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Abstract
Here, we consider the following elliptic problem with variable components:

–a(x)�p(x)u – b(x)�q(x)u +
u|u|s–2
|x|s = λf (x,u),

with Dirichlet boundary condition in a bounded domain in R
N with a smooth

boundary. By applying the variational method, we prove the existence of at least one
nontrivial weak solution to the problem.
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1 Introduction
The quasilinear operator (p, q)-Laplacian has been used to model steady-state solutions
of reaction–diffusion problems arising in biophysics, plasma physics, and in the study of
chemical reactions. These problems appear, for example, in a general reaction–diffusion
system:

ut = – div
[
D(u)∇u

]
+ h(x, u),

where D(u) = |∇u|p–2 + |∇u|q–2 is the diffusion coefficient, function u describes the con-
centration, and the reaction term h(x, u) has a polynomial form with respect to the con-
centration u. The differential operator �p + �q is known as the (p, q)-Laplacian operator,
if p �= q, where �j, j > 1 denotes the j-Laplacian defined by �ju := div(|∇u|j–2∇u). It is not
homogeneous, thus some technical difficulties arise in applying the usual methods of the
theory of elliptic equations (for further details, see [1, 2, 5, 7, 8, 10, 12–16, 19–23] and
references therein).

Our main interest in this work is to prove the existence of a weak solution of the weighted
(p(x), q(x))-Laplacian problem

⎧
⎨

⎩
–a(x)�p(x)u – b(x)�q(x)u + u|u|s–2

|x|s = λf (x, u) in �,

u = 0 on ∂�,
(1.1)

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13661-021-01557-y
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-021-01557-y&domain=pdf
https://orcid.org/0000-0002-3092-3530
mailto:razani@sci.ikiu.ac.ir


Mahshid and Razani Boundary Value Problems         (2021) 2021:80 Page 2 of 9

where � ⊂ R
N is a bounded domain with a smooth boundary, a, b ∈ L∞(�) are positive

functions with a(x) ≥ 1 a.e. on �, λ > 0 is a real parameter, �r(x)u = div(|∇u|r(x)–2∇u) de-
notes r(x)-Laplacian operator, for r ∈ {p, q}, where p, q ∈ C+(�̄), 1 < s < q(x) < p(x) < ∞
a.e. on � and f : � × R → R is a Carathéodory function satisfying the following growth
condition:

(f1)
∣∣f (x, t)

∣∣ ≤ α + β|t|h(x)–1

for all (x, t) ∈ � × R where a1, a2 are two nonnegative constants, h ∈ C+(�̄) with h(x) <
p∗(x) a.e. in � and

p∗(x) :=

⎧
⎨

⎩

Np(x)
N–p(x) , p(x) < N ,

∞, p(x) ≥ N .

In [11] the existence and multiplicity of solutions for the following problem have been
established

⎧
⎨

⎩
–�p(x)u + u|u|s–2

|x|s = λf (x, u) in �,

u = 0 on ∂�,

where 1 < s < p(x) < ∞. In [4] the authors proved the existence of two weak solutions for
the problem

⎧
⎨

⎩
–�pu – �qu + |u|p–2u

|x|p + |u|q–2u
|x|q = λf (x, u) in �,

u = 0 on ∂�,

where 2 ≤ q < p < N . Motivated by their works, we want to verify the existence of at least
one solution for the weighted problem (1.1). To this end, we introduce our notations and
also bring some definitions and results.

Throughout this note, � ⊂R
N is a bounded domain with a smooth boundary. We set

p– = inf
x∈�

p(x) and p+ = sup
x∈�

p(x),

for p ∈ C+(�̄) = {g ∈ C(�) : g– > 1}. For p ∈ C+(�̄), the Lebesgue space Lp(·)(�) is defined
as follows:

Lp(·)(�) :=
{

u : � →R : u is measurable and
∫

�

∣∣u(x)
∣∣p(x) dx < ∞

}
,

endowed with the following norm:

‖u‖p := inf

{
λ > 0 :

∫

�

∣∣
∣∣
u(x)
λ

∣∣
∣∣

p(x)

dx ≤ 1
}

.

For any u ∈ Lp(·)(B) and v ∈ Lp′(·)(B), where Lp′(·)(B) is the conjugate space of Lp(·)(B), the
Hölder type inequality

∣∣
∣∣

∫

B
uv dx

∣∣
∣∣ ≤

(
1

p– +
1

p′–

)
‖u‖p‖v‖p′
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holds true.
The Sobolev space W 1,p(·)(�) is defined by

W 1,p(·)(�) :=
{

u ∈ Lp(·)(�) : |∇u| ∈ Lp(·)(�)
}

,

and the norm in W 1,p(·)(�) is taken to be

‖u‖W 1,p(·) := ‖u‖p +
∥
∥|∇u|∥∥p,

where ∇u = ( ∂u
∂x1

(x), . . . , ∂u
∂xN

(x)) is the gradient of u at x = (x1, . . . , xN ) and, as usual, |∇u| =
(
∑N

i=1 | ∂u
∂xi

|2) 1
2 . Also, we set

W 1,p(·)
0 (�) :=

{
u ∈ W 1,p(·) (�) : u|∂� = 0

}
,

with the norm ‖|∇u|‖p.

Proposition 1.1 ([9]) Let p, q ∈ C+(�̄).
(i) If q(x) ≤ p(x) a.e. on �, then Lp(x)(�) ↪→ Lq(x)(�),

(ii) If q(x) < p∗(x) for any x ∈ �̄, then the embedding

W 1,p(x)(�) ↪→ Lq(x)(�)

is compact;
(iii) If q(x) < p∗(x) for any x ∈ �̄, then there is a constant kq > 0 such that

‖u‖q ≤ kq
∥
∥|∇u|∥∥p,

for all u ∈ W 1,p(x)
0 (�), where

p∗(x) =

⎧
⎨

⎩

Np(x)
N–p(x) , p(x) < N ,

+∞, p(x) ≥ N .

Remark 1.1 Notice that if q(x) ≤ p(x) a.e. on �, then, by Proposition 1.1, one has

W 1,p(x)
0 (�) ↪→ W 1,q(x)

0 (�).

Here, we recall the classical Hardy inequality (see [3, 17]).

Lemma 1.1 Let 1 < s < N . Then
∫

�

|u(x)|s
|x|s dx ≤ 1

H

∫

�

∣∣∇u(x)
∣∣s dx, (1.2)

for u ∈ W 1,s
0 (�), where H := ( N–s

s )s.
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Remark 1.2 Let p ∈ C+(�) and s < p(x) a.e. on �. From Remark 1.1 and Lemma 1.1, we
gain

∫

�

|u(x)|s
|x|s dx ≤ 1

H

∫

�

∣∣∇u(x)
∣∣s dx,

for u ∈ W 1,p(.)
0 (�), where H is as in Lemma 1.1.

Definition 1.1 The function f : � ×R →R is a Carathéodory function, if
• x → f (x, t) is measurable for every t ∈R.
• t → f (x, t) is continuous for almost every where x ∈ �.

Definition 1.2 ([6]) Let 	,
 : X → R be two continuously Gâteaux differentiable func-
tions. Set

I = 	 – 


and fix some r ∈ [–∞, +∞]. We say that I satisfies the Palais–Smale condition upper cut
off at r (in short, the (PS)[r] condition), if any sequence un in X such that I(un) is bounded,
I ′(un) → 0, and 	(un) < r for all n ∈ N admits a convergent subsequence.

Finally, we recall the following theorem [6, Theorem 2.4] which is the main tool in this
paper.

Theorem 1.1 Let X be a real Banach space, 	,
 : X → R be two continuously Gâteaux
differentiable functional such that

inf
x∈�

	(x) = 	(0) = 
(0) = 0.

Assume that there exists r > 0 and x ∈ X, with 0 < 	(x) < r, such that
(i) sup	(x)<r 
(x)

r < 
(x)
	(x) ,

(ii) for each λ ∈ � :=] 	(x)

(x) , r

sup	(x)<r 
(x) [, the functional Iλ := 	 – λ
 satisfies the (PS)[r]

condition.
Then, for each λ ∈ �, there is x0 ∈ 	–1(]0, r[) such that I ′

λ(x0) = 0 and Iλ(x0) ≤ Iλ(x), for all
x ∈ 	–1(]0, r[).

In the sequel we set X := W 1,p(x)
0 (�) endowed with the norm

‖u‖ =
∥
∥|∇u|∥∥p.

2 Existence of a solution
In this section we prove the existence of at least one nontrivial weak solution of the prob-
lem (1.1).

Let 	 : X →R be a functional defined by

	(u) =
∫

�

a(x)
p(x)

|∇u|p(x) dx +
∫

�

b(x)
q(x)

|∇u|q(x) dx +
∫

�

|u(x)|s
s|x|s dx,

where 1 < s < q– < q(x) < p(x) < p+ < ∞.
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Remark 2.1 Under the above assumptions, we get

1
p+

[‖u‖]p ≤ 	(u) ≤ 1
s

(
‖a‖∞ + ‖b‖∞ +

1
H

)(‖u‖p+ + ‖u‖s).

Proof First, let ‖u‖ > 1. So, we have

1
p+ ‖u‖p– ≤ 1

p+

∫

�

|∇u|p(x) dx ≤
∫

�

a(x)
p(x)

|∇u|p(x) dx

≤ 	(u)

≤ ‖a‖∞
p–

∫

�

|∇u|p(x) dx +
‖b‖∞

q–

∫

�

|∇u|q(x) dx +
1

Hs

∫

�

|∇u|s dx

≤ 1
s

(
‖a‖∞ + ‖b‖∞ +

1
H

)
‖u‖p+

.

Now, let ‖u‖ ≤ 1. Then we have

1
p+ ‖u‖p+ ≤ 1

p+

∫

�

|∇u|p(x) dx ≤
∫

�

a(x)
p(x)

|∇u|p(x) dx

≤ 	(u)

≤ ‖a‖∞
p–

∫

�

|∇u|p(x) dx +
‖b‖∞

q–

∫

�

|∇u|q(x) dx +
1

Hs

∫

�

|∇u|s dx

≤ 1
s

(
‖a‖∞ + ‖b‖∞ +

1
H

)
‖u‖s.

Thus the proof is completed. �

It is known that 	 is a continuously Gâteaux differentiable functional; moreover,

	′(u)(v) =
∫

�

(
a(x)|∇u|p(x)–2∇u∇v + b(x)|∇u|q(x)–2∇u∇v +

|u(x)|s–2uv
|x|s

)
dx,

for u, v ∈ X, see [18]. Let f : � ×R →R be a Carathéodory function and define

F(x, t) :=
∫ t

0
f (x, s) ds. (2.1)

Then the functional 
 : X →R with


(u) :=
∫

�

F
(
x, u(x)

)
dx,

for every u ∈ X is continuously Gâteaux differentiable, with the following compact deriva-
tive:


 ′(u)(v) :=
∫

�

f
(
x, u(x)

)
v(x) dx,

for every u, v in X, see [18]. Moreover, define

I := 	 – λ
 .
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If I ′(u) = 0, we have

∫

�

(
a(x)|∇u|p(x)–2|∇u||∇v| + b(x)|∇u|q(x)–2|∇u||∇v| +

|u|s–2uv
|x|s

)
dx

= λ

∫

�

f (x, u)v dx,

for every u, v ∈ X, and then the critical points of I are the weak solutions of problem (1.1).
Set

δ(x) = sup
{
δ > 0 : B(x, δ) ⊆ �

}
and D := sup

x∈�

δ(x).

Obviously, there exists x0 ∈ � such that

B(x0, D) ⊆ �.

For γ > 0 and h ∈ C+(�) with 1 < h–, we define

[γ ]h := max
{
γ h–

,γ h+}
, [γ ]h := min

{
γ h–

,γ h+}
, (2.2)

and similarly,

[γ ]
1
h := max

{
γ

1
h– ,γ

1
h+

}
, [γ ] 1

h
:= min

{
γ

1
h– ,γ

1
h+

}
.

Further,

m :=
π

N
2

N
2 �( N

2 )
,

where � is the Euler function.
The following is the main result of this paper.

Theorem 2.1 Assume that f is a Carathéodory function satisfying the growth condition
(f1) and F defined by (2.1) is such that

lim sup
t→0+

infx∈� F(x, t)
ts = +∞. (2.3)

Then, for every λ ∈]0,λ∗[ with

λ∗ :=
1

αk1(p+)
1

p– + β

h– [kh]h(p+)
h+
p–

,

the problem (1.1) has at least one nontrivial weak solution.

Proof We use Theorem 1.1 in the case r = 1.



Mahshid and Razani Boundary Value Problems         (2021) 2021:80 Page 7 of 9

Let X, 	 and 
 be as above and fix λ ∈]0,λ∗[. By (2.3), there exists

0 < δλ < min

{
1,

(
s

(‖a‖∞ + ‖b‖∞ + 1
H )(( 2

D )p+ + ( 2
D )s)m(DN – ( D

2 )N )

) 1
s
}

such that

s infx∈� F(x, δλ)
(( 2

D )p+ + ( 2
D )s)δs

λ(2N – 1)
>

‖a‖∞ + ‖b‖∞ + 1
H

λ
. (2.4)

We define u ∈ X such that

u(x) =

⎧
⎪⎪⎨

⎪⎪⎩

0, x ∈ �\B(x0, D),

δλ, x ∈ B(x0, D
2 ),

2δλ
D (D – |x – x0|), x ∈ B(x0, D)\B(x0, D

2 ),

where | · | is Euclidean norm on R
N . By Remark 2.1, we have

	(ū) =
∫

�

(
a(x)
p(x)

|∇ū|p(x) +
b(x)
q(x)

|∇ū|q(x) +
|ū|s
s|x|s

)
dx

<
1
s

(
‖a‖∞ + ‖b‖∞ +

1
H

)
(‖ū‖p+

+ ‖ū‖s)

≤ 1
s

(
‖a‖∞ + ‖b‖∞ +

1
H

)((
2δλ

D

)p+

+
(

2δλ

D

)s)
m

(
DN –

(
D
2

)N)

≤ 1
s

(
‖a‖∞ + ‖b‖∞ +

1
H

)((
2
D

)p+

+
(

2
D

)s)
δs
λm

(
DN –

(
D
2

)N)
.

Clearly, 0 < 	(u) < 1. Moreover, thanks to (2.4), one has


(ū) ≥
∫

B(x0, D
2 )

F
(
x, ū(x)

)
dx ≥ inf

x∈�
F(x, δλ)m

(
D
2

)N

, (2.5)

and so


(ū)
	(ū)

≥ s infx∈� F(x, δλ)
(‖a‖∞ + ‖b‖∞ + 1

H )(( 2
D )p+ + ( 2

D )s)δs
λ(2N – 1)

>
1
λ

.

Using Remark 2.1 for each u ∈ 	–1((–∞, 1[), we have

‖u‖ ≤ [
p+	(u)

] 1
p ≤ (

p+) 1
p– . (2.6)

Hence, by the growth condition (f1) and Proposition 1.1, we have


(u) =
∫

�

F
(
x, u(x)

)
dx

≤ α

∫

�

∣∣u(x)
∣∣dx +

β

h–

∫

�

∣∣u(x)
∣∣h(x) dx

≤ αk1‖u‖ +
β

h– [kh]h[‖u‖]h. (2.7)
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Then, from (2.6) and (2.7), we deduce

sup
	(u)<1


(u) ≤ αk1
(
p+) 1

p– +
β

h– [kh]h(p+) h+
p– =

1
λ∗ <

1
λ

.

Thus

sup
	(u)<1


(u) <
1
λ

<

(u)
	(u)

,

and so Theorem 1.1 guarantees the existence of a local minimum point for I , completing
the proof of Theorem 2.1. �
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