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e &’ Au+VX)u-2AU)u=e%(y % GU)g), xeRY,

ueH®Y),

where & > 0is a parameter, N > 3, & € (O,N), G(t) = forg(s) ds, Iy : RY — R is the Riesz
potential, and V € CRY,R) with 0 < mMinerny VX) < limy -0 V(). Under the general
Berestycki-Lions assumptions on g, we prove that there exists a constant &y > 0
determined by V and g such that for & € (0, &] the above problem admits a
semiclassical ground state solution (g with exponential decay at infinity. We also
study the asymptotic behavior of {{.} as & — 0.
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1 Introduction
In this paper, we consider the following singularly perturbed quasilinear Choquard equa-

tion:

—2Au+ V(x)u — 2AwP)u = %I, * F(u))f (u), xecRN; w1
u e HY(RYN), '

where ¢ > 0isa parameter, N > 3, € (0,N),and I, : RN — Risthe Riesz potential defined
by

r(*3%)

1, = ,
o) F(%)Z“ﬂN/2|x|N‘°‘

x e RN\ {0},

G(¢) = fot g(s)ds, V:RN — R and g : R — R satisfy the following basic assumptions:
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(V1) V eCRY,R)and 0< Vp:=min,gn V(®) < Vig = limpy 0 V(9);
(G1) geC(R,R), G(t) = o(tN+*/N) as t — 0, and there exists a constant Cy > 0 such that

|g(t)t| E CO(|t|(N+ot)/N + |t|2(N+0t)/(N—2)), Vt = R,

(G2) G(t) = o(t2WN+a)(N=2)) 55 |£| — o0;

(G3) There exists s > 0 such that G(sg) # 0.
Note that (V1) was introduced by Rabinowitz in [23], and (G1)-(G3) were almost nec-
essary and sufficient conditions and regarded as the Berestycki—Lions type conditions to
Choquard equations, which were introduced by Moroz and Van Schaftingen in [19] for

the study of (1.1) with & = 1. Without loss of generality, in this paper we assume that

0eQ:= [x €RY: V(x) = Vi = min V(x)}. (1.2)

xeRN

If the nonlocal term (I, * F(u))f () is replaced with a local nonlinear term /(x, u), then
(1.1) reduces to the well-known quasilinear Schrédinger equation introduced in [3, 4, 12]
to study a model of self-trapped electrons in quadratic or hexagonal lattices. If the term
A(u?)u is absent, then (1.1) is usually called the nonlinear Choquard equation, which was
introduced by Pekar [22], and it describes the quantum mechanics of a polaron at rest. We
refer to [1, 2, 6, 7, 9, 10, 13-20, 25] and the references therein in either cases for ¢ = 1.

This paper was motivated by some recent works of Yang, Zhang, and Zhao [28] and
Yang, Tang, and Gu [26, 27], and Zhang and Ji [29], in which quasilinear Choquard equa-
tions were considered. In particular, for ¢ = 1, Yang, Zhang, and Zhao [28] in 2018 first
considered the existence of nontrivial solutions for the quasilinear Choquard equation
(1.1), where N > 3, o € (0,N), and f(u) = |uP~2u with 2 < p < 2(N + a)/(N - 2), by using
variational and perturbation method. Later, this result was extended partly by [26, 29].

As ¢ — 0, the existence and asymptotic behavior of the solutions of the singularly per-
turbed equation (1.1) are known as the semi-classical problem, which was used to describe
the transition between of quantum mechanics and Newtonian mechanics, see Floer and
Weinstein [11] for the pioneering work. In [27], Yang, Tang, and Gu considered singularly
perturbed equation (1.1) under (V1), (G1), (G2) and the following assumption:

(G3') g€ CYR,R), g(t) =0 for t <0,and ‘% is positive and increasing in (0, 00).

Based on the dual approach and the Nehari manifold method, the existence, multiplicity,
and concentration behavior of positive solutions were obtained.

Different from those in the previous papers [26—29], in this paper, we consider the ex-
istence and concentration of ground state solutions for the more generalized quasilinear
Choquard equation (1.1) under the general “Berestycki—Lions assumptions” on the non-

linearity g which are almost necessary. To state our result, we introduce the following

conditions:
(V2) V eCY(RN,R) and t w is nonincreasing on (0, co) for all
x e RN\ {0};

(G4) g(t)=o(t) ast — 0.
Obviously, (G1)—(G4) are much weaker than those used in [26—29]. Our result is as fol-

lows.
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Theorem 1.1 Assume that V and g satisfy (V1), (V2), and (G1)—(G3). Then there exists
a number &g > 0 determined by V and g, see (3.23), such that for all ¢ € (0,&0], (1.1) has a
ground state solution it.. If (G4) holds also, then the following statements hold:

(i) For e €(0,¢0), the function |it;| achieves its maximum at a point x., which satisfies

lim V(x.;) = Vo = min V(x);
e—0 xeRN
(i) There exist Ty > 0 and ko > 0 independent of € € (0, &] such that the maximum
point x. of |ii.| satisfies the inequality

|ie ()| < T eXP(—@Ix—xsl), vxeRY, e € (0,5
&

(iii) For any sequence ¢, — 0, the sequence i, (e,% + x,) converges in H'(RN) to a
ground state solution u of the following autonomous equation:

—Au+ Vou — A(uz)u = (Ia * F(u))f(u). (1.3)

The rest of the paper is organized as follows. In Sect. 2, we give variational setting and
preliminary lemmas. Section 3 is devoted to the proof of the existence of ground state
solutions. In the last section, we establish the concentration of ground state solutions and
prove Theorem 1.1.

Next, we give some notations. H'(RN) is the usual Sobolev space with the standard scalar
product and the norm

(u,v)= | (Vu-Vv+uv)dx, lull = ()", Yu,ve H'(RY).
RN
L¥(RN) (1 < s < 00) denotes the Lebesgue space with the norm | x| = (fon lul® dx)1s. We
use Cj, Cy, ... to indicate positive constants possibly different in different places.

2 Variational setting and preliminary lemmas
Observe that formally (1.1) is the Euler—Lagrange equation associated with the following

functional:

g2 ) ) 1
Te(u) = > RN(I +2u )|Vu| dx + 5

V(x)u? dx — 1 / (L,, * G(u))G(u) dx. (2.1)
RN 2

RN

It is well known that Z, is not well defined in general in H!(RY). To overcome this difficulty,
we employ an argument developed by Colin and Jeanjean [9] (see also [14]). We make the
change of variables by v = f~!(u), where f is defined by

JHOE on [0, +00), f(=t) ==f(¢) on (-00,0]. (2.2)

1
I 2f@P

After the change of variables from 7, we obtain the following functional:

Je(v) = Le(u) = I, (f(V))
2

1
:% Vv dx + /R V@0 /}R M xGEW))G(0) dx,  (23)

RN
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which is well defined on the space H!(RY). Then the critical points of (2.3) are weak so-
lutions of the equation

_Av= m[( £ GfW)g(f0) - VRF0)], xeRY. 2.4)

Note that if v is a critical point of (2.3), then u = f(v) is a weak solution of (1.1) (see [9,
pp. 217-218]). Replacing v(ex) with v(x), one easily sees that (2.4) is equivalent to

1
- s e GUO)el)

- V(sx)f(v)], xRN, (2.5)

The energy functional associated with problem (2.5) is given by

1 1 1
D, (v) = 2 /]RN |Vv|? dx + 5 /RN V(ex)f*(v)dx — 5 /RN(IO, * G(f(v)))G(f(v)) dx. (2.6)

Lemma 2.1 The function f(t) and its derivative satisfy the following properties:
(f1) f is uniquely defined, C* and invertible, and 0 <f'(t) <1 forall t e R;
2) 1) < It and |f(B)] < 2411V for all t € R;
£3) f(t)/t — 1ast— 0and f(t)//t — 2V* as t — +o0;
f4) f(£)/2 <tf'(£) <f(¢) forall t >0 and f(¢) <f'(t) <f(t)/2 forall t < 0;
5) There exists a positive constant 6y such that

o) [eom, <1,

Oolt|2, |t > 1.

(t
(
(
(

From (G1), Hardy-Littlewood—Sobolev inequality, and (f2) of Lemma 2.1, we deduce
that, for some p € (2,2*) and any € > 0,

/R (1 G()) G 0)

O[S o
RN JRN

l“( )2a7TN/2 |x y|Noz ”2N/(N+a)

=e(ol;™ " + o)l )+ crml, ™

< 6(||V||§N+a)/N + 2(N+oz)/2(N—2)||V||§SFN+01)/(N—2)) + ng N+a)p/(4N)||V”§7N+ot)p/N’

vy e H' (RY). (2.7)
As in [25, Lemma 2.1, Lemma 2.2], we have the following result.
Lemma 2.2 Assume that (V1) and (V2) hold. Then, for all t > 0 and y € RV,
h(t,y) = (a + NEV**)V(y) = (N + )N V(ty) + (£ = 1)VV () - y > . (2.8)

Moreover, |[VV(y) - y| — 0 as |y| — oo.
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For all ¢ > 0, we define a functional on H!(RY) as follows:

P.(v) = %IIVVH% + %/ [NV(sx) +VVi(ex) - sx]fz(v) dx
RN

N+«

: / (I * G(F1)) G(F) d, 2.9)
RN

which is associated with the Pohozaev identity P (v) = 0 of (2.5), and set
M, :={ve H'(RN)\ {0} : P:(v) = 0}. (2.10)
By elemental calculations, we can get the following inequality:
() =2+0-(N+a)N 2+ (N-2)N* > k(1) =0, Vte[0,1)U(1,+00). (2.11)
In what follows, we define v;(x) := v(£x) for all x € RN and ¢ > 0 along any v € H*(RN) \ {0}.

Lemma 2.3 Assume that (V1), (V2), (G1), and (G2) hold. Then

1N+ hi(2) ) LN
©:() 2 (V) + ———Pe(V) + 2N+ ) IVvli3, VveH'(RY),t>0. (2.12)
Proof Observe that
N-2 N
O, (1) = tTHVvII% + % /RN V(tex)f*(v) dx
N+a
_E / (I G(f¥)) G(fW) dx. (2.13)
2 RN

By (2.6), (2.8), (2.9), and (2.13), we have

O, (v) - D, (vy)

1- tN—2

=— [Vv]|3 + % /RN[V(ex) — NV (tex) |f*(v) dx

1-— tN+o¢

: /R (1 G 0)G () dn

1-tN* (N -2 1
= {— ||Vv||§ + 5 / [NV(sx) +VVi(ex) - sxlfz(v) dx
RN

N+« 2
N+«

2 -/]RN (le * G(f))G(f1) dx}

2+a—(N+a)tN2 + (N —2)N+
+

2
2N + ) IVvil;

1 o + NN+ 1 _ N+ 2
+§/1;NHWV(M)_WV(£”)]_ N+a VV(ax)'ex}f (v)dx
l_tN+a hl(t) ,

Z N+a Ps(u)+2(N+a) IVvll5.

This shows that (2.12) holds. O
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Lemma 2.3 and (2.11) give the following consequence.
Corollary 2.4 Assume that (V1), (V2), (G1), and (G2) hold. Then, for v e M.,
@, (v) = max D (vy). (2.14)
t>0

Lemma 2.5 Assume that V satisfies (V1) and (V2). Then there exist constants y1,ys >0
independent of ¢ > 0 such that

NV@)+VV(©y)-y>yp, VYyeRY (2.15)
and

aV(y)-VV(©@)-y>y, VYyeRN (2.16)
Proof By (2.8), we have lim;_, « h(t, x)/tN* > 0 for any y € RY, and so

NV(y)+VV(y)-y>0, VyeRN (2.17)

Let Vinayx := max, gy V(x) € (0,00). Using (V1), (2.8), and (2.17), we have

(N+a)tNV(ty) + VV(y) -y —a V(y)
tN+Ol

_ W a) [NV (ty) - V(y)]

- tN+0l

NV(y) +VV()-y=

- (N + a)[tNVO — Vinax]

> e , VyeRNt>o. (2.18)

Choose t = 51 = (2Vimax/ Vo)V, so that (2.18) gives

- (N + a)[sllVVO - Vmax]

— N+a
51

NV(iy)+VV(y) -y

(N+a)/N
2V
mdx) = Y1, VyeRN.

> (N+a)vmax( V.
0

This completes the proof of (2.15). We next prove that (2.16) holds also. Note that (2.8)

yields that
N +a)tN
avi) - V) -y 2 N vy - v
N
> M[vo—zﬂvmax], VyeRN,0<t<1. (2.19)

- 1_tN+a
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Choose t = 55 = (Vo/2Vinax)V® € (0, 1), then (2.19) implies that

(N +a)s)
aV(y) -VVH) y> ——2[Vo— 5 Vi |
1-s)
N+« V() N
ZW—ZZVZ, VyGR.
e - i 2
This completes the proof of (2.16), and also of the lemma. d
To show M, #{, we define a set A as follows:
A= {v e H'(RN): / (I * G(f())G(f(v)) dx > o}. (2.20)
RN

Lemma 2.6 Assume that (V1), (V2) and (G1)—(G3) hold. Then A # @ and M, C A.
{ve H'(RY)\ {0}: P.(v) <0} C A. (2.21)

Proof In view of the proof of [19, The proof of Claim 1 in Proposition 2.1], (G3) implies
A#£0.Ifve HY(RN)\ {0} and P, (v) < 0, then it follows from (2.9) and (2.15) that

N+a

5 <[RN (I. * G(f())G(f(v)) dx

=P:(v) - N-2 ||Vv||§ - l/ [NV(ex) +VVi(sx) - sx]fz(v) dx
2 2 RN

N-2 )
=-——IVvl3 <0,
2
which implies v € A. O

Arguing as in the proof of [25, Lemma 2.8], we get the following result.

Lemma 2.7 Assume that (V1), (V2), and (G1)—(G3) hold. Then, for any v € A, there exists
unique t, > 0 such that v, € M,.

From Corollary 2.4, Lemmas 2.6 and 2.7, we have M, #{J and the following lemma.

Lemma 2.8 Assume that (V1), (V2), and (G1)—(G3) hold. Then

inf ®,.(v) := m, = inf max ®,(v;).
ve Mg veA t>0

Lemma 2.9 Assume that (V1), (V2), and (G1)—(G3) hold. Then there exists oy > 0 inde-

pendent of ¢ such that m, = inf,c v, P (v) > 0o.

Proof Let A(v) := [pn[IVVI* + f2(v)] dx for any v € H'(RY). Since P;(v) = 0 for all v € M,,
by (2.7), (2.9), (2.15), and Sobolev embedding theorem, one has, for any v € M.,

minN -2} , 1

2 2

B N+a

/ {(N —2)|Vv|* + [NV(ex) +VViex) - exlfz(v)} dx
RN

/R (1 G(F)G() dx



Yang Boundary Value Problems (2021) 2021:86 Page 8 of 18

- min{N - 2,y}

- 4

min{N -2, y1}
4

|V.(V)||§(N+a)/N + C1||V||§iN+ot)/(N—2)

[A(V)](NHX)/N + C2 [A(V)](N+a)/(N_2), (222)

which implies that there exists py > 0 independent of ¢ such that
/ [|V1/|2 +f2(v)] dx > po, VveM,. (2.23)
RN

Let {v,,} C M, be such that ®,(v,,) - m,. From (2.23) and (2.12) with t — 0, we have

e +0(1) = @,(1) ~ < Pulw)
= % Vv, I3 + m /R N [aV(ex) = VV(ex) - ex]f*(v) dx  (2.24)
= S ey M2 @) = 0
This shows that m, = inf,e o1, P(v) > 0o. The proof is complete. O

Following the idea of [8, Lemma 2.14], we can prove the following lemma by using

Lemma 2.3, the deformation lemma, and intermediary theorem for continuous functions.

Lemma 2.10 Assume that (V1), (V2), and (G1)-(G3) hold. Ifv € M, and ®.(v) = m,, then
v is a critical point of ®,.

3 Existence of ground state solutions for (2.5)

From now on in the paper, we always assume that (V1), (V2), and (G1)—(G3) hold without
further mentioning. In view of Lemma 2.10, to obtain the existence of a critical point of @,
it suffices to prove that m1, can be attained. To this end, we have to overcome the difficulty
caused by the lack of the compactness of Sobolev embeddings. For this, we shall compare
m, with the minimax level of the following autonomous problems:

1

e O [(le G

where b is a positive constant. To do that, we first seek for a ground state solution of (3.1)

FO)e(f®) -bf»], xeRY, (3.1)

which minimizes the value of the functional ﬁDb(v) on the Pohozaev manifold M »» where

dp(v) = % /R (Vv + b)) da - % /R e G (1)) G(F () dx (3.2)
and

My = {u e H'(RV) \ {0} : Pp(v) = 0} (3.3)
with

A - b
Py(v) = A%nwng N % o2 - N ; ¢ /R (*G(f01)G(f ) . (3.4)
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Lemma 3.1 71, := ianEMb d,(v) is attained for any b > 0.

Proof In view of Lemma 2.9, we have 71, > 0. Let {v,} C M, be such that D, (v,) — P

Note that
R . 1-— N+ . 2+0a—(N+a)tN2+ (N =2)N*
] = 7) v 2
p(V) = Dp(vy) + N e+ AN+ ) IVvly
o — (N +a)tN + NtN+ 2 LN
b , YveH (RY),t>0. 3.5
2(N + Ol) “_f(l/) 2 ve ( ) > ( )
By elemental calculations, we can get the following inequality:
hay(8) := a0 = (N + o)t + NEV™ > 1y (1) =0, Ve e [0,1) U (1, +00). (3.6)
Then (2.11), (3.5), and (3.6) yield
R R _ N+ |
D,(v) > Dp(vy) + Py(v), VveH! (RN), t>0. (3.7)
N+o

Since ’ﬁb(v,,) =0, then (3.5) with £ — 0 gives

2+

2 a 2
= AN+ a) 1Vvall; + 2(N+a)b|Lf(V")

ity +0(1) = Py(v,,) o

(3.8)

which, together with (f2) of Lemma 2.1, implies that both {||Vv,|.} and {||f(v,)|} are
bounded. Moreover, using (f5) of Lemma 2.1 and Sobolev embedding inequality, we have

1 *
/ vidx:‘/ vfldx+/ Vidxf —2/ [f(vn)|2dx+/ [vul? dx
RN vul<1 Ival>1 00 Jival=1 RN

1 % *
< o5+ s Iow3 (3.9)
0

Hence, {v,} is bounded in H*(RY). Since 75;7(1/”) =0, using (2.7), (2.23), and Lions’ concen-
tration compactness principle, one can easily prove that there exist § > 0 and {y,} ¢ RN
such that fBl(yn) [va|2dx > 8/2. Let ¥,,(x) = v,,(x + ,,). Then

Oy(0) > Ay, Polin) =0, (3.10)
and there exists ¥ € H'(RN) \ {0} such that ¥, — ¥ in H*(RN), ¥, — ¥ in L} (R") for
s€[1,2%),7, — Vae on RN, Let w, = ¥, — 9. By a standard argument, we have

®y(0) = D) + Bp(wy) +0(1) and  Py(9,) = Po(@) + Py(w,) + 0(1). (3.11)
Set

W)= B40) - 1 Po0) = 5 VR b0 .12
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Then (2.6), (3.4), (3.10), (3.11), and (3.12) give
Powa) = =Pp(®) +o(1), Wy (wy) = sy — Wy(D) + 0(1). (3.13)
If there exists a subsequence {w,,} of {w,} such that w,, =0, then we have
®y(9) = sy, Py(®) = 0. (3.14)
Thus, we assumeAthat w,#0forallne NL R
We claim that P, (V) < 0. Otherwise, if Py () > 0, then (3.13) implies Py (w,,) < 0 for large

n. Arguing as in Lemmas 2.6 and 2.7, there exists ¢, > 0 such that (w,),, € M,, for large n.
From (3.2), (3.4), (3.7), (3.12), and (3.13), we obtain

A

ity — Wp(9) + 0(1) = Wy(w,,) = Dp(w,,) - o Prw)
A N A N A
= Pb((wn):n) N =—Py(wy) = iy, — Py(wy) = iy,
+ o

which is absurd because of W, (9) > 0. Hence, P, (?) < 0 and the claim holds. Since ¥ #0
and P,(?) <0, arguing as in Lemmas 2.6 and 2.7, there exists £ > 0 such that 7; € M,
From (3.2), (3.4), (3.7), (3.10), (3.12), and the weak semicontinuity of norm, we derive that

N . R 1 - .
mp = lim | Op(V,) — Py (V)
nr00 N+a

2+a)
—11m[2(N+ )||vn||2 Z(N blLf( n)ll]

2+a) a2
> m”VV”z 2(N b”f( )”2
R AN
= dy(V) -

1~ 5 Ay
Py(V) = Pp(v;) - Py(v) = rinp,
o o
which implies again the validity of (3.14) in this case. Clearly, (3.14) proves the lemma. O
In view of Lemmas 2.10 and 3.1, we have the following theorem.

Lemma 3.2 For all b >0, (3.1) has a ground state solution v € H'(RN) \ {0} such that

&, (%) =1, = inf ®p(v) = inf max D, (v,).
VEM;, veA >0

Using (1.2), (2.6), (2.9), (2.10), (3.2), (3.3), and (3.4), we know that ®, = <i>v0, Po = 75\/0
and Mg = MVO' Let

V= %(voo + Vo) = %(voo +V(0)). (3.15)

Applying Lemma 3.2, there exist ¥ € My and ¥ € ./\;l‘; such that

@6(1’)0) =0, q)o(l/)o) =mgy = inf q)o(l/) = inf max ®O(V,§) >0 (316)
veMo veHL(RN)\{0} >0
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and

~ N ~
A

’oay N S 3 N _ . o N
CDV(V) =0, Oy (V) =my = veljgf, Dy (v) = veHltgg)\{O}r?f})X Dy (vy) > 0. (3.17)

In view of Lemma 2.7, there exists £o > 0 such that
IA/tO S M(), (D()(IA/tO) > my. (318)

For v € HY(RY), we define the following functional:

O,.(v):= %/RN(WVF + Vmaxfz(v)) dx — % /RN (Ia * G(f(v)))G(f(v)) dx. (3.19)
Using (G1) and (G2), it is easy to check that there exists Tj > 1 such that

@, ((Po):) <0, Vt=To. (3.20)
In view of Lemma 2.7 and (3.20), for any ¢ > 0, there exists £, € (0, Tp) such that

(o), € My, De((P0)r,) = 1. (3.21)
Lemma 3.3 71y > mg + 8o, where 8 = (Voo — Vo)t |f (D)113/4 > 0 is independent of & > 0.
Proof By (3.17) and (3.18), one has

V-

ity = D7) > Dy (D) = Poliy,) + 5

Yo [ )
RN

Vo

-V .
Zmo+T°t8’|Lf(V) 2 = mo + 8o,

as desired. O

Now, we choose Ry > 0 sufficiently large such that

V) =V, [1+ TV Vi F2(Po)dx <8, Vx| > Ry, (3.22)
|x|>Ro

where T, > 0 is given by (3.20), and o > 0 in Lemma 3.3. By (V1) and (V3), there exists

€0 > 0 small enough such that, for all € € [0, &o],
|[f(f/0)||§|slug [(NT)™ + )| V(ex) = V(O)| + (1 + T3*) [V V(ex) - (ex)|] < 8o. (3.23)
x|<Ro
Lemma 3.4 my > m, — 38¢/4 for all ¢ € [0, &].
Proof Note that (2.15) and (2.16) lead to

“NV(y) <-NV(y) + 1 <VV(©@) -y <aV(y) -y <aV(y), VYyeRN. (3.24)
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Since Py(i9) = 0 by (3.16), then (2.1), (2.9), (2.12), and (3.21)—(3.24) yield that

o = @) = (i) + 3 / [V(0) - V(en)]2 (o) dx
]RN
> (o)) + o P + L 5 | [0 Vien]o) ds
jtl & 0/te N ra 0 BN 0
tN+o¢

=D, ((D0)y) + Po(vo) - AN[V(O) ~ V(ex)]f2(90) dw

1 tN+a
(N + C() / {N[V(Sx) - V(O)] + VV sx Sx }f2 1/0
= @ ((0):.) + 2(N T a) / a[V(0) = V(ex)] + VV(ex) - (ex) }f* (Do) dx
té\[ﬂx .
30 Jon N[V (E0) = VO] + TV (o) - (o))
N +o
= Mg — ﬁvmax fz(ao) dx
2 [%|>Ro
IIFGo)lI3

N +a N +a
"N v a) MKEO[(NT +a)|V(ex) = V(O)| + (1 + TY") |V V(ex) - (%)]]

36
me TO, Ve € [0! 80]!

v
|

as desired. O
Next, we extend Theorem 3.2 to the case ¢ > 0.
Lemma 3.5 m, is achieved for all ¢ € (0, &].

Proof Inview of Lemmas 2.7 and 2.9, we have M, # ¥ and m, > 0 for all ¢ € (0, &]. For any
fixed ¢ € (0, &9}, let {v,,} C M, be such that ®.(v,) — m,. Since P.(v,) = 0, then it follows
from (2.23) and (2.24) that

me +0(1) = De(v,) > %nmu% " ﬁ a2

which, together with (3.9), implies that {v,} is bounded in H'(R"). Passing to a subse-

quence, we have v, — ¥ in H'(RN). Then v, — pin L{ _(RN) for 2 <s<2*and v, — 7 a.e.

loc
in RN, Now, we prove that ¥ #0.
RYN) for 2 <s<2* and
(

v, — Oa.e.in RN, Using Lemma 2.7, we know that there exists ¢, > 0 such that (v,),, € M v

Arguing by contradiction, suppose that ¥ = 0, then v, — 0in L}

for n € N. We claim that there exist two constants 0 < 77 < T, such that

Ty<t,<T, V¥neN. (3.25)
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Indeed, if £, — 0, from Lemma 3.2 and the boundedness of {||v,||} we then deduce that

0<my < &)V((Vn)tn)

A

N VtN
S lrwal; -

t -2 tN+o¢
= ”2 IV vall3 + -

/R (ha Gl 0)) (7)) de = o(1),

which is absurd. Hence, the first inequality holds in (3.25). Moreover, we can verify that

Bo := liminf / (I * G(f(v))) G(f (vy)) dx > 0. (3.26)
RN

n—00

Otherwise, if (3.26) does not hold, then there exists a subsequence {v,, } of {v,} such that

lim (I * G(f (vi))) G (f (vi)) dx = 0. (3.27)

n—>o00 JpN

Then (2.9), (2.15), (2.23), and (3.27) yield

N-2 14} 2 1 .
0= Pa(vnk) > T IV, ”% + BY ”f(vnk) ”2 +0o(1) > ) min{N -2, y1}00 + 0(1).

This contradiction shows that (3.26) holds. By (3.2), (3.26), the boundedness of {v,}, and
Sobolev embedding theorem, we have

A N2 f/tN N+
D ((vn)e) < Tnmug o Lo - —Fo
tN+a
<G (N2 eN) - Bo» Vt>0,meN,

2

which implies that there exists T, > 0 such that
i (v)) <0, Vt>To,meN. (3.28)

Since CiD‘A/((V,,)tn) > 11y, > 0 due to (3.17), then (3.28) yields that ¢, < T for all #n € N. This

shows that (3.25) holds. Thus it follows from (2.1), (2.14), (3.2), (3.22), and (3.25) that

ms +0(1) = D, (v,) = D, ((va)s,)

. N -
= Dy ((a)e) + - /N[V(”"x) = V]2 dx
R
VTN
> sy — —2 / F2(vn) dx = Ay + o(1),
2 Jx<roleTy)

which, together with Lemmas 3.3 and 3.4, implies
. 0
mezm‘;zm0+502me+z.

This contradiction shows that the claim is true, that is, ¥ # 0. Let w,, = v,, — V. As in the
proof of (3.14), we can deduce that ®,(V) = m, and P, (V) = 0. This completes the proof. (]

In view of Lemmas 2.8, 2.10, and 3.5, we easily obtain the following result.
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Proposition 3.6 For every ¢ € (0,&¢], (2.5) has a ground state solution v, such that
@, (V,) = m, = inf max @, (v(-/£)) > 0. (3.29)
veA t>0

4 Concentration of ground state solutions

In this section, we always assume that (V1), (V2), and (G1)—(G4) hold, and consider the
concentration of ground state solutions for (2.5) and give the proof of Theorem 1.1. For
this purpose, for every ¢ € (0,&], let ¥, be a ground state solution of (2.5) obtained in
Proposition 3.6, which satisfies (3.29). Moreover, when ¢ = 0, we denote by 7, the ground
state solution of (1.3), that is, the ground state solution constructed in Theorem 3.2 when
b = V,. Therefore, as in Sect. 1, we put for all € € [0, &]

Ly, ={veH' (RY)\{0}: D.(v) =0, P.(v) = m,}
and set
T = {Ve Ly, €€ [0,80]}.
Lemma 4.1 There exists Ky > 0 independent of € such that oo < m, < Ky for all ¢ € [0, &].

Proof From (2.13), (3.20), Lemmas 2.7 and 2.9, we derive that

00 < m, < max{®,((%);) : £ € (0, To]}

A Vinax Tg. -
oll3 + == [ o) + CLTe ™ (1ol + 19015 )

= 1((), Ve € [0, 80],
where 7y € H'(RN) and T, > 0 are given by (3.16) and (3.20), respectively. O
Lemma 4.2 There exists Ky > 0 independent of € such that ||v|| < Kj forallve Y.

Proof For any v, € L,,, with € € [0,&], by (2.16) and Lemma 4.1, one has

1 2+a) )
Ko > a":q)s s_—&‘ e) Z ° Ve . 4.1
0> m; (ve) Noo (ve) > N+ )II Velly + 2(N |[f( )||2 (4.1)
As in the proof of (3.9), we have
/ v2dx < —}Lf Ve H2 SRy |7 (4.2)
RN
The lemma thus follows from (4.1) and (4.2). O

Lemma 4.3 limsup,_,; m, < m; for every & € [0, &o].

Proof Fix ¢ € [0,&0] and ¥z € L,,,. Arguing by contradiction, suppose that limsup, _, ; m, >
m;. Let €g = limsup,_, ; m, — m;. Clearly €y > 0. From Lemma 2.7, for any ¢ > 0, there exists
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Z. > 0 such that (V;);, € M., and so
q>£ ((‘75‘)2&) > Mg, q>.9 ((05)25) > (Dg ((‘,)E)t)’ vt > 0. (43)

It is easy to check that there exists a constant T >0suchthatO <. < T forsome T = Ty, >

0, moreover, for any bounded set 2 C RN,

lim sup[| V(ex) — V(éx)| + |VV(£x) -(ex) = VV(ex) - (éx)” =0. (4.4)

E—>E xeQ

Choose R; > Ry such that

(1+ TV) Vi F2(:) da < %0 (4.5)

[%|=Ry

Noting that P:(vz) = 0, then it follows from (2.12), (3.24), (4.3), (4.4), and (4.5) that

mF¢mw:@@n3/[wawvww%mm
2]RN

> 0 ((007) + o, () 4 [ [v@n - vienlr oo
—Z Ye &lte N+a e\Ve 2 BN &
IN+a
> m, + IA_[ifa Ps(Ps) + %AN[V(éx) — V(ex)]f*(9:) dx
LB [ NV (o) + VV(ex) - (6) - NV(Ex) - VV(ER) - G]f2(0)
Nia /RN[ £x) + ex) - (ex) — £x) — £x) - (8%)|f* (V) dw
7N +a
st_%/lxlflh [N‘V(sx)—V(éxﬂ

+ ‘VV(sx) - (ex) — VV(ex) - (éx)|]f2(f/g) dx

- % / |V(Ex) = V(ex)|f* (D) dx — (1 + TV*) Viax 2(02) dx
[x|<R1 K2R,
> mg — ﬂ “f(l_/*)”Z sup [N’V(Ex) 3 V(éx)’
=" N+a 2 <k

+|VV(ex) - (ex) - VV(Ex) - (5x)|]
1,,._ 2 _ €o
—=f @) sup ||V(ex) - V(Ex)|| - —,
WG son [ 1-5
and so m; +€p = limsup,_, ; m, < m;z + %" This contradiction shows limsup,_, ; m, < m;.[]

Lemma 4.4 Ifve Y, then ve C(RN,R) and limy— o v(x) = 0. Moreover, there is ag > 0
independent of x € RN and v € Y such that

|v(x)| 5040/ ( )|v(y)|dy, vxeRV,veT. (4.6)
Bi(x

Proof By a standard argument, we can prove that

I, * G(f(v) e L*(RY), VveH'(RV). (4.7)
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Using (4.7), Lemma 4.2, and the standard bootstrap argument (see [21]), we can deduce
that, for any s > 2, there exists C; > 0 independent of v € Y such that

ve WHRYN),  Vlyugyy <Co Ve,

which, together with Sobolev imbedding theorem, implies that there is Cy, > 0 indepen-
dent of v € Y such that

Vlloo < Coor VveT. (4.8)

By (4.7), Lemma 2.1, (G1), and (G4), there exists a constant ®; > V; such that
(L % G(f(1)))g(f()| < ©1v,  VIv| < Cws. (4.9)

In view of (4.8), (4.9), Lemma 4.2, and [21, Lemma 1], we have v € C(RY,R) and

limy 00 V(%) = 0. Since v € L,,, is a solution of (2.5) for some ¢ > 0, then (4.9) and

Lemma 4.2 yield that
Ayl = V-|VA|V _ V(Sx)f(V)V—(1a|;k|G(f(V)))g(f(V))V = o, VieRY, (4.10)

which implies that |v| is a sub-solution of the equation (-A — ®;)w = 0, and hence (4.6)

follows from the sub-solution estimate (see [24, Theorem C.1.2]). (|

Lemma 4.5 For every v. € L,, C Y, there exists y. € RN such that |ve(y.)| =

™1

max,.gn |Ve(x)|. Let Ve(x) := ve(x + ¥e), and let e, € (0,&0] such that limsup,_, . &, =
Then we have
(i) If& >0, then {ve,} has a convergence subsequence, whose limit belongs to Y;

(ii) Ife =0, then {v,,} has a convergence subsequence, whose limit is not zero.

Proof For {e,} C [0,&0] and v, € L,,,, Lemma 4.2 implies that {v,,} is bounded in
HY(RN). By a standard argument, we can get

limsup sup / Ve, [2dx > 0. (4.11)
B1(y)

n—00 yERN

By Lemma 4.4, there exists y, € RN such that |v,(y,)| = max,gn |V (x)|. This, together with
(4.11), gives
’2

1
lim sup|v8n (¥e,)|” = =— limsup sup / Ve, 12dx >0, (4.12)
n—>00 C By (y)

N n—>oo ye]RN

where Cy is the volume of the unit N-ball.

(i) If & € (0, &¢], then passing to a subsequence, we may assume that ¢, — & € (0, &9] and
Ve, — ¥ in H'(RN). Similar to the proof of Lemma 3.5, we can conclude that v,, — ¥ in
HY(RN), ®L(9) = 0, and ®;(¥) = lim,, 5 D, (Vi) = mz. This implies that ¥ € £,,, C Y.
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(ii) If € = 0, passing to a subsequence, we may assume that ¢, — 0 and V., — ¥, in
HY(RN). Note that (4.12) implies that ¥ #0. Since V is bounded, going to a subsequence
if necessary, we may assume that lim,_, o, V'(¢,y,) = 8. Note that

mg, = D, (Vsn)

1 » -
= 5||Vnsn||§+ f V(en(x + ye,))f* (7,,) dx
]RN

- fR N (I * G(f (7)) G(f (7s,,)) dix. (4.13)

As in the proof of Lemma 3.5, and using (4.13) and Lemma 4.3, we obtain v,, — 7 in
HY(RN), &);3(170) =0, and ®4(¥p) = lim,,_, oo Dy, (ve,) < mo. This concludes the proof. [

As those of [5, Lemmas 6.5-6.7], we get the following three lemmas.
Lemma 4.6 inf{||u||c:u € Y}:=380>0.

Lemma 4.7 There exist Iy, k1 > 0 independent of x € RN and v € Y such that
’V(x)‘ < Hlexp(—xﬂx—yvl), vxeRN,veT, (4.14)
where |v(y,)| = max, gy |[V(x)|.

Lemma 4.8 Let v, € L,,, for ¢ € (0,&0] and y. € RN be a global maximum point of v,.
Then
(1) P cfo.)(€lye]) < 00;
(i) For e, — 0%, up to a subsequence, v, = Ve, (- + y¢,) converges in H*(RN) to a ground
state solution of (1.3).

Proof of Theorem 1.1 Let w,(x) = V.(x/¢) and x; := ¢y,. In view of Proposition 3.6, for every
& €(0,80], we(x) = Ve (w/e) is a ground state solution of (2.4). Hence, for all ¢ € (0, o], (1.1)
has a ground state solution . (x) := f (W, (x)) = f (Ve (x/e)). Letting x, := xo + £y, (i) follows
from Lemma 4.8. Since f is strictly increasing and |f(¢)| < |¢| for all £ € R, Lemmas 4.7 and
4.8 imply the validity of (ii) and (iii), respectively. d
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