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1 Introduction
We consider the Cauchy problem of the 3D incompressible micropolar equations with a
nonlinear damping term o |u|*~'u (o > 0,1 < B < 3) (see [5]):

U +u-Vu—-W+k)Au+olulPlu+ Vp=2cV xw,
we+u-Vw+ 4w —y Aw — uVdivw = 2kV X 1,

divu =0,

(1.1)
u(x, 0) = MO(x)’ W(x’ 0) = WO(x):

where # € R3, w € R3, p € R are the velocity field of fluid, the field of microrotation rep-
resenting the angular velocity of the rotation of the fluid particles and the scalar pressure,
respectively. The parameter v is the kinematic viscosity; « is the microrotation viscosity;
y and u are the angular viscosities; o is the damping coefficient.

When w = 0 and « = 0, the system (1.1) is reduced to the incompressible damped
Navier—Stokes equations which was studied firstly by Cai and Jiu [1]. They proved that the
corresponding equations admit a global weak solution for any § > 1 and a global strong
solutions for 8 > % Moreover, the uniqueness was shown for any % < B < 5. We refer to
[3, 4, 6-8] for more results on the Navier—Stokes equations with a damping term.

Recently, the Cauchy problem (1.1) was considered by Ye [5]. It was proved that system
(1.1) admits global strong solution for any 8 > 3. In this paper, we aim to study existence
of global solutions under some smallness condition of the initial data for any 1 < g < 3.
Before stating our main results, we firstly state the local strong solutions to (1.1), which
can be proved by the similar technique as in [2]. Thus, we omit the details.
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Theorem 1.1 Suppose that 1 < B < 3, (ug, wo) € H'(R®) with div ug = 0. Then there exist
a small positive time Ty and a unique strong solution (u, w) to the Cauchy problem (1.1) in
RB X (0, To]

Now, our main results read as follows.

Theorem 1.2 Assume that (1, wo) € H(R®) with div ug = 0. (u, w)(x, £) is the correspond-
inglocal strong to (1.1). For 1 < B < 3, let T* > 0 be a maximal existence time of the solution.
If T* < 00, then

. .2 3
lim el zs0,7i0r) = 00, with —+ — <1,3<r<o0. (1.2)
T T* s r

Theorem 1.3 Suppose (ug, wo) € H(R3) with divug = 0. If 1 < B < 3, then there exists a

small positive constant &g depending only on |, y, 0, k and v, such that if

(Ilwoll72 + lloll22) (IVwoll72 + | Visoll32) < o, (1.3)
the Cauchy problem (1.1) admits a unique global strong solution, satisfying

(u,w) € L®(0, T; H' (R*)) N L*(0, T; H*(R?)),

)T Vu e 20, T;IA(RP)),  Viu|'T e L2(0, T;L2(R%)).

Remark1 When w =0 and k = 0, Theorem 1.1 and 1.2 generalize the previous results for
the 3D Navier—Stokes equations with a damping term (see [7, 8]).

2 The proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. In what follows, C denotes a generic
positive constant depending only on i, y, o, v, k and B. Let (&, w) be a strong solution of
(1.1) onR® x (0, T) described in Theorem 1.1. As aforementioned, we shall prove Theorem
1.2 by contradiction arguments. So, from now on we assume otherwise that

T*
f lull}- dt = My < oo, (2.1)
0

with%+%§1,3<r<oo.
First, multiplying (1.1); and (1.1); by u and w, respectively, integrating (by parts) the
resulting equations over R3, we have

2 (|u|2+|w|2)dx+a/|u|ﬁ+1dx+(v+/c)/|Vu|2dx
+y/|Vw|2dx+4/</|w|2dx+u|divw|2dx
:—/u-Vu-udx—/u-Vw-wdx+2K/(Vxw)-udx+2/</(qu)-wdx

=2/</(VXw)-udx+2/</(qu)-wdx



Wang and Long Boundary Value Problems (2021) 2021:72 Page 3 of 6

:4/</(v x u) - wdx < k|| Vul?, + 4wl (2.2)
which integrate with respect to ¢,
t
2 2
lu@) |2 + [w®] 2 +/ (2 Vull?, + 27 [IVWI2,) dx < lluol|? + llwoll?,. (2.3)
0

Next, multiplying (1.1); by —Au and integrating (by parts) the resulting equations over
R3. By Holder’s, Young’s and the Gagliardo—Nirenberg inequalities, we have

1d
5%/|Vu|2dx+dﬂ/|u|‘3_1|Vu|2dx+(v+/<)/|Au|2dx

fu~Vu-Audx—2K/(wa)-Audx

V+K 2

8k
2 2 2 2
< lAully, + /IMI [Vu|”dx + IVwii;2
4 V4K V+K
2
V+K 9 C 9 9 8k 9
< lAull;s + —— lullp- IVull” o + IVwllja
4 V4K =2 V+K
+K 8ic? C 2-3) 6
2 2 2
< lAulli, + ——IVwllis + ——Nlullpr IVull " I1Au]l],
4 V+K V4K L L
V+K 8k? C 2r
< —— 1 Aull? + ——||IVW||% + ———— |lull/7 | Vu? (2.4)
== | Aull7, v+/<” 172 1 r)? el 777 I Vel 7o

with arbitrary r > 3.

Similarly, multiplying (1.1); by —Aw and integrating (by parts) the resulting equations
over R3, we have

1d
§E[|lezdx+y/|Aw|2dx+4/c/|Vw|2dx+M|Vdivw|zdx
:/u~VW~Ade—2K/(V X u) - Awdx

2 82
IAw|?, + = / |ul* | Vw|* dx + — || Vil 7
14 Y

Adding (2.4) and (2.5), by Gronwall’s inequality and (2.3), we have
t
IVul7, + Vw7, +/ (lAullz, + [ Awl7,) < C(IVuollz + Vwoll7)- (2.6)
0

Therefore, if u € L5(0, T; L") with % + % <1, we can take (&, w)|,—7= as the initial data, then
the local strong solutions (u, w) can be extended beyond T*. This contradicts the assump-
tion that T* > 0 is the maximal existence time. The proof of Theorem 1.2 is complete.

3 The proof of Theorem 1.3
Throughout this section, we denote

Co = lluoll2 + Iwoll 2. (3.1)
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Let (u,w) be the strong solution to the problem (1.1) on R x (0, T), then one has the
following estimates. First, we infer from (2.4) and (2.5) that

1d
T (|Vu|2+|Vw|2)dx+oﬂ/|u|’3’1|Vu|2dx+(v+K)/|Au|2dx
+y/|Aw|2dx+4~K/|Vw|2dx+,u|Vdivw|2dx
=fu~Vu-Audx+/u~Vw~Awdx—4Kf(VXw)-Audx
V
<4k Vw2, + (fc + Z)IIAMIIH + = Awl?,
1 1
+—/|u|2|Vu|2dx+—/|u|2|VW|2dx
v 2y
<4k ||V A Aw|? L Vul|?
«l[ Vw7, + K+ I uIILz+ 2 Wl + vllullpoll ull
1 2 2
+ gllulleIIVWIle
2 v 2 Y 2
<Ak|[Vwl, + |« + 1 lAull;, + EIIAWIle
1 2 1 2
+ CllullsllAull2| —IVullz + —— IV,
v 2y

vV
< 4| Vw7, + (K + E)IIAulle + SlAwl, + — IIVuIILz

C
t 3 IVl 2 [ V| . (3.2)

Then we obtain after integrating (3.2) with respect to ¢

t
sup (IIVulj2 + IVwl7) +/ (Il AullZ, + | AwlIZ,) ds
0

0<s<t
t
= 2 4do(B- 11
+ ollulz Vul|’, + ————=||V|u ds
[ (o a0 o )
t
<\ Vuoll?s + IVwol?, + C1 / (IVullS + 1Vul2 [ Vw3,) ds
0
t
< Vuol2, + IVwoll2, + C1 sup (IVul}s + Vw]?,) f IVul?, ds
0

0<s<t

< |IVuol?2, + IVwoli2, + C1Co sup (I Vullfs + IVWIT,). (3.3)

0<s<t

Next, define the function A(t) as follows:

A(t) := sup (IIVMIILz +IVwiZ). (3.4)

0<s<

Page 4 of 6
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Due to the regularity of # and w, one can deduce that A(t) is a continuous function on
[0, T']. According to (3.3), we have

A(t) < ||VM0||iz + ||VWO||i2 + C1CoA%(2). (3.5)
Now, by (3.5), one can prove that
A®) <3(IVuoll7z + IVwoll72).- (3.6)

In fact, we assume that

(1ol 72 + llwoll22) (I Vuoll7> + I Vwoll32) < €0 (3.7)
and set
T, := max{t € [0, T]: A(t) < 3([| Vuoll? + | Vwoll2), Vs € [0, £]}. (3.8)

Then we claim that
T=T,.

Otherwise, we have T, € (0, T). By the continuity of A(¢), it follows from (3.5), (3.7)—(3.8)
that

A(T,) < | Vuoli72 + I Vw72 + CLCoA*(T,)

< Vuoll2s + Vw2, +3C1Co (I Vo 22 + [ Vwoll?2)A(T)

1

= IVuollzz + IVwoll > + SA(T.), (3.9)

here, we choose g = é. Thus, from (3.9) we deduce that
AT = 2(IVuollF> + 1V woll7)- (3.10)
This contradicts (3.8). Hence, by virtue of the argument of continuity and (3.10), we can

easily get the desired (3.6).

Finally, we ready to give the proof of Theorem 1.2. In fact, due to Theorem 1.1, there is
a unique local strong solution (u, w) to Egs. (1.1). Let T* be the maximal existence time

to the solution. We will show that T* = co. Otherwise, by contradiction, we take T* < oo,
then, by Theorem 1.2, we get, for any (s, 7) with % + % <1,3<r<oo,

T*
/ |3 dt = o0, (3.11)
0
which together with Sobolev’s inequality ||u||;6 < C||Vu||;2 leads to

T*
/ IV}, dt = co. (3.12)
0
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On the other hand, by Hélder’s inequality, the Gagliardo—Nirenberg inequality, (2.3) and
(3.7), we get

T* T*
f IVl di < sup [|Vul’ / IVals dt
0 0

0<t<T*
2 2 2 2
< Clluolly> + wollz2) (IVuollz> + 1 Vwoll72)

< +00, (3.13)

contradicting (3.12). This contradiction shows that 7% = oo, and thus we obtain the global
strong solution of (1.1). This ends the proof of Theorem 1.3.

Acknowledgements
The authors would like to thank the anonymous reviewers and the Editor for their constructive comments which helped
to improve the quality of the paper.

Funding
Not applicable.

Abbreviations
Not applicable.

Availability of data and materials
Not applicable.

Ethics approval and consent to participate
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Consent for publication
Not applicable.

Authors’ contributions
WW and YL designed the methodology. WW wrote the draft and derived the theorem. YL reviewed and revised the
paper. All authors read and approved the final manuscript.

Author details
'School of Medical Information, Changchun University of Chinese Medicine, Changchun, China. ?Department of
Propaganda, Changchun University of Chinese Medicine, Changchun, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 9 December 2020 Accepted: 24 July 2021 Published online: 21 August 2021

References

1. Cai, X, Jiu, Q: Weak and strong solutions for the incompressible Navier-Stokes equations with damping. J. Math. Anal.
Appl. 343, 799-809 (2008)

2. Chae, M, Kang, K, Lee, J.: Existence of smooth solutions to coupled chemotaxis-fluid equations. Discrete Contin. Dyn.
Syst. 33,2271-2297 (2013)

3. Gala, S, Ragusa, M.A.: A new regularity criterion for the Navier—Stokes equations in terms of the two components of
the velocity. Electron. J. Qual. Theory Differ. Equ. 2016, 26 (2016)

4. Gala, S, Ragusa, M.A.: On the regularity criterion for the Navier-Stokes equations in terms of one directional derivative.
Asian-Eur. J. Math. 10, Article ID 1750012 (2017)

5. Ye, Z. Global existence of strong solution to the 3D micropolar equations with a damping term. Appl. Math. Lett. 83,
188-193 (2018)

6. Zhang, Z, Wu, X, Lu, M.: On the uniqueness of strong solution to the incompressible Navier-Stokes equations with
damping. J. Math. Anal. Appl. 377, 414-419 (2011)

7. Zhong, X.: Global well-posedness to the incompressible Navier-Stokes equations with damping. Electron. J. Qual.
Theory Differ. Equ. 2017, 62 (2017)

8. Zhou, Y: Regularity and uniqueness for the 3D incompressible Navier-Stokes equations with damping. Appl. Math.
Lett. 25, 1822-1825 (2012)



	A note on global existence of strong solution to the 3D micropolar equations with a damping term
	Abstract
	Keywords

	Introduction
	The proof of Theorem 1.2
	The proof of Theorem 1.3
	Acknowledgements
	Funding
	Abbreviations
	Availability of data and materials
	Ethics approval and consent to participate
	Competing interests
	Consent for publication
	Authors' contributions
	Author details
	Publisher's Note
	References


