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Abstract
We consider the mixed problem with boundary and initial data in thermoelasticity of
porous bodies with dipolar structure. By generalizing some known results developed
by Dafermos in a more simple case of the classical theory of elasticity, we prove new
theorems in which we address the issues regarding the uniqueness and existence of a
solution with finite energy of the respective problem after we define this type of
solution.
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1 Introduction
Specialists know that the intrinsic properties of different media can influence the am-
plitude of the thermal type stress. Considering that our work is dedicated to the porous
thermoelastic bodies, we believe that our approach can help the engineers specializing in
porous materials, at least in the applications that concern the geological layers or in the
production of granular bodies. The research in the field of theory of bodies with pores be-
gan with the publication of the study [1] by Goodman and Cowin. In this paper, as in the
study Cowin and Nunziato [2], the new theory is based on adding an extra degree of free-
dom which is meant to describe the mechanical behavior of solids with pores. For this kind
of solids, the interstices are voids of material, and the material itself is elastic. There are
many concrete situations in which this theory is useful, such as pressed powders, ceramics,
in manufacture of porous materials (such as polystyrene), in the study of geological mate-
rials, such as soils and rocks. At the beginning, in the works [1–3], this theory referred to
elastic environments in which the presence of temperature was not taken into account. It
was natural for the analysis to extend to address thermoelastic bodies with pores, and this
generalization has been approached in many studies, of which we mention only the work
[4] of Iesan. Then, the specialists extended the theory taking into account other effects. It
is worth mentioning in this sense the pioneering works of Eringen dedicated to a new and
very general concept, that of the microstructure of media, see, for instance, the studies [5]
and [6]. Several particular cases of this general theory have been considered, first by Erin-
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gen, then by a very large number of researchers. This includes the theory of micropolar
media, microstretch media, media with dipolar structure, and so on. The number of stud-
ies dedicated to these types of structures has continuously increased. We suggest only
some of them [7–19]. Given that our study addresses environments with dipolar struc-
ture, it can be deduced that it falls within the line mentioned above. On the other hand,
we have other generalizations in our study, namely the results obtained by Dafermos [20]
and Fichera [21] in the much simpler context of classical elastic media. We prove some
theorems in which we deduce the uniqueness of a finite energy solution, the existence of
such kind of solution, but also some estimates from which the stability of asymptotic type
of the solution with finite energy is obtained. The plane of our study is as follows. After we
highlight the basic equations and the specific initial and boundary relations for the mixed
problem from the context formulated above, we define the solutions with finite energy
and propose a method to obtain other types of solutions with finite energy. It is impor-
tant to specify that we prove the uniqueness of a solution in the most general situation in
which both the initial data and the boundary conditions are inhomogeneous. In the last
theorem we obtain the existence of at least one finite solution in the most general case
of inhomogeneous initial relations, starting from the particular previously demonstrated
case.

2 Basic equations and conditions
Suppose that a regular region � from the Euclidian space is occupied at the initial time
t = 0 by a thermoelastic porous body having a dipolar structure. The boundary surface
of � is denoted by �, and suppose that this surface is regular enough, so we can apply
the theorem of divergence. We also have that �̄ = � ∪ �, �̄ being the closure of �. The
evolution of our solid is described by reference to the usual system of axes Oxi (i = 1, 2, 3).
We adopt the usual notation for tensors and vectors. A superposed dot on a function is
used for the derivative of a respective function with respect to a time variable. A comma
followed by an index designates the derivative (partial) regarding the corresponding with
respect to the respective spatial variable. The rule of Einstein summation is used whenever
the index is repeated.

The density of mass in the initial stare (undeformed) is denoted by ρ0. Also, the volume
fraction in the initial configuration is denoted by ν0, while the density of a material matrix
has the notation γ0. These two quantities are constant regarding the spatial variables, but
they depend on the temporal variable and satisfy the following relation:

�0 = γ0ν0.

To characterize the evolution of a thermoelastic porous body having a dipolar structure,
the following independent functions are used:

- vi(x, t) – components of the vector of displacement, regarding the initial state;
- φij(x, t) – components of the dipolar displacement tensor;
- ϑ – the variation of temperature, between its present value T and the value in the

initial state T0, that is,

ϑ = T – T0;
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- ϕ – the difference between the present ν and the initial volume fraction ν0, that is,

φ = ν – ν0.

The components of the tensors of strain, namely εij and γij, are functions of the above
variables vi(x, t), φjk(x, t), namely

eij =
1
2

(vj,i + vi,j), εij = vj,i – φij, γijk = φjk,i. (1)

We suppose that our media has zero flux rate and zero intrinsic equilibrated volume forces,
and also it has no initial tension and couple stress.

Our subsequent considerations are made only in a linear context, therefore we must
assume that the internal density of energy is a form of quadratic order, regarding all its
independent functions. As a consequence, the energy conservation principle is useful to
make explicit the internal density of energy in the form that follows:

� =
1
2

Aijmneijemn + Gijmneijεmn + Fijmnreijγmnr

+
1
2

Bijmnεijεmn + Dijmnrεijγmnr +
1
2

Cijkmnrγijkγmnr

+ aijkeijϕ,k + bijkεijϕ,k + cijkmγijkϕ,m – aiϑϕ,i –
1
2

cϑ2 (2)

– αijeijϑ – βijεijϑ – δijkγijkϑ +
1
2

dijϕ,iϕ,j +
1
2
κijϑ,iϑ,j.

Using a suggestion given by Nunziato and Cowin [3], we can deduce

τij =
∂�

∂eij
, tij =

∂�

∂εij
, mijk =

∂�

∂γijk
,

hi =
∂�

∂ϕ,i
, S = –

∂�

∂ϑ
, qi =

∂�

∂ϑ,i
,

and we deduce the relations between the tensors of stress and the tensors of strain, in other
words, the constitutive relations

τij = Aijmnemn + Gmnijεmn + Fmnrijγmnr + aijkϕ,k – αijϑ ,

tij = Gijmnemn + Bijmnεmn + Dijmnrγmnr + bijkϕ,k – βijϑ ,

mijk = Fijkmnemn + Dmnijkεmn + Cijkmnrγmnr + cijkrϕ,r – δijkϑ ,

hi = aijkejk + bijkεjk + cijkrγjkr + dijϕ,j – aiϑ , (3)

S = αijeij + βijεij + cijkγijk + aiϕ,i + cϑ ,

qi = κijϑ,j.

Taking into account that the strain tensor eij is symmetric (see Eq. (1)1), we easily deduce
that the symmetry relations satisfied by the above constitutive coefficients are

Ajkmn = Akjmn = Amnjk , Gjkmn = Gkjmn, Fjkmnr = Fkjmnr ,
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Cjklmnr = Cmnrjkl, dmn = dnm, αmn = αnm, κmn = κnm. (4)

Using the same procedure of Nunziato and Cowin [3], we can obtain the following main
equations (see also [22]):

- the equations of motion:

(tij + τij),j + �fi = �v̈i,

mijk,i + τjk + �gjk = Ijmφ̈km. (5)

- the balance of the equilibrated forces:

hi,i + �l = �kϕ̈; (6)

- the balance of the energy:

�T0Ṡ = qi,i + �r. (7)

In the previous relations, the significance of the following notations remained unspecified:
S – the entropy per unit mass, k – the balancing inertia, Iij – the tensor of inertia, hi – an
equilibrium vector of stress, qi – the vector of heat flux, fi, gi, l – body forces, r – the supply
of heat. In our following approaches we consider anisotropic material which is assumed
to be inhomogeneous.

The entropy production inequality can be used in order to obtain the positive semi-
definition of the thermal conductivity tensor κij, namely

κijϑ,iϑ,j ≥ 0. (8)

It is easy to see that the main equations (5) and (7) are analogous to those from the theory
of classical thermoelasticity.

In [23], by using a variational approach, the authors gave a motivation for the new rela-
tion (6), the balance of equilibrated forces.

We find similar considerations in [22] and [24].
Considering the constitutive relations (3), we can transform the basic relations (5), (6),

and (7) into the next system of equations with partial derivatives with respect to the vari-
ables vm, φmn, ϕ, and ϑ :

(Aijmn + Eijmn)vn,mj + (Emnij + Bijmn)(vn,mj – φmn,j)

+ (Fijklm + Dijklm)φlm,kj + (aijk + bijk)ϕ,kj – (αij + βij)ϑ,j + ρfi = ρv̈i,

Fjklmnvn,mj + Dmnjkl(vn,mj – φmn,j) + Ckljmnrφnr,mj + cijklϕ,ij – δkljϑ,j

+ Eklmnvm,n + Bklmn(vn,m – φmn) + Dklmnrφnr,m + bjklϕ,j – βklϑ = Ikrφ̈lr , (9)

aijkvj,ki + bijk(v̇j,ki – φ̇jk,i) + cijkrφjk,ri + dijφ,ij – aiϑi + ρl = ρkϕ̈,

αijv̇i,j + βij(v̇i,j – φ̇ij) + δijkφ̇ij,k + aiϕ̇i + cϑ̇ =
1
ρ

κijϑ,ij + r,

which are satisfied for any (x) ∈ � × (0,∞).
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We intend to construct a mixed problem attached to the system of equations (6). To this
aim we need to prescribe some initial and boundary relations. For t = 0, we have the initial
data:

vm(0) = v0
m, v̇m(0) = v1

m, φkl(0) = φ0
kl, φ̇kl(0) = φ1

kl,

ϕ(0) = ϕ0, ϕ̇(0) = ϕ1, ϑ(0) = ϑ0, in B̄. (10)

Denoting by n = (ni) the normal of the surface � which is a unit vector, outward oriented
regarding �, we can consider the following surface tractions:

ti = (τij + tij)nj, mjk = mijkni, h = hini, q = qini,

such that, for t ∈ [0, t0), time t0 can be ∞, we can prescribe the boundary data as follows:

ui = ūi on �1, ti = t̄i on �c
1,

φjk = φ̄jk on �2, mjk = m̄jk on �c
2,

ϕ = ϕ̄ on �3, h = h̄ on �c
3, (11)

ϑ = ϑ̄ on �4, q = q̄ on �c
4.

Here �1, �2, �3, �4 and their respective complements �c
1, �c

2, �c
3, �c

4 are subsurface of
the surface � such that

�1 ∪ �c
1 = �2 ∪ �c

2 = �3 ∪ �c
3 = �4 ∪ �c

4 = �,

�1 ∩ �c
1 = �2 ∩ �c

2 = �3 ∩ �c
3 = �4 ∩ �c

4 = ∅.

Also, v0
m, v1

m, φ0
jk , φ1

jk , ϕ0, ϕ1, ϑ0, v̄m, t̄i, φ̄jk , m̄jk , ϕ̄, ϑ̄ , q̄, and h̄ are given and regular func-
tions.

Let us denote by P the mixed problem in our context of thermoelastic dipolar bodies
with pores, consisting of the basic equations (9), the initial conditions (10), and the bound-
ary conditions (11). As such, an ordered array (vm,φjk ,ϕ,ϑ) is a solution of this problem if
it satisfies equations (9) and conditions (10) and (11).

3 Problem formulation and basic results
Let us denote by P the mixed problem in our context of thermoelastic dipolar bodies with
pores, consisting of the basic equations (9), the initial conditions (10), and the boundary
conditions (11). As such, an ordered array (vm,φjk ,ϕ,ϑ) is a solution of this problem if it
satisfies equations (9) and conditions (10) and (11).

We now present the regularity conditions necessary to obtain our subsequent results.
As usual, we will use the notation Cn(D̄) for the set of all functions defined in all points
of the domain � having a derivative of order n on �, and this is a continuous function on
the domain �̄.

The norm of any function u from the space Cn(�̄) is defined by

‖u‖Cn(�̄) =
n∑

m=0

∑

k1,k2,...,km

max |u,k1k2...km |.
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In the case of vector functions (in our situation, with thirteen components), we consider
the notation Cn(�̄), and any element from this set is from Cn(�̄). As a consequence, the
norm of a vector function f = (fi), i = 1, 13, from the space Cn(�̄) is defined by

‖f ‖Cn(�̄) =
13∑

i=1

‖fi‖Cn(�̄).

Let us denote by Hn(�) the completion of the space Cn(�̄), and consider the scalar product

(f , g)Hn(�) =
n∑

k=0

∫

�

f,i1i2...ik g,i1i2...ik dV ,

which induces a Hilbert space structure on the space Hn(�) (see, for instance, [25]).
Analogously, if we denote by Hn(�) the completion of the space Cn(�̄) and consider the

scalar product

(f , g)Hn(�) =
13∑

k=1

(fk , gk)Hn(�), f = (fi), g = (gi),

we obtain a Hilbert space structure on the set Hn(�).
Other sets of functions that we will use have the following meanings:

Ĉ1(�) =
{
ϑ ,ϑ ∈ C1(�̄) : ϑ = 0 on �̄4

}
,

Ĉ1(�) =
{

u = (v,φ,ϕ), u ∈ C1(�̄) : vi = 0 on �̄1,

φij = 0 on �̄2,ϕ = 0 on �̄3
}

.

C̃0(�) =
{

(fm, gjk , l, r) : (fm, gjk , l) ∈ C0(�̄), r ∈ C0(�̄);

if meas(�̄1) = meas(�̄2) = meas(�̄3) = 0,

then
∫

�

ρF dV = 0,
∫

�

ρ(x × F) dV = 0;

if meas(�̄1) = meas(�̄2) = 0, meas(�̄3) 	= 0, then
∫

�

ρF dV = 0;

if meas(�̄4) = 0, then
∫

�

ρr dV = 0
}

;

C̃1(�) =
{(

u = (vm,φjk ,φ),ϑ
)

: (u,ϑ) ∈ Ĉ1(�) × Ĉ1(�) and

if meas(�̄4) = 0, then
∫

�

[αijeij + βijεij + cijkγijk + aiϕ,i + cϑ] dV = 0
}

.

We will now introduce some functionals that are necessary both for defining a finite energy
solution and for demonstrating the previously mentioned results.

E1
(
(v,φ,ϕ), (w,ψ ,χ )

)

=
1
2

∫

�

{
Aijmneij(v,φ)emn(w,ψ) + Gijmn

[
eij(v,φ)εmn(w,ψ)
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+ eij(w,ψ)εmn(v,φ)
]

+ Fijmnr
[
eij(v,φ)γmnr(w,ψ) + eij(w,ψ)γmnr(v,φ)

]

+ Bijmnεij(v,φ)εmn(w,ψ) + Dijmnr
[
εij(v,φ)γmnr(w,ψ) + εij(w,ψ)γmnr(v,φ)

]

+ Cijkmnrγijk(v,φ)γmnr(w,ψ) + dijϕ,jχ,i + aijk
[
eij(φ)ϕ,k + eij(ψ)χ,k

]

+ bijk
[
εij(φ)ϕ,k + εij(ψ)χ,k

]
+ cijkm

[
γijk(φ)ϕ,m + γijk(ψ)χ,m

]}
dV ,

E2(ϑ , T) =
∫

�

κijϑ,iT,j dV ,

E3(z, w) =
∫ t0

0

∫

�

{
(t – t0)

[
�v̇mẅm + Ijkφ̇jmψ̈km + �κϕ̇χ̈ – Aijmnemn(y)ėij(w)

– Gijmn
(
eij(z)ε̇mn(w) + ėij(w)εmn(y)

)
– Fijmnr

(
eij(z)γ̇mnr(w)

+ ėij(w)γmnr(z)
)

– Bijmnεij(z)εmn(w) – Dijmnr
(
εij(z)γmnr(w) + εij(w)γmnr(z)

)
(12)

– Cijkmnrγijk(z)γmnr(w) – aijk
(
ėij(w)ϕ,k + eij(y)χ̇,k

)

– bijk
(
ε̇ij(w)ϕ,k + εij(y)χ̇,k

)
– cijkm

(
γ̇ijk(w)ϕ,m + γijk(y)χ̇,m

)

+ dij(ϕ,iχ̇,j + ϕ̇,iχ,j) + αij
(
ϑ ėij(w) + Ṫeij(y)

)
+ βij

(
ϑε̇ij(w) + Ṫ ε̇ij(y)

)

+ c(ϑṪ + ϑ̇T) + δijk
(
ϑγ̇ijk(w) + Ṫγijk(y)

)
+ ai(ϕ̇,iϑ + Ṫχ,i)

]

+ �v̇mẇm + Ijkφ̇jmψ̇km + �κφ̇χ̇ +
1

T0

∫ t

0
κijϑ,jT,i dτ

}
dV dt,

E4(y, w) = –
∫ t0

0

∫

�

(t – t0)
(

�fmẇm + Ijkgjmψ̇km + �klχ̇ +
ρr
T0

T
)

dV dt,

E5(ζ , w) = t0

∫

�

[
�v0

mwm|t=0 + Ijkφ
0
jmψkm|t=0 + �kχ |t=0φ

0 + cT |t=0ϑ
0

+
(
αmnemn

(
v0,ϑ0) + βmnεmn

(
v0,ϑ0) + δmnrγmnr

(
v0,ϑ0)

+ amϕ,m
)
T |t=0

]
dV .

The first functional is defined for any pairs of functions (u,ϕ,φ) ∈ Ĉ1(�), (v,ψ ,χ ) ∈
Ĉ1(�), and the second functional corresponds to the pair of functions (T ,ϑ), both from
Ĉ1(�).

The functionals E3(z, w), E4(y, w), and E5(ζ , w) are defined for the elements

z =
(
(vm,φjk ,ϕ),ϑ

) ∈ C∞(
[0, t0

)
; C̃1(�)),

w =
(
(wm,ψjk ,χ ), T

) ∈ C∞(
[0, t0

)
; C̃1(�)),

y = (fm, gjk , l, r) ∈ C∞(
[0, t0

)
; C̃0(�)),

ζ =
(
v0

m,φ0
jk ,ϕ0,ϑ0,

)
, v0

m,φ0
jk ∈ Ĉ1(�),ϕ0,ϑ0 ∈ Ĉ1(�),

respectively.
To obtain the proposed outcomes, we must force the functional E1 to satisfy the follow-

ing condition.
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There is a positive constant c1 so that, for any (w,ψ ,χ ) ∈ Ĉ1(�), we have

E1
(
(w,ψ ,χ ), (w,ψ ,χ )

)

≥ c1

∫

�

3∑

m,n,r=1

[
e2

mn(v,ψ ,χ ) + ε2
mn(v,ψ ,χ ) + γ 2

mnr(v,ψ ,χ ) + χ,iχ,j
]

dV . (13)

Also, for any ϑ ∈ Ĉ1(�), there is positive constant c2 so that E2 satisfies the following
inequality:

E2(ϑ ,ϑ) ≥ c2

∫

�

κijϑ,iϑ,j dV . (14)

Regarding the material properties, we must impose the conditions

c > 0, T0 > 0, ρ > 0, Ijk > 0. (15)

With a suggestion from [26, 27], we deduce that there is a positive constant c3 such that
E1 satisfies the following inequality:

E1
(
(v,φ,ϕ), (v,φ,ϕ)

)

≥ c3

∫

D
[vmvm + φjkφjk + ϕ,mϕ,m + vm,nvm,n + φjk,lφjk,l + ϕ,mnϕ,mn] dV , (16)

so that we are led to the conclusion that E1((v,ψ ,χ ), (v,ψ ,χ )) is a coercive functional on
the Hilbert space Ĥ1(�).

In what follows the next identity will be useful which is satisfied by E3(z, w), by replacing
z with w:

E3(w, w) =
∫ t0

0

∫

�

{
(t – t0)

[
�ẇmẇm + Ijkψ̇jmψ̇km + ρkχ̇2

+ Aijmnemn(w)ėij(w) + 2Gijmneij(w)εmn(w)

+ 2Fijmnreij(w)γmnr(w) + Bijmnεij(w)εmn(w)

+ Dijmnrεij(w)γmnr(w) + Cijkmnrγijk(w)γmnr(w) (17)

+ 2aijkeij(w)ϕ,k + 2bijkεij(w)ϕ,k + 2cijkmγijk(w)ϕ,m

+ dijχ,iχ,j + cT2 +
1

T0

∫ t

0
κijT,jT,i dτ

]
dV

+
t0

2

∫

�

(
ρẇmẇm + Ijkψ̇jmψ̇km + ρkχ2 + aT2)

t=0 dV
}

dt.

A solution with finite energy, which we will introduce further, is more rigorously defined
in the context of Hilbert spaces.

In this regard, we introduce the following scalar product:

〈
(vm,φjk ,ϕ,ϑ), (wm,ψjk ,χ , T)

〉
1

=
∫ t0

0

∫

�

[
vmẇm + φjkψ̇jk + ϕχ̇ + v̇mẇm
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+ φ̇jkψ̇jk + ϕ̇χ̇ + vm,nwm,n + φjk,iψjk,i + ϕ,mχ,m + ϑT +
∫ t

0
ϑ,mT,m

]
dV dt, (18)

and denote by H1
0 the Hilbert space endowed with the norm induced by the scalar product

(18). The following scalar product defined by

〈
(vm,φjk ,ϕ,ϑ), (wm,ψjk ,χ , T)

〉
2

=
〈
(vm,φjk ,ϕ,ϑ), (wm,ψjk ,χ , T)

〉
1 +

〈
(vm,φjk ,ϕ,ϑ), (wm,ψjk ,χ , T)

〉
1

induces a norm, and we denote by H2
0 the Hilbert space endowed with this norm.

Finally, on the set

{
(v, w,ϑ) :

(
v = (vm,φjk ,φ),ϑ

) ∈ C̃1(�),
(
w = (wm,ψjk ,χ ),ϑ

) ∈ Ĉ1(�)
}

,

we define a scalar product which induces the norm

∣∣(v, w,ϑ)
∣∣
0 =

{
1
2

∫

�

[
�wmwm + Ijkψjmψkm + ρkχ2

+ Aijmnemn(v)ėij(w) + Gijmn
(
eij(v)εmn(w) + eij(w)εmn(v)

)

+ Fijmnr
(
eij(v)γmnr(w) + eij(w)γmnr(v)

)
+ Bijmnεij(v)εmn(w)

+ Dijmnr
(
εij(v)γmnr(w) + εij(w)γmnr(v)

)
+ Cijkmnrγijk(v)γmnr(w)

+ aijk
(
eij(v)ϕ,k + eij(w)χ,k

)
+ bijk

(
εij(v)ϕ,k + εij(w)χ,k

)

+ cijkm
(
γijk(v)ϕ,m + γijk(w)χ,m

)
+ dijϕ,iχ,j + cϑ2]dV

}1/2

,

and the spaces endowed with this norm will be denoted by H3
0 .

Considering hypotheses (13)–(16) and taking into account the previous identity (17), we
can deduce that there is a constant c4 > 0, which depends only on c, k, and T0 so that, for
all ω ∈ H2

0 , the next inequality occurs:

|ω|2 ≤ c4E3(ω,ω). (19)

For the mixed problem P , we consider an arbitrary solution u = (vm,φjk ,ϕ) and use the
notation y = (u,ϑ) in order to introduce the notion of finite energy solution by means of
the following definition.

Definition 1 We assume that the following two conditions are met:

E3(z, w) = E4(y, w) + E5(δ, w), ∀w =
(
(wm,ψjk ,χ ), T

) ∈ H2
0 (�), (20)

lim
s→0

u(s) = u0, in H0(�). (21)

Then, we call the solution with finite energy of the problem P as being the ordered array
((vm,φjk ,ϕ),ϑ) corresponding to the initial conditions ζ = ((v0

m), (φ0
jk),ϕ0,ϑ0) and to the

following loads z = ((fm), (gjk), l, r).
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Let us suppose that we have given such kind of solution of the above defined problem P .
Then we will be able to determine other solutions with finite energy.

In this sense, we introduce the following notations:

f̂m(x, s) = w0
m(x) +

∫ s

0
fm(x, τ ) dτ ,

ĝjk(x, s) = ψ0
jk(x) +

∫ s

0
gjk(x, τ ) dτ ,

l̂(x, s) = χ0(x) +
∫ s

0
l(x, τ ) dτ ,

r̂(x, s) =
T0

ρ

[
αmn(x)emn

(
v0) + βmn(x)εmn

(
v0)

+ δmnr(x)γmnr
(
v0) + c(x)ϑ0 + am(x)ϕ0

,m
]

+
∫ s

0
r(x, τ ) dτ .

With the help of the finite energy solution ((vm,φjk ,ϕ),ϑ), we can obtain a new finite energy
solution. To this aim we will use the procedure proposed by Dafermos in the paper [20]
and obtain the following result.

Theorem 1 If y = ((vm,φjk ,ϕ),ϑ) is a solution with finite energy for the problem P cor-
responding to the sources z = (fm, gjk , l, r) and to the inhomogeneous initial relations δ =
(v0

m,φ0
jk ,ϕ0,ϑ0), then the ordered array ŷ = ((v̂m, φ̂jk , ϕ̂), ϑ̂) defined by

ŷ =
∫ s

0
y(x, τ ) dτ

satisfies the problem P as a solution with finite energy, but corresponding to the above
defined loads ẑ = (f̂m, ĝjk , l̂, r̂) and to the particular initial relations δ̂ = (0, 0,ϕ0, 0).

If we adapt the procedure proposed by Dafermos in [20], we can prove that the mixed
problem P cannot admit more than one finite energy solution. This uniqueness result is
included in the following theorem.

Theorem 2 The mixed problem in the context of thermoelasticity of dipolar porous bodies
cannot admit more than one finite energy solution corresponding to some prescribed sources
and to some prescribed initial data.

In the next theorem we obtain a result regarding the existence for a finite energy solu-
tion and, also, an estimation of the respective solution, considering the simple situation
of homogeneous initial conditions. The demonstration is made following step by step the
procedure proposed by Dafermos in [20].

Theorem 3 Let us consider mixed problem P in the context of thermoelasticity of dipolar
porous bodies which corresponds to the particular case of null initial conditions, the loads
remaining arbitrary and of class L2. Then the existence of at least one finite energy solution
y = (vm,φjk ,ϕ,ϑ) is ensured. Moreover, it can find a constant c5 > 0 that depends only on t0,
ρ , and T0 so that the solution satisfies the following inequality:

|y| ≤ c5‖z‖L2(�0)×L2(�0),
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where we used the notations

z =
(
(fm), (gjk), l, r

)
,

�0 = [0, t0) × �.

A final result of our study is the proof of a theorem on the existence of at least one
solution in the situation where initial relations have their most general form.

In other words, we will expand the existence result included in Theorem 2, starting from
the simple situations of the homogeneous initial conditions to the case of initial data in
their most general inhomogeneous form.

Let us consider the following system:

E1(v,ω) =
∫

�

[(
αmnemn(ω) + βmnεmn(ω) + δmnrγmnr(ω)

+ amψ,m + cT
)
ϑ – ρvmwm – Ijkφjrψkr – ρkχ

+ ρfmwm + ρgjkψjk + ρlχ
]

dV , ∀ω = (wm,ψjk ,χ , T) ∈ Ŵ1(�), (22)

E2(T ,ϑ) = –
∫

�

{
T0

[
αmnemn(u) + βmnεmn + δmnrγmnr(u)

+ amψ,m + aT
]

– �r
}
ϑ dV , ∀T ∈ Ŵ1(�),

and the map

T (·) : H0(�) → H(�),

(wm,ψjk ,χ , T) T→ (vm,φjk ,ϕ,ϑ).

Then the ordered array (wm,ψjk ,χ , T) is named the solution for the above system (22).
This kind of solution will be used to obtain the existence result in the case of initial data

in their most general inhomogeneous form. But, to obtain this general result, we need the
auxiliary result included in the next theorem.

Theorem 4 Consider an arbitrary system of sources z = (fm, gjk , l, r), z ∈ H0(�) and the
general initial data δ = (v0

m,φ0
jk ,ϕ0,ϑ0). Then the map T (z) is well defined and is a one-to-

one application. As such, it admits the inverse map T –1(z) which transfers any element z
from the set T (H0(�)) ⊂ H(�), that is, the co-domain of T , to an element from the space
H0(�).

Moreover, for the solution obtained with the help of the map T , a positive constant c6 can
be found such that the next inequality is satisfied:

∥∥T (z)
∥∥

H1(�)×H1(�)×H1(�) ≤ c6
{|δ| + ‖z‖H0(�)×H0(�)

}
.

Proof First, we have to consider the fact that E1 is subject to inequality (13). Then, we take
into account that E1(w, w) is a coercive application regarding the norm ‖.‖H1(�) from the
space H1(�). This affirmation can be deduced by using inequality (16). Next we can follow
step by step the procedure used by Fichera in his work [21]. �
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Finally, we will prove our main result on existence. To this aim, we generalize the map
T to the map Tν as follows:

Tν(z0, z1, . . . , zν–1) = T (z0) ◦ T (z1) ◦ · · · ◦ T (zν–1),

Tν(., ., . . . , .) : H0(�) → H(�),

which is defined for some arbitrary sources z0, z1, . . . , zν–1.
Let us denoted by Hm(B; y0, y1, . . . , ym–1) the co-domain of the map

Tν(y0, y1, . . . , yν–1) : H0(�) → H(�),

and we use abbreviated writing

Hm(�) = Hm(�; y0, y1, . . . , ym–1),

so that for an arbitrary element δ ∈ Hm(�), we can consider the new norm

|δ|ν =
∣∣T –1

ν (0, 0, . . . , 0)δ
∣∣
0.

Taking into account the above new approaches, we can address the issue of the existence
of at least one solution having an energy finite in the situation in which the initial relations
have a nonhomogeneous initial data.

Theorem 5 In thermoelasticity of dipolar porous bodies, the mixed problemP correspond-
ing to boundary conditions (11), to the sources

z = (fm, gjk , l, r) ∈ Cν–1([0, t0); H(�)
)
,

(ν)
z ∈ L1

(
(0, t0); H(�)

)
,

and to the following initial data:

δ =
(
v0

m,φ0
jk ,ϕ0,ϑ0) ∈ Hm

(
�; z(0),

(1)
z (0), . . . ,

(ν–1)
z (0)

)
for ν = 1, 2, . . . .

has at least one finite energy solution, y ∈ H1
0 (�0), where we used the notation

(ν)
u = ∂νu

∂zν
i

to
designate the generalized derivative of a fixed order ν for the function u = u(z1, z2, . . . , zm)
regarding its variables (z1, z2, . . . , zm).

Proof To obtain this result, we must follow step by step the procedure used by Fichera in
his work [21]. �

4 Conclusions
After we highlight the basic equations and the specific initial and boundary relations for
the mixed problem from the context formulated above, we define the solutions with finite
energy and propose a method to obtain other types of solutions with finite energy. It is im-
portant to specify that we prove the uniqueness of a solution in the most general situation
in which both the initial data and the boundary conditions are inhomogeneous. In the last
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theorem we obtain the existence of at least one finite solution in the most general case
of inhomogeneous initial relations, starting from the particular previously demonstrated
case. We emphasize once again that our results are generalizations of those obtained by
Fichera and Dafermos in the simple context of classical linear elasticity. It is interesting to
note that the results are similar to those of classical elasticity, even though in our context
the basic equations and conditions are much more complicated, because we considered
the presence of the temperature, the pores contribution, and the dipolar structure contri-
bution.
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