilbert space with the
scalar product

1
(u,v)y1000,1) = (1— )2——dx+/ uvdx
0

and with the associated norm

el 100, = /(1 x)2

dx+/ |u|? dx.

We shall prove that the problem (5.5)—(5.8) has a weak solution by using an approximation
process and passing to the limit.
Assume that v and w € C'(Q), and the following conditions are satisfied:

v, T) =0, [ v(x, £ dx + [ vix,t)dx =0,
w(x,0) =0, w(0, ) = 0.

(5.10)

Taking the scalar product in L*(Q) of Eq. (5.5) and the integrodifferential operator

X 1
Nv:k(l—x)/ vd;—x/ ge,vde,
0 X

Page 16 of 24
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where
¢ ¢ ¢
g(;,t):k/ vdu—(k—k)/ vdu+(k—k)/ vdude,
0 a B

by taking the real part, we obtain

ow
H(w,v) :Re/ F(x,t w, — o )Nvdxdt
Q
ow— ad oW\ —
=Re/ —WNvdxdt—Re/ —<a—w>Nvdxdt. (5.11)

Substituting the expression of Nv in the first integral of the right-hand side of (5.11), inte-
grating by parts with respect to ¢, using the condition (5.10), we get

x 179,
Re/ a—wm:—Re/ w(k(l—x)/ Qd{ +x/ 8_gd€> dxdt. (5.12)

Substituting the expression of Nv in the second integral of the right hind-side of (5.11),
integrating by parts with respect to x, using the condition (5.10), we get

[ ow\—
—Re/ —<a—W)Nvdxdt
QOx\ Ox
da v
:Re/[(ZA—kx)a—)\(l—x)—]wv—kRe/(l—x)aw—dxdt

Q ox Q 0x
—Re/l:2a+xg—:|wgdxdt+ARe/ —w/ vdudxdt

x

—Re/ —w/ gdcdxdt. (5.13)

Insertion of (5.12), (5.13) into (5.11) yields
v 3¢
H(w,v):—Re/w(k(l—x) —Vdg—x‘/. —gdg)dxdt
0 o Ot . Ot
v da
- ARe/ 1 - x)aw— dxdt + Re/ |:(2)\. —kx)a — A(1 —x)—:|wv
ox Q ox

da
—Re/[2a+xa]wgdxdt+kRe/ —w/ vdudxdt

—Re/ —w/ gd¢ dxdt,
where

! ow
H(w,v):ARe/v/ (1—§)F(§,t,w, ¥>d§
—Re f / ¢F (;‘ LW, — >d¢ dxdt, (5.14)

obtained by integrating by parts the right-hand side of (5.11) with respect to x.

Page 17 of 24
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Definition 5.1 By a weak solution of problem (5.5)—(5.8) we mean a function w € L2(0, T :
V19(0,1)) satisfying the identity (5.14) and the integral condition (5.8).

We will construct an iteration sequence in the following way.
Starting with wy = 0, the sequence (w,),cn is defined as follows: given w,,_;, then, for
n > 1, we solve the problem

owy, d Iw, 0W,_1
fw, = ——\a =F|xt,w,_1, , (5.15)
ot ox 0x ox
wy(x,0) =0, (5.16)
WVI(O) t) =0, (5.17)
a 1
/ Wy(x, t) dx + f Wy(x, ) = 0. (5.18)
0 B

From Theorem 3.1 and Lemma 4.1, we deduce that, for fixed #, each problem (5.15)—(5.18)
has a unique solution w,,(x, £). If we set V},(x, ) = wy,,1(x, £) — wy(x, £), we obtain the new

problem
av, 9 [ 3V,
£V, = -—|a =0,1, (5.19)
ot 0x 0x
Vu(%,0) =0, (5.20)
Va(0,2) =0, (5.21)
o 1
/ Vi 0) dx + / V,(0) = 0, (5.22)
0 B
where
oW, AW,
ory=F(xtw, ) ZF(xtw,, 201, (5.23)
0x 0x

Theorem 5.1 Assume that the condition (5.9) holds, for the linearized problem (5.19)—
(5.22), there exists a positive constant k, such that

1Vl 200,7:v2000,1)) < Kl Vi1 ll 220, 7:v2.0(0,1) (5.24)
Proof We denote

vV, (1-x?%9V,
M :( x)

3V, S(e_1) 1
— + A1 - —dr - F- ,0)de,
or 5 8t+( x)/o or ¢ —xe /xg(t)é

where
£V,

) =k
8(¢,1) /0 Py

and A, k and § are scalars parameters such that

vy,
dude,
o H ¢

{BV,, ¢
du—(k—k)/ Py d,u+(k—A)/
a B

A 4
3<=<de?® withs>In[ = ).
k 3
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We consider the quadratic form obtained by multiplying Eq. (5.19) by e™*M %, with the
constant c¢ satisfying (3.11), integrating over Qs = [0, 1] x [0,s], with 0 < s < T, taking the

real part, we obtain

OV, V) = Re/ -

3V
=Re / e lx*(1 - x)?
S T

AW
—Re | e“—|a (5.25)
. Ox\ Ox 8

Integrating with respect to x and ¢, using the conditions (5.20), (5.21) and (5.22) we get

’ 2
A 1-
dxdt+—/ (ca_ )( x)
2Je ot 2
1 A N
+ _2/( /(;s (E = 2xe5(x—1))e—ct|g(x, t)|2dxdt + ﬁ /Q5 et |g(0’ t)|2dxdt

1 s 1 2
-3 —ct
— , L
* 2k ¢ ./(; ¢ /o g t)

dxdt
1 S(x—1)\ ,—ct 2
¥ = ca—— |(A—kxe’*")e |V, [ dxdt
2 Jos Jat

+—/ (26 + 8%x)e** Ve
ST >\—\

+ —/ (- kxe®™V)e“al(x,s)| V,|? |,
2 Jo

dalx, t T
+ARe/ Me-“vn/ % e dxdt
o o ot

0x

v,

— )2 v,
%/QS (1 2x) exp(—ct)

| 0Vy
ox

ddt

dx dt

g(

dx

0 I
- Re/ (x—d +2a(l + 8x)) VeV, o(x, t) dx dt
Qs ox
A s 1
~ o Re‘/0 e “g(0,t) ; glx, t)dxdt

a 1
- Ref ((1 + Sx)a—d +(28 + 62x)a> e5<x*1>e*“v,,/ g(¢, ) de dxdt
Q x x

=Re / e
QS

Following the same procedure as performed in establishing the proof of Theorem 3.1, we

[ (52

get

v, |*
ax

1- 2
+|vn|2> dxgl(/( 2x) o1 |? dx dt,
Q
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where

24>
K- max((lz_ak 128)\ + 66)\.))

min(M, te(cag - ¢3))

using (5.9), the above inequality becomes
g quality

” Vn ”i2(0,T:V1’0(0,1)) E k2 ” Vn—l ”%,Z(O,T:VLO(O,D)’ (526)
where

2k
12 =242 w23kt 128/\ + 664 cT

min(M, & e“S (cag — ¢3))

From the criterion of convergence of the series, we see that the series > V,,(x, t) converges

n>1
if

ry lmin(M, %‘ke’a(cao —c))

2k2
2ot —128/\ + 66

et

Since Vi, (x,t) = wyu1(x, £) — wy(, £), it follows that the sequence w,(x, t) defined by

k=n-1
walx,0) = Y Vic+ wol, 1)

k=1

converges to an element w € L2(0, T : V19(0, 1)). Now to prove that this limit function w
is a solution of the problem under consideration (5.19)—(5.22), we should show that w
satisfies (5.8) and (5.14).

For problem (5.15)—(5.18), we have

H(w, —w,v) + Hw,v)

1
=kRe/17f (1—n)<F(n,t,w,,_1, 8wn_1> F(n,t w, — ow )dn) dxdt
Q Jx an an
_Re/g/ n(F(n,t,wn_l, 8w,,1> F<n,t w, — ow >)dndxdt
an an
+ARe/ f 1-¢) (; t,w, §>d§
—Re/ / {F(; t,w, — >d{ dxdt. (5.27)

From Eq. (5.15),we have

x 1
H(w,,—w,v):Ref W(Ml—x)/ T/d;—x/ §(§,t)d§)dxdt
Q 0 X

B a(w, —w) *_ 1
_Re/Qa(aTxm_x)/o “’“"‘/x g(g,t>dc>dxdt.

Page 20 of 24
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Integrating by parts each term in the previous equality with respect to ¢ and x using the

condition (5.10), we obtain

H(w, —w,v)
~ xW 1@
——Ref( —w)(k(l x)/o —d{—xfx E(;,t)d{) dxdt
—ARef(l x)a ) dxdt

+Re/[(ZA—kx)a—)»(l—x)—a](wn—w)vdxdt
Q ox
0 0 ¢
—Re/[2a+x—ﬂ](wn—w)gdxdt+kRe/ —a(wn—w)/ vdu dx dt
Q ox Q ax 0

da L
—Re / — (W, —w) / gdt dxdt, (5.28)
Q 0% X

where each term of the left-hand side of (5.28) is controlled by

x 173
-Re (wn—w)(k(l—x)/ %d;—x/ %((,t)d{)dxd}f

<2\/_max)» 1)(/ |lw,, — w| dxdt) (/(1 x)2 d dt + f‘%
Q

Re/Q|:(2k —kx)a — A(1 —x)£:|(w,, —w)vdxdt

< ((2A —k)a; +Ab) </Q |w, — w|2dxdt)7 (/Q |v|2dxdt>z

-
- ARe/ 1 -w)a(w, - w)—V dxdt
ax

<Aa1(/ (W, — w dxdt) (/(1 x)2

a
—Re/ [261 + x—a:|(w,, —w)gdxdt
Q 0x

1

2

5(2al+b)/|wn—w|2dxdt%</ |g|2dxdt> ,
Q Q

da ¢
kRe/ —(w,,—w)/ vdudxdt
Q ox 0

1
2 9 1
fkb/IWV,—w|2dxdt%(/ |V|2dxdt) +Re/ —a(wy,—w)/ gdcdxde
Q Q Q dx x
3 9 |?
§b</ |w,,—w|2dxdt) (/ g
Q Qld

N
dxdt) s

3
dx dt) ,

%
dx dt) .
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From the previous inequalities, we deduce that

2 ov

+
ot

v

|Hw,, = w,v)| < Cllwn = wll 20,7190, [/ ((1 —x)2< —
Q

0x
(]
+ —_
ot

2
) + |V|2) dxdt

+ |g|2> dx dt] ) (5.29)

where
C= max{2«/§max(k, 1), (21 — k)ay + Ab, Lay, (2a, + b)}.

Using the condition (5.9) and the Cauchy—Schwarz inequality in the first two terms in the
left-hand side in (5.27), we get

! aw,,_1> ( dw )]
)"R 1_ F )t) n-1»— t y d
e/Qv/x( C)[(ﬂ Wy a7 ¢ WB{ c
¥ Owp_1 ow
_Re/gf C[F(n,t,wnb—) (; LW, — )]d; dxdt
Q Jo an Gl

1
2
<+ 1)d|w, - w||L2(O,T:V&(OY1)) (f |v|? dx dt +/ lg|? dxdt> . (5.30)
Q Q

From (5.29), (5.30) and passing to the limit in (5.27) as n — +00, we deduce that

H(w,v)—ARe/ / 1- {)F(g t,w, g)d;“
—Re F tw,— d¢dxdt.
e [ er(om i)

Now we show that (5.8) holds. Since lim |lw,, — wl| 120, 7.v10(0.1)) = 0,
n—+00

/Oa(wn —w)dx + /:(wn —w)dx

lim
n—+0Q

< lim / lw, — w|? dx. (5.31)

n—+00

So

o 1
/ wdx+/ wdx =0. 0
0 B

Let us now prove the uniqueness of the solution.

Theorem 5.2 If condition (5.9) is satisfied, then the solution of problem (5.5)—(5.8) is

unique.

Proof Suppose that wy, wy € L2(0, T : V°(0, 1)) are two solutions of (5.5)—(5.8), the func-
tion v =w; — wy is in L2(0, T : V19(0, 1)) and satisfies

av 0 av
v Glx, t 5.32
ot ax( 8x> G, (5.32)
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v(x,0) = 0, (5.33)
v(0,8) =0, (5.34)
o 1
/ vdx + / vdx =0, (5.35)
0 B
where G(x,t) = F(x, t, w1, %) — F(x, t,wo, %).

Taking the inner product in L*(Q) of Eq. (5.32) and the integro-differential operator

M&v ~(1-x)? 0y

— = 1 )/xﬁd /1( t)d
ot 2 o MW et ox ) sl

where A satisfied (3.2) and following the same procedure as done in establishing the proof
of Theorem 3.1, we get

2 2 2
”V”LZ(O,T:VLO(O,I)) S k ”V”LZ(O,T:VLO(O,I))’

where
262 K2
2= 2(7355¢ + 1w + 06M) 26T
min(M, £ e (cag - c3))
Since k% < 1, we have v = 0, which implies that w; = wy € L2(0, T : V+9(0, 1)). O
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