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Here, we consider the following elliptic problem with variable components:

with Dirichlet boundary condition in a bounded domain in R with a smooth
boundary. By applying the variational method, we prove the existence of at least one
nontrivial weak solution to the problem.
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1 Introduction

The quasilinear operator (p, g)-Laplacian has been used to model steady-state solutions
of reaction—diffusion problems arising in biophysics, plasma physics, and in the study of
chemical reactions. These problems appear, for example, in a general reaction—diffusion
system:

Uy =— div[D(u)Vu] + h(x, u),

where D(u) = |VulP~% + |Vu|?72 is the diffusion coefficient, function u describes the con-
centration, and the reaction term /(x, #) has a polynomial form with respect to the con-
centration . The differential operator A, + A, is known as the (p, q)-Laplacian operator,
if p # g, where A}, j > 1 denotes the j-Laplacian defined by Aju := div(|Vu V). It is not
homogeneous, thus some technical difficulties arise in applying the usual methods of the
theory of elliptic equations (for further details, see [1, 2, 5, 7, 8, 10, 12-16, 19-23] and
references therein).

Our main interest in this work is to prove the existence of a weak solution of the weighted
(p(x), g(x))-Laplacian problem

—a(x) Ay — b(x) A guou + ”“‘;'rs_z =M(xu) inQ, w1
u=0 on 3, '
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where Q C R¥ is a bounded domain with a smooth boundary, a,b € L*(2) are positive
functions with a(x) > 1 a.e. on 2, A > 0 is a real parameter, A, u = div(|Vu|"®-2Vy) de-
notes r(x)-Laplacian operator, for r € {p,q}, where p,q € C,(Q), 1 < s < g(x) < p(x) < 0
a.e.on Qand f: Q2 x R — R is a Carathéodory function satisfying the following growth

condition:

(fl) Lf(x,t)| §a+ﬂ|t|h(x)—l

for all (x,£) € 2 x R where a;, a, are two nonnegative constants, # € C,(Q2) with A(x) <
p*(x) a.e.in Q and

Np(x)
Nptgr PO <N

00, plx) > N.

pr(x) =

In [11] the existence and multiplicity of solutions for the following problem have been
established

—Apt + ”‘ll;lls;z =M(x,u) ing,
u=0 on 0§2,

where 1 < s < p(x) < 00. In [4] the authors proved the existence of two weak solutions for
the problem

ulP2u | |ul12u _ .
Pt =AM (xu) inQ,

u=0 on 092,

—Apu— Aqu +

where 2 < g < p < N. Motivated by their works, we want to verify the existence of at least
one solution for the weighted problem (1.1). To this end, we introduce our notations and
also bring some definitions and results.

Throughout this note, 2 C R is a bounded domain with a smooth boundary. We set

p-=infp(x) and p*=supp(x),
xXe

xeQ

for p € C,(Q) = {g € C(Q) : g~ > 1}. For p € C,(R), the Lebesgue space L7)(R) is defined
as follows:

') := {u : Q2 — R:u is measurable and /

u(x) PO gy < 00 ,
| |
Q

endowed with the following norm:

el := inf{k > O:/
Q

For any u € I?Y)(B) and v € LF'O(B), where L” V)(B) is the conjugate space of L”")(B), the
Holder type inequality

/ dx| < <—1 —1 >|| vl
uvdx| < + ull, vl
B p- P PR

u(x) px)

dx < 1}.




Mahshid and Razani Boundary Value Problems (2021) 2021:80 Page 3 of 9

holds true.
The Sobolev space W?1)(Q) is defined by

WPO(Q) = {u € LFO(Q) : |[Vu| € LPO(Q)},

and the norm in W?0)(Q) is taken to be

lllyipo = Ny + [ IVal]

Ou_

Y
N
O3 |g—Z|2) . Also, we set

where Vu = (;7”1(96), ()) is the gradient of u at x = (x1,...,xy) and, as usual, |Vu| =
1
2

WP (Q) = {u e WY (Q): ulyg =0},

with the norm |||Vu]]|,.
Proposition 1.1 ([9]) Let p,q € C,(RQ).

(i) Ifq(x) < p(x) a.e. on Q, then [PW(Q) — LI¥(Q),
(ii) If q(x) < p*(x) for any x € Q, then the embedding

lep(x)(Q) s Lq(x)(Q)

is compact;

(ili) If q(x) < p*(x) for any x € Q, then there is a constant kg > 0 such that

lullg < kyl|1Vul

p)

forallu e Wol'p(x)(Q), where

Np(x)
Nt P® <N,

+00, plx) > N.

p(x) =

Remark 1.1 Notice that if g(x) < p(x) a.e. on €, then, by Proposition 1.1, one has
W, "(Q) — Wy ().
Here, we recall the classical Hardy inequality (see [3, 17]).

Lemma 1.1 Let1<s< N. Then

lu(x)|* 1 s
fg dx < E/{)Wu(x” dx, (1.2)

|x[*

for ue WOI'S(Q), where H := (’\%)S.



Mahshid and Razani Boundary Value Problems (2021) 2021:80 Page 4 of 9

Remark 1.2 Let p € C,(2) and s < p(x) a.e. on Q. From Remark 1.1 and Lemma 1.1, we
gain

|u(x)|*

o I|x°

dx < l/|vbt(x)|sdx,
H Jq

for u e W/Ol’p(‘)(Q), where H is as in Lemma 1.1.

Definition 1.1 The function f : 2 x R — R is a Carathéodory function, if
« ¥ — f(x,¢) is measurable for every ¢t € R.
o t— f(x,t) is continuous for almost every where x € Q.

Definition 1.2 ([6]) Let &,V : X — R be two continuously Gateaux differentiable func-
tions. Set

I=0-V¥

and fix some r € [-00, +00]. We say that [ satisfies the Palais—Smale condition upper cut
offat r (in short, the (PS)"! condition), if any sequence u,, in X such that I(u,) is bounded,
I'(u,) — 0, and ®(u,) < r for all n € N admits a convergent subsequence.

Finally, we recall the following theorem [6, Theorem 2.4] which is the main tool in this
paper.

Theorem 1.1 Let X be a real Banach space, &,V : X — R be two continuously Gdateaux
differentiable functional such that

inf ®(x) = ®(0) = ¥(0) =0.

xeQ

Assume that there exists r > 0 and x € X, with 0 < ®(x) < r, such that
(1) SUPp (x)<r W (x) < V(%)

r D)’
(ii) foreach ) € A :=] %, WZ,‘P(@ [, the functional I, := ® — AV satisfies the (PS)!)
condition.

Then, for each A € A, there is xo € ®1(]0, r[) such that I (xo) = 0 and I, (xo) < I, (x), for all
x e ®71(0, 7).

In the sequel we set X := Wo1 7)(Q2) endowed with the norm
lall = |1Vl | .

2 Existence of a solution
In this section we prove the existence of at least one nontrivial weak solution of the prob-
lem (1.1).

Let @ : X — R be a functional defined by

= @ I’(x)d M q(x)d |u(x)|sd
o Lp(x)'v”' “/Qq(x)'v”' o [

where 1 <s< g~ < q(x) < plx) < p* < o0.
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Remark 2.1 Under the above assumptions, we get
1 1 1 s
E[Ilull]p <o) < 5 llalloo + 1bllo + T (Neell?” + [laell*).-
Proof First, let | u|| > 1. So, we have
1 -1 a(x
< [ 1 ax< [ 2019 as
p* rtJe o px)

(1)

a b 1
< I ||oo/ |vu|p(x) dx + w‘/ |Vu|q(x)dx+ —/ |Vul|® dx
P o q Q Hs Q

1 1 .
< ;(”ﬂlloo + 1Bl + ﬁ) lluel””

Now, let ||«|| < 1. Then we have

—||u||P /IVul”(’“d </ ()IV Pt

< ®(u)

b 1
< lallco f |Vu|p(x)dx+w/ |Vu|q(x)dx+—f [Vul|* dx
s o q Q Hs Q
1 1
< ;(”‘Z”oo +1blloo + ﬁ)”””s'

Thus the proof is completed. O

It is known that ® is a continuously Gateaux differentiable functional; moreover,

s=2
@' (u)(v) = f <a(x)|Vu|P(")2va + ()| Vil 12y 4 W(’?%W) dx,
Q x|

for u,v € X, see [18]. Let f : 2 x R — R be a Carathéodory function and define
t
F(x,t):= / f(x,s)ds. (2.1)
0
Then the functional ¥ : X — R with
W (y) = f F(x, u(x)) dx,
Q

for every u € X is continuously Gateaux differentiable, with the following compact deriva-
tive:

W (u)(v) := /f(x, u(x))v(x) dx,
Q
for every u, v in X, see [18]. Moreover, define

I:=® - AW,
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If I'(u) = 0, we have

(x)-2 (x)-2 |ul2uv
a(x)|VulP¥72|Vu|| V| + b(x)| V|12 | Vu|| V| + o dx
2 x

=X /S;f(x, u)vdx,

for every u,v € X, and then the critical points of I are the weak solutions of problem (1.1).
Set

8(x) = sup{8 >0:B(x,8) C Q} and D :=supd(x).

xeQ2

Obviously, there exists xy € €2 such that
B(xo,D) C 2.
For y >0and /& € C,(Q2) with 1 < 4~, we define
) =max{y",y"},  [yli:=min{y",y""}, (2.2)

and similarly,

1 1 1 1 1
[y1h = max{y=,yi},  [y]) =min{y sy}
Further,
N
T2
mi=
N Ny’
2T(3)

where T is the Euler function.

The following is the main result of this paper.

Theorem 2.1 Assume that f is a Carathéodory function satisfying the growth condition
(1) and F defined by (2.1) is such that

. infxeg F(x, t)
lim sup — 5 - +00

t—0t

(2.3)

Then, for every X €]0, \*[ with

1

)"* = 1 ht ?
aki(p)7 + £k (p) 7

the problem (1.1) has at least one nontrivial weak solution.

Proof We use Theorem 1.1 in the case r = 1.
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Let X, ® and ¥ be as above and fix A €]0, A*[. By (2.3), there exists

1

s s
0<é inj 1,
<8y <m1n{ ((Ildlloo + 1l + 22" +(3))m(DN —(g)N)> }

such that

sinfoeq F(x,8,) lalloo + 16]lco + &

2.4
Gy +(ZPsEN—1) y (2.4)

We define u € X such that

0, x € Q\B(xo, D),
ﬁ(x) = (S)L, X € B(x(), %))

2(D—-|x-x|), € Blxo,D)\B(xo, ),

where | - | is Euclidean norm on RY. By Remark 2.1, we have

iy o [ (9 e , 29 giaw |L_‘|S)
o = [ (Svar et 1) b

<3 (1l + 0+ 3 ) 0 )
<3 (el s 101+ 1) ((%)p +(2) )m(- @)N)
e () ) el

Clearly, 0 < ®(z) < 1. Moreover, thanks to (2.4), one has

N
V() > /B(XO Q)F(x, L_t(x)) dx > ;ggsz(x, BA)m<l§)) , (2.5)

2
and so

V(1) - sinfycq F(x,5;) S l
(@) ~ (lallco + 1Blloo + 2)(Z)" +(3))85(2N -1) = A

Using Remark 2.1 for each u € ®~1((—o0, 1[), we have

L

<@

=

lull < [p* ®(w)]
Hence, by the growth condition (f;) and Proposition 1.1, we have
U (u) = / F(x, u(x)) dx
Q

5a/ﬂ}u(x)’dx+ hﬁ_/ﬂyu(x)’hmdx

< akylull + :i_[kh]h[llull]h. (2.7)

Page 7 of 9



Mahshid and Razani Boundary Value Problems (2021) 2021:80 Page 8 of 9

Then, from (2.6) and (2.7), we deduce

1 w11
sup W(u) <ak(p*)? + E_[kh]h(p")f =—<—
P(u)<1 h A A
Thus
1 v@)
sup W(u) < — < —,
@(u)lzl A D(m)

and so Theorem 1.1 guarantees the existence of a local minimum point for /, completing
the proof of Theorem 2.1. d

Acknowledgements
Not applicable.

Funding
Not available.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors contributed equally to this paper. All authors read and approved the final manuscript.

Author details
'Department of Mathematics, Islamic Azad University, Karaj Branch, Karaj, Iran. ?Department of Pure Mathematics,
Faculty of Science, Imam Khomeini International University, PO. Box: 34149-16818, Qazvin, Iran.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 4 August 2021 Accepted: 6 September 2021 Published online: 23 September 2021

References
1. Arora, R, Giacomoni, J, Warnault, G.: A Picone identity for variable exponent operators and applications. Adv.
Nonlinear Anal. 9(1), 327-360 (2020)
2. Asadi, M., Karapinar, E.: Coincidence point theorem on Hilbert spaces via weak Ekland variational principle and
application to boundary value problem. Thai J. Math. 19(1), 1-7 (2021)
3. Azorero, J.G, Peral Alonso, |.: Hardy inequalities and some critical elliptic and parabolic problems. J. Differ. Equ. 144,
441-476 (1998)
4. Behboudi, F, Razani, A.: Two weak solutions for a singular (p, g)-Laplacian problem. Filomat 33(11), 3399-3407 (2019)
5. Behboudi, F, Razani, A, Oveisiha, M.: Existence of a mountain pass solution for a nonlocal fractional (p, g)-Laplacian
problem. Bound. Value Probl. 2020, Article ID 149 (2020)
6. Bonanno, G.: Relatin between the mountain pass theorem and local minima. Adv. Nonlinear Anal. 1, 205-220 (2012)
7. Cencelj, M, Rddulescu, V.D., Repovs, D.: Double phase problems with variable growth. Nonlinear Anal. 177, 270-287
(2018)
8. Chen, S, Tang, X.: Berestycki-Lions conditions on ground state solutions for a nonlinear Schrédinger equation with
variable potentials. Adv. Nonlinear Anal. 9(1), 496-515 (2020)
9. Fan, X-L, Zhao, D.: On the generalized Orlicz-Sobolev space W**® (). J. Gansu Educ. College 12(1), 1-6 (1998)
10. Heidari, S, Razani, A: Multiple solutions for a class of nonlocal quasilinear elliptic systems in Orlicz-Sobolev spaces.
Bound. Value Probl. 2021, Article ID 22 (2021)
11. Mahdavi, R, Razani, A.: Existence of at least three weak solutions for a singular fourth-order elliptic problems. J. Math.
Anal. 8,45-51 (2017)
12. Mahdavi, R, Razani, A.: Solutions for a singular elliptic problem involving the p(x)-Laplacian. Filomat 32(14),
4841-4850 (2018)
13. Makvand Chaharlang, M., Razani, A.: Infinitely many solutions for a fourth order singular elliptic problem. Filomat
32(14),5003-5010 (2018)
14. Makvand Chaharlang, M., Razani, A.: A fourth order singular elliptic problem involving p-biharmonic operator. Taiwan.
J. Math. 23(3), 589-599 (2019)
15. Makvand Chaharlang, M., Razani, A.: Existence of infinitely many solutions for a class of nonlocal problems with
Dirichlet boundary condition. Commun. Korean Math. Soc. 34(1), 155-167 (2019)



Mahshid and Razani Boundary Value Problems (2021) 2021:80 Page 9 of 9

22.

23.

. Mingione, G, Rddulescu, V.: Recent developments in problems with nonstandard growth and nonuniform ellipticity.

J.Math. Anal. Appl. 501(1), Article ID 125197 (2021)

. Mitidier, E.: A simple approach to Hardy inequalities. Math. Notes 67, 479-486 (2000)
. Montefusco, E.: Lower semicontinuity of functional via concentration-compactness principle. J. Math. Anal. Appl. 263,

264-276 (2001)

. Ragusa, M.A.: Elliptic boundary value problem in vanishing mean oscillation hypothesis. Comment. Math. Univ. Carol.

40(4), 651-663 (1999)

. Ragusa, M.A.: Holder regularity results for solutions of parabolic equations. In: Variational Analysis and Applications,

Nonconvex Optimization and Its Applications, vol. 79, pp. 921-934. Springer, Boston (2005)

. Ragusa, M.A, Tachikawa, A.: Boundary regularity of minimizers of p(x)-energy functionals. Ann. Inst. Henri Poincaré,

Anal. Non Linéaire 33(2), 451-476 (2016)

Safari, F, Razani, A.: Existence of radially positive solutions for Neumann problem on the Heisenberg group. Bound.
Value Probl. 2020, Article ID 88 (2020)

Shi, X, Radulescu, V.D,, Repovs, D., Zhang, Q.. Multiple solutions of double phase variational problems with variable
exponent. Adv. Calc. Var. 13(4), 385-401 (2020)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	A weak solution for a (p(x),q(x))-Laplacian elliptic problem with a singular term
	Abstract
	MSC
	Keywords

	Introduction
	Existence of a solution
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


