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Abstract
The Sturm–Liouville equation is among the significant differential equations having
many applications, and a lot of researchers have studied it. Up to now, different
versions of this equation have been reviewed, but one of its most attractive versions is
its strong singular version. In this work, we investigate the existence of solutions for
the strong singular version of the fractional Sturm–Liouville differential equation with
multi-points integral boundary conditions. Also, the continuity depending on
coefficients of the initial condition of the equation is examined. An example is
proposed to demonstrate our main result.

MSC: Primary 34A08; 34A38; secondary 35A21; 45G05

Keywords: Continuous dependence; Fractional Sturm–Liouville equation; Strong
singular; The Caputo derivative

1 Preliminaries
Although there are many different works in the field of fractional calculus via many ap-
plications (see, for example, [1–12]), some researchers like to focus on some famous dif-
ferential equations. One of the well-known differential equations is the Sturm–Liouville,
and so far many researchers have studied the equation. Up to now, distinct fractional dif-
ferential equations and especially different versions of the Strum–Liouville equation have
been reviewed (see, for example, [13–28]). On the other hand, some phenomena could be
described by singular differential equations. For this reason, some researchers have tried
to study different singular equations.

In 2015, the fractional problem cDαx(t) = f (t, x(t),Dβx(t)) with boundary value condi-
tions x(0) + x′(0) = y(x),

∫ 1
0 x(t) dt = m and x′′(0) = x(3) = · · · = x(n–1)(0) = 0 was investigated,

where 0 < t < 1, m is a real number, n ≥ 2, α ∈ (n – 1, n), 0 < β < 1, Dα and Dβ are the
Caputo fractional derivatives, y ∈ C([0, 1],R) and f : (0, 1] × R × R → R is continuous
with f (t, x, y) may be singular at t = 0 [29]. In 2019, the fractional Sturm–Liouville differ-
ential equation Dα(ρ(t)Dβy′(t)) + θ (t)y(t) = h(t)κ(y(t)) with boundary conditions y′(0) = 0
and

∑m
k=1 ξky(ak) = y

∑n
i=1 ηjy(bj) was considered, where α ∈ (0, 1], ρ(t) ∈ C1(J ,R), and θ (t)

and h(t) are absolute continuous functions on J = [0,T ], T < ∞ with ρ(t) �= 0 for all
t ∈ J ; κ(y(t)) : R→R is defined and differentiable on the interval J , 0 ≤ a1 < · · · < am < c,
d ≤ b1 < b2 < · · · < bn ≤ T and ξk , ηj and v ∈R [14]. The hybrid version of this problem has
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been studied recently in [13]. From the background of the research, it became clear to us
that there are different methods for solving weakly singular equations, but generally these
methods are not able to solve the strongly singular case (see [30, 31]). Thus, it is very im-
portant to study the strong singular fractional differential equations with new techniques
[32]. Therefore, considering the existing gap, we intend to introduce a new method for
solving strongly singular equations in this research, which has not been presented so far.
Regarding the main idea of the works, we examine the existence of solutions for the strong
singular pointwisely defined fractional Sturm–Liouville differential equation

Dα
(
p(t)Dβν(t)

)
+ q(t)ν(t) = h(t)f

(
ν(t)

)
(1)

with boundary conditions ν(i)(0) = D(β+j)ν(0) = 0 for 0 ≤ j ≤ n – 1, 0 ≤ i ≤ k – 1, and
aν(μ) =

∑n0
i=1 λiIpiν(ai), where α ≥ 1, α ∈ (n – 1, n], β ∈ (k – 1, k], μ, ai ∈ [0, 1], a,λi ∈ R,

pi ≥ 0, q, h : [0, 1] → R are singular at some points [0, 1], p : [0, 1] → [0,∞) is n – 1 times
differentiable and can be zero at some points in [0, 1], Dβ is the Caputo derivative of frac-
tional order β , and Ipi is the Riemann–Liouville integral of fractional order pi.

By carefully checking the used techniques in related works, we find that equation (1) is
singular at t0 ∈ [0, 1] whenever p(t0) = 0 or q or h is singular at the point t0. Problem (1)
is strong singular at the point t0 whenever at least one of the functions 1

p(t) or q(t) or h(t)
is singular at the point t0, but is not integrable on the interval [0, 1]. In this article, we use
‖ · ‖1 for the norm of L1[0, 1] and ‖ · ‖ for the sup norm of X = C[0, 1].

The Riemann–Liouville integral of fractional order υ with the lower limit s ≥ 0 for a
function g : (s,∞) → R is defined by Iυ

s+ g(t) = 1
�(υ)

∫ t
s (t – ζ )υ–1g(ζ ) dζ provided that the

right-hand side is pointwisely defined on (s,∞). We denote Iυg(t) for Iυ
0+ g(t) [33]. Also,

the Caputo fractional derivative of order α > 0 of the function g is defined by cDqg(t) =
1

�(m–q)
∫ t

0
gm(ζ )

(t–ζ )q+1–m dζ , where m = [q] + 1 [33]. We need the following two statements to
prove our main results.

Lemma 1.1 ([34]) Let m – 1 < σ ≤ m and ν ∈ C(0, 1). Then Iσ Dσ ν(t) = ν(t) +
∑m–1

i=0 eiti

for some real constants e0, . . . , em–1.

Lemma 1.2 ([35]) Let C be a closed and convex subset of a Banach space X, � be a relatively
open subset of C with 0 ∈ �, and F : � → C be a continuous and compact mapping. Then
either

i) the mapping F has a fixed point in �̄, or
ii) there exist y ∈ ∂� and λ ∈ (0, 1) with y = λFy.

2 Main results
We first provide our key lemma.

Lemma 2.1 Let α,β ≥ 1, α ∈ [n – 1, n), β ∈ [k – 1, k), μ, ai ∈ [0, 1], a,λi ∈R, pi ≥ 0, where
a �= ∑n0

i=1
λia

pi
i

�(β+pi)
, q, h : [0, 1] →R may be singular at some points in [0, 1], p : [0, 1] → [0,∞)

is n – 1 times differentiable and can be zero at some points in [0, 1], and f ∈ L1. Then a map
ν is a solution for the equation

Dα
(
p(t)Dβν(t)

)
+ q(t)ν(t) = h(t)f

(
ν(t)

)
,
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with boundary conditions ν(i)(0) = D(β+j)ν(0) = 0 for 0 ≤ j ≤ n – 1 and 0 ≤ i ≤ k – 1 and
aν(μ) =

∑n0
i=1 λiIpiν(ai) if and only if

ν(t) =
1

�(β)

∫ t

0
(t – ζ )β–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

+
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

–
a

��(β)

∫ μ

0
(μ – ζ )β–1 (Bα(ζ ,ν(ζ )) – Aα(s,ν(ζ )))

p(ζ )
dζ ,

where � = a –
∑n0

i=1
λia

pi
i

�(β+pi)
, Aα(ζ ,ν(ζ )) = 1

�(α)
∫ t

0 (t – ζ )α–1q(ζ )ν(ζ ) dζ and

Bα

(
ζ ,ν(ζ )

)
=

1
�(α)

∫ t

0
(t – ζ )α–1h(ζ )f

(
ν(ζ )

)
dζ .

Proof By using the same strategy in [32], one can find Lemma 1.1 is valid on L1[0, 1]. Let
ν(t) be a solution for the fractional boundary value problem (FBVP). Via Lemma 1.1, there
are some real constants e0, . . . , en–1 such that

p(t)Dβν(t) = –Iα
(
q(t)f

(
ν(t)

))
+ Iα

(
q(t)f

(
ν(t)

))
+ e0 + e1t + · · · + en–1tn–1.

SinceDβν(0) = 0, we get e0 = 0. Also since d
dt (Iα(q(t)f (ν(t)))) = Iα–1(q(t)f (ν(t))), by deriva-

tion from the last equality, we have

(
p(t)Dβν(t)

)′|t=0 = –Iα–1(q(t)f
(
ν(t)

))|t=0 + Iα–1(q(t)f
(
ν(t)

))|t=0 + e1.

Since Iα(q(t)f (ν(t)))|t=0 = 0, it results that e1 = (p′(t)Dβν(t) + p(t)Dβ+1ν(t))|t=0. Thus,
e1 = 0. By continuing this way, one can check that e2 = · · · = en–1 = 0 and so

Dβν(t) = –
1

p(t)
Iα

(
q(t)f

(
ν(t)

))
+

1
p(t)

Iα
(
q(t)f

(
ν(t)

))
.

If

Aα

(
t,ν(t)

)
= Iα

(
q(t)f

(
ν(t)

))

and

Bα

(
t,ν(t)

)
= Iα

(
q(t)f

(
ν(t)

))
,

then it is evolved that

Dβν(t) = –
Aα(t,ν(t))

p(t)
+

Bα(t,ν(t))
p(t)

.

Once again for the above equality, by using Lemma 1.1, it is concluded that there are some
real constants d0, . . . , dk–1 such that

ν(t) = –Iβ

(
Aα(t,ν(t))

p(t)

)

+ Iβ

(
Bα(t,ν(t))

p(t)

)

+ d0 + d1t + · · · + dk–1tk–1.
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Since ν(i)(0) = 0 for 1 ≤ i ≤ k – 1, we get d1 = · · · = dk–1 = 0 therefore it is concluded that

ν(t) = –
1

�(β)

∫ t

0
(t – ζ )β–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ

+
1

�(β)

∫ t

0
(t – ζ )β–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ + d0. (2)

Hence,

aν(μ) =
–a

�(β)

∫ μ

0
(μ – ζ )β–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ

+
a

�(β)

∫ μ

0
(μ – ζ )β–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ + d0a

=
a

�(β)

∫ μ

0
(μ – s)β–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ + d0a.

Also, by integration of order pi from (2), for each 1 ≤ i ≤ n0, we have

Ipiν(t) = –
1

�(β + pi)

∫ t

0
(t – ζ )β+pi–1 Aα(ζ ,ν(ζ ))

p(s)
ds

+
1

�(β + pi)

∫ t

0
(t – ζ )β+pi–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ +

d0tp
i

�(pi + 1)
,

which implies that

n0∑

i=1

λiIpiν(t) = –
n0∑

i=1

λi

�(β + pi)

∫ t

0
(t – ζ )β+pi–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ

+
n0∑

i=1

λi

�(β + pi)

∫ t

0
(t – ζ )β+pi–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ + d0

n0∑

i=1

λit
p
i

�(pi + 1)
.

Thus it results in

n0∑

i=1

λiIpiν(ai) = –
n0∑

i=1

λi

�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ

+
n0∑

i=1

λi

�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ + d0

n0∑

i=1

λia
pi
i

�(pi + 1)

=
n0∑

i=1

λi

�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

+ d0

n0∑

i=1

λia
pi
i

�(pi + 1)
.
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Since aν(μ) =
∑n0

i=1 λiIpiν(ai), we obtain

a
�(β)

∫ μ

0
(μ – ζ )β–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ + d0a

=
n0∑

i=1

λi

�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

+ d0

n0∑

i=1

λia
pi
i

�(pi + 1)
.

Hence

d0

(

a –
n0∑

i=1

λia
pi
i

�(pi + 1)

)

=
n0∑

i=1

λi

�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

–
a

�(β)

∫ μ

0
(μ – ζ )β–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ ,

and so

d0 =
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

–
a

��(β)

∫ μ

0
(μ – ζ )β–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ ,

where � = (a –
∑n0

i=1
λia

pi
i

�(pi+1) ). This indicates that

ν(t) =
1

�(β)

∫ t

0
(t – ζ )β–1 (Bα(s,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

+
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

–
a

��(β)

∫ μ

0
(μ – ζ )β–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ .

One can obtain the other part by using some calculations. This completes the proof. �

Note that the generalized boundary conditions of the Sturm–Liouville problem lead us
to attaining a different integral equation to consider. Also, as we have a strong singularity
in the problem, we need to investigate the equation by a novel method.
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Designate the space X = C[0, 1] with the supremum norm. Define the map H : X → X
by

Hν(t) =
1

�(β)

∫ t

0
(t – ζ )β–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

+
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

–
a

��(β)

∫ μ

0
(μ – ζ )β–1 (Bα(ζ ,ν(ζ )) – Aα(ζ ,ν(ζ )))

p(ζ )
dζ

for all t ∈ [0, 1]. Note that, if ν0 ∈ X is a solution for SBVP (1), then ν0 is a fixed point of
the map H . Vice versa, ν0 ∈ X is a solution for the problem when ν0 is a fixed point of the
mapping. In the next result, we suppose that the maps q, h : [0, 1] →R may be singular at
some points in [0, 1] and the function p : [0, 1] → [0,∞) in equation (1) is n – 1 times dif-
ferentiable but can be zero at some points in [0, 1]. In the next theorem, using inequalities
for controlling singular points by some functions that are called control functions, and
by the fixed point method, we will investigate the existence of a solution for the singular
fractional differential problem (SFDP).

Theorem 2.2 Assume that α,β ≥ 1, α ∈ [n – 1, n), β ∈ [k – 1, k), n0 is a natural
number, μ, a1, . . . , an0 ∈ [0, 1], a,λ1, . . . ,λn0 ∈ R, pi ≥ 0 with a �= ∑n0

i=1
λia

pi
i

�(β+pi)
and f :

R → R is a function such that |f (x) – f (y)| ≤ �(|x – y|) and |f (z)| ≤ M(z) + N(z) for
all x, y, z ∈ R, where �, M, N : R+ → R

+ are increasing functions with limω→0+ �(ω)
ω

=
Q ∈ [0,∞), limω→∞ M(ω)

ω
= m ∈ [0,∞), and limω→∞ N(ω) < ∞. Suppose that h̃p[0, 1] =

∫ 1
0 (1 – ξ )α+β–2|h(ξ )|p̂(1, ξ ) dξ < ∞ and h̃q[0, 1] =

∫ 1
0 (1 – ξ )α+β–2|h(ξ )|p̂(1, ξ ) dξ < ∞, where

p̂(t, ξ ) =
∫ t
ξ

ds
p(s) . If

(
m

�(α)�(β)
+

m
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

h̃p[0, 1]

+

(
1

�(α)�(β)
+

1
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

q̃p[0, 1]

+
|a|mh̃p[0,μ] + |a|h̃q[0,μ]

|�|�(α)�(β)
< 1,

then the singular boundary value problem (SBVP) Dα(p(t)Dβν(t)) + q(t)ν(t) = h(t)f (ν(t))
with ν(i)(0) = D(β+j)ν(0) = 0 for 0 ≤ j ≤ n – 1 and 0 ≤ i ≤ k – 1 and aν(μ) =

∑n0
i=1 λiIpiν(ai)

has a solution, in which � = a –
∑n0

i=1
λia

pi
i

�(β+pi)
.

Proof First, we show that H is continuous. Let ν,ν∗ ∈ X and t ∈ [0, 1]. Then we have

∣
∣Hν(t) – Hν∗ (t)

∣
∣

≤ 1
�(β)

∫ t

0
(t – ζ )β–1 |Bα(ζ ,ν(ζ )) – Bα(ζ ,ν∗(ζ )) + Aα(ζ ,ν∗(ζ )) – Aα(ζ ,ν(ζ ))|

p(ζ )
dζ

+
n0∑

i=1

|λi|
|�|�(β + pi)
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×
∫ ai

0
(ai – ζ )β+pi–1 |Bα(ζ ,ν(ζ )) – Bα(ζ ,ν∗(ζ )) + Aα(ζ ,ν∗(ζ )) – Aα(ζ ,ν(ζ ))|

p(ζ )
dζ

+
|a|

|�|�(β)

×
∫ μ

0
(μ – ζ )β–1 |Bα(ζ ,ν(ζ )) – Bα(ζ ,ν∗(ζ )) + Aα(ζ ,ν∗(ζ )) – Aα(ζ ,ν(ζ ))|

p(ζ )
dζ

≤ 1
�(α)�(β)

∫ t

0

(t – ζ )β–1

p(ζ )

[∫ ζ

0
(ζ – ξ )α–1∣∣h(ξ )

∣
∣
∣
∣f

(
ν(ξ )

)
– f

(
ν∗(ξ )

)∣
∣dξ

+
∫ ζ

0
(ζ – ξ )α–1∣∣q(ξ )

∣
∣
∣
∣ν(ξ ) – ν∗(ξ )

∣
∣dξ

]

dζ

+
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

×
∫ ai

0

(ai – ζ )β+pi–1

p(ζ )

[∫ ζ

0
(ζ – ξ )α–1∣∣h(ξ )

∣
∣
∣
∣f

(
ν(ξ )

)
– f

(
ν∗(ξ )

)∣
∣dξ

+
∫ ζ

0
(ζ – ξ )α–1∣∣q(ξ )

∣
∣
∣
∣ν(ξ ) – ν∗(ξ )

∣
∣dξ

]

dζ

+
|a|

|�|�(α)�(β)

∫ μ

0

(μ – ζ )β–1

p(ζ )

[∫ ζ

0
(ζ – ξ )α–1∣∣h(ξ )

∣
∣
∣
∣f

(
ν(ξ )

)
– f

(
ν∗(ξ )

)∣∣dξ

+
∫ ζ

0
(ζ – ξ )α–1∣∣q(ξ )

∣
∣
∣
∣ν(ξ ) – ν∗(ξ )

∣
∣dξ

]

ds

=
1

�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣
∣
∣f

(
ν(ξ )

)
– f

(
ν∗(ξ )

)∣∣dξ

+
1

�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∣
∣ν(ξ ) – ν∗(ξ )

∣
∣dξ dζ

+
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

×
∫ ai

0

∫ s

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣
∣
∣f

(
ν(ξ )

)
– f

(
ν∗(ξ )

)∣
∣dξ

+
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

×
∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∣
∣ν(ξ ) – ν∗(ξ )

∣
∣dξ dζ

+
|a|

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣
∣
∣f

(
ν(ξ )

)
– f

(
ν∗(ξ )

)∣
∣dξ

+
|a|

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∣
∣ν(ξ ) – ν∗(ξ )

∣
∣dξ dζ

≤ 1
�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣�

(∣
∣ν(ξ ) – ν∗(ξ )

∣
∣
)

dξ

+
1

�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∥
∥ν – ν∗∥∥dξ dζ

+
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)



Shabibi et al. Boundary Value Problems         (2021) 2021:90 Page 8 of 25

×
∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣�

(∣∣ν(ξ ) – ν∗(ξ )
∣
∣)dξ

+
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∥
∥ν – ν∗∥∥dξ dζ

+
|a|

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣�

(∣∣ν(ξ ) – ν∗(ξ )
∣
∣)dξ

+
|a|

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – s)β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∥
∥ν – ν∗∥∥dξ dζ

≤ �(‖ν – ν∗‖)
�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dξ

+
‖ν – ν∗‖
�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣dξ dζ

+
�(‖ν – ν∗‖)

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dξ

+
‖ν – ν∗‖

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣dξ dζ

+
|a|�(‖ν – ν∗‖)
|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dξ

+
|a|‖ν – ν∗‖

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣dξ dζ .

Let ε > 0 be given. Since limz→0+ �(z)
z = Q ∈ [0,∞), there exists δ(ε) > 0 such that z ∈

(0, δ(ε)] implies |�(z)
z | ≤ Q + ε. Hence, z ∈ (0, δ(ε)] implies �(z) ≤ (Q + ε)z. Put δm(ε) =

min{ε, δ(ε)}. Then ‖ν – ν∗‖ ≤ δm(ε) implies �(‖ν – ν∗‖) ≤ (Q + ε)‖ν – ν∗‖. Also,

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣dξ dζ

=
∫ t

0

∫ t

ξ

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣dζ dξ

=
∫ t

0

∣
∣q(ξ )

∣
∣
(∫ t

ξ

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
dζ

)

dξ

≤
∫ t

0

∣
∣q(ξ )

∣
∣
(∫ t

ξ

(t – ξ )β–1(t – ξ )α–1

p(ζ )
dζ

)

dξ .

Since α,β ≥ 1 and ζ ∈ [ξ , t], we get (t – ζ )β–1 ≤ (t – ξ )β–1 and (ζ – ξ )α–1 ≤ (t – ξ )α–1, so

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣dξ dζ

≤
∫ t

0
(t – ξ )α+β–2∣∣q(ξ )

∣
∣
(∫ t

ξ

dζ

p(ζ )

)

dξ

≤
∫ t

0
(t – ξ )α+β–2∣∣q(ξ )

∣
∣p̂(t, ξ ) dξ ,
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where p̂(t, ξ ) =
∫ t
ξ

dζ

p(ζ ) . Obviously, p̂(t, ξ ) is increasing with respect to t and is decreasing
with respect to ξ . Therefore, we get

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dξ dζ

≤
∫ t

0
(t – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ ,

∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dξ dζ

≤
∫ ai

0
(ai – ξ )α+β+pi–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ ,

and

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dξ dζ ≤

∫ μ

0
(μ – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ .

Thus it evolved that

∣
∣Hν(t) – Hν∗ (t)

∣
∣ ≤ �(‖ν – ν∗‖)

�(α)�(β)

∫ t

0
(t – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ

+
‖ν – ν∗‖
�(α)�(β)

∫ t

0
(t – ξ )α+β–2∣∣q(ξ )

∣
∣p̂(t, ξ ) dξ

+
�(‖ν – ν∗‖)

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0
(ai – ξ )α+pi+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ

+
‖ν – ν∗‖

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0
(ai – ξ )α+pi+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ

+
|a|�(‖ν – ν∗‖)
|�|�(α)�(β)

∫ μ

0
(μ – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ

+
|a|‖ν – ν∗‖

|�|�(α)�(β)

∫ μ

0
(μ – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ .

Let ε > 0 be given and ‖ν – ν∗‖ ≤ δm(ε). Then we have

∣
∣Hν(t) – Hν∗ (t)

∣
∣ ≤ (Q + ε)‖ν – ν∗‖

�(α)�(β)

∫ t

0
(t – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ

+
‖ν – ν∗‖
�(α)�(β)

∫ t

0
(t – ξ )α+β–2∣∣q(ξ )

∣
∣p̂(t, ξ ) dξ

+
(Q + ε)‖ν – ν∗‖

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

×
∫ ai

0
(ai – ξ )α+pi+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ

+
‖ν – ν∗‖

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0
(ai – ξ )α+pi+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ
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+
|a|(Q + ε)‖ν – ν∗‖

|�|�(α)�(β)

∫ μ

0
(μ – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ

+
|a|‖ν – ν∗‖

|�|�(α)�(β)

∫ μ

0
(μ – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ

≤ (Q + ε)ε
�(α)�(β)

∫ 1

0
(1 – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ

+
ε

�(α)�(β)

∫ 1

0
(1 – ξ )α+β–2∣∣q(ξ )

∣
∣p̂(1, ξ ) dξ

+
(Q + ε)ε

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ 1

0
(1 – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ

+
ε

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ 1

0
(1 – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ

+
|a|(Q + ε)ε

|�|�(α)�(β)

∫ 1

0
(1 – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ

+
|a|ε

|�|�(α)�(β)

∫ 1

0
(1 – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ .

Hence, we conclude that

∣
∣Hν(t) – Hν∗ (t)

∣
∣ ≤ (Q + ε)ε

�(α)�(β)
h̃p[0, 1] +

ε

�(α)�(β)
q̃p[0, 1]

+
h̃p[0, 1](Q + ε)ε

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

+
q̃p[0, 1]ε

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

+
|a|h̃p[0, 1](Q + ε)ε

|�|�(α)�(β)
+

|a|q̃p[0, 1]ε
|�|�(α)�(β)

for all t ∈ [0, 1], where

h̃p[0, t] =
∫ t

0
(1 – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ

and

q̃p[0, t] =
∫ t

0
(1 – ξ )α+β–2∣∣q(ξ )

∣
∣p̂(1, ξ ) dξ .

By using the supremum norm on [0, 1], it is deduced that

‖Hν – Hν∗‖ ≤
(

(Q + ε)h̃p[0, 1] + q̃p[0, 1]
�(α)�(β)

+
h̃p[0, 1](Q + ε) + q̃p[0, 1]

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

+
|a|h̃p[0, 1](Q + ε) + |a|q̃p[0, 1]

|�|�(α)�(β)

)

ε.
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This implies that ‖Hν – Hν∗‖ tends to zero as ‖ν – ν∗‖ → 0. Thus, H is continuous. Since
|f (ω)| ≤ M(ω) + N(ω) for all ω ∈ [0,∞) and limω→∞ M(ω)

ω
= m ∈ [0,∞) for each ε > 0, there

exists R(ε) > 0 such that ω ∈ [R(ε),∞) implies

M(ω) ≤ (m + ε)ω. (3)

Likewise, by the assumptions limω→∞ N(ω) < ∞, it results that limω→∞ N(ω)
ω

= 0, so there
exists R′(ε) > 0 such that N(ω)

ω
< ε for all ω ∈ [R′(ε),∞). Therefore, ω ∈ [R′(ε),∞) implies

N(ω) ≤ εω. (4)

On the other side, we have

(
m

�(α)�(β)
+

m
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

h̃p[0, 1]

+

(
1

�(α)�(β)
+

1
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

q̃p[0, 1]

+
|a|mh̃p[0,μ] + |a|h̃q[0,μ]

|�|�(α)�(β)
< 1.

Choose ε0 > 0 such that

(
m + 2ε0

�(α)�(β)
+

m + 2ε0

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

h̃p[0, 1]

+

(
1

�(α)�(β)
+

1
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

q̃p[0, 1]

+
|a|(m + 2ε0)h̃p[0,μ] + |a|h̃q[0,μ]

|�|�(α)�(β)
< 1.

Put R0 := max{R(ε0), R′(ε0)}. By using (3) and (4), for ω = R0, we get M(R0) ≤ (m + ε0)R0

and N(R0) ≤ ε0R0. Define � = {u ∈ X : ‖u‖ < R0}. Let u0 ∈ ∂� and λ ∈ (0, 1) be such that
u0 = λHu0 . Then ‖u0‖ = R0. Then we have

∣
∣u0(t)

∣
∣ =

∣
∣λHu0 (t)

∣
∣

≤ λ

[
1

�(β)

∫ t

0
(t – ζ )β–1 |Bα(ζ , u0(ζ )) – Aα(ζ , u0(ζ ))|

p(ζ )
dζ

+
n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 |Bα(ζ , u0(ζ )) – Aα(ζ , u0(ζ ))|

p(ζ )
dζ

+
|a|

|�|�(β)

∫ μ

0
(μ – ζ )β–1 |Bα(ζ , u0(ζ )) – Aα(ζ , u0(ζ ))|

p(ζ )
dζ

]

≤ λ

[
1

�(α)�(β)

∫ t

0

(t – ζ )β–1

p(ζ )

(∫ ζ

0
(ζ – ξ )α–1∣∣h(ξ )

∣
∣
∣
∣f

(
u0(ξ )

)∣
∣dξ
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+
∫ ζ

0
(ζ – ξ )α–1∣∣q(ξ )

∣
∣
∣
∣u0(ξ )

∣
∣dξ

)

dζ +
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

×
∫ ai

0

(ai – ζ )β+pi–1

p(ζ )

(∫ ζ

0
(ζ – ξ )α–1∣∣h(ξ )

∣
∣
∣
∣f

(
u0(ξ )

)∣
∣dξ

+
∫ ζ

0
(ζ – ξ )α–1∣∣q(ξ )

∣
∣
∣
∣u0(ξ )

∣
∣dξ

)

dζ

+
|a|

|�|�(α)�(β)

∫ μ

0

(μ – ζ )β–1

p(ζ )

(∫ ζ

0
(ζ – ξ )α–1∣∣h(ξ )

∣
∣
∣
∣f

(
u0(ξ )

)∣∣dξ

+
∫ ζ

0
(ζ – ξ )α–1∣∣q(ξ )

∣
∣
∣
∣u0(ξ )

∣
∣dξ

)

dζ

]

= λ

[
1

�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣
∣
∣f

(
u0(ξ )

)∣∣dξ dζ

+
1

�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∣
∣u0(ξ )

∣
∣dξ dζ

+
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

×
∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣
∣
∣f

(
u0(ξ )

)∣
∣dξ dζ

+
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∣
∣u0(ξ )

∣
∣dξ dζ

+
|a|

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣
∣
∣f

(
u0(ξ )

)∣
∣dξ dζ

+
|a|

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∣
∣u0(ξ )

∣
∣dξ dζ

]

≤ λ

[
1

�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣(M

(
u0(ξ )

)
+ N

(
u0(ξ )

))
dξ dζ

+
1

�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∣
∣u0(ξ )

∣
∣dξ dζ

+
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

×
∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(s)
∣
∣h(ξ )

∣
∣(M

(
u0(ξ )

)
+ N

(
u0(ξ )

))
dξ dζ

+
1

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∣
∣u0(ξ )

∣
∣dξ dζ

+
|a|

|�|�(α)�(β)

×
∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣
(
M

(
u0(ξ )

)
+ N

(
u0(ξ )

))
dξ dζ
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+
|a|

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – s)β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣
∣
∣u0(ξ )

∣
∣dξ dζ

]

≤ λ

[
M(‖u0‖) + N(‖u0‖)

�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dξ dζ

+
‖u0‖

�(α)�(β)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣dξ dζ

+
M(‖u0‖) + N(‖u0‖)

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

×
∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dξ dζ

+
‖u0‖
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0

∫ ζ

0

(ai – ζ )β+pi–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣dξ dζ

+
|a|(M(‖u0‖) + N(‖u0‖))

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dξ dζ

+
|a|‖u0‖

|�|�(α)�(β)

∫ μ

0

∫ ζ

0

(μ – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣q(ξ )

∣
∣dξ dζ

]

≤ λ

[
M(R0) + N(R0)

�(α)�(β)

∫ t

0
(t – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ

+
R0

�(α)�(β)

∫ t

0
(t – ξ )α+β–2∣∣q(ξ )

∣
∣p̂(t, ξ ) dξ

+
M(R0) + N(R0)

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0
(ai – ξ )α+β+pi–2∣∣h(ξ )

∣
∣p̂(ai, ξ ) dξ

+
R0

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0
(ai – ξ )α+β+pi–2∣∣q(ξ )

∣
∣p̂(ai, ξ ) dξ

+
|a|(M(R0) + N(R0))

|�|�(α)�(β)

∫ μ

0
(μ – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(μ, ξ ) dξ

+
|a|R0

|�|�(α)�(β)

∫ μ

0
(μ – ξ )α+β–2∣∣q(ξ )

∣
∣p̂(μ, ξ ) dξ

]

for all t ∈ [0, 1]. Hence,

∣
∣u0(t)

∣
∣ ≤ λ

[
(m + ε0)R0 + ε0R0

�(α)�(β)

∫ t

0
(1 – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ

+
R0

�(α)�(β)

∫ 1

0
(1 – ξ )α+β–2∣∣q(ξ )

∣
∣p̂(1, ξ ) dξ

+
(m + ε0)R0 + ε0R0

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ 1

0
(1 – ξ )α+β+pi–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ

+
R0

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

∫ 1

0
(1 – ξ )α+β+pi–2∣∣q(ξ )

∣
∣p̂(1, ξ ) dξ
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+
|a|((m + ε0)R0 + ε0R0)

|�|�(α)�(β)

∫ μ

0
(μ – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ

+
|a|R0

|�|�(α)�(β)

∫ μ

0
(μ – ξ )α+β–2∣∣q(ξ )

∣
∣p̂(1, ξ ) dξ

]

for all t ∈ [0, 1]. Thus we infer that

∣
∣u0(t)

∣
∣ ≤ λ

[
(m + ε0)R0 + ε0R0

�(α)�(β)
h̃p[0, 1] +

R0

�(α)�(β)
q̃p[0, 1]

+
(m + ε0)R0 + ε0R0

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

h̃p[0, 1]

+
R0

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

h̃q[0, 1]

+
|a|((m + ε0)R0 + ε0R0)

|�|�(α)�(β)
h̃p[0,μ] +

|a|R0

|�|�(α)�(β)
h̃q[0,μ]

]

,

and so by using the supremum on [0, 1], we have

‖u0‖ ≤ λ

[(
m + 2ε0

�(α)�(β)
+

m + 2ε0

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

h̃p[0, 1]

+

(
1

�(α)�(β)
+

1
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

q̃p[0, 1]

+
|a|(m + 2ε0)h̃p[0,μ] + |a|h̃q[0,μ]

|�|�(α)�(β)

]

R0 < R0.

This implies that u0 /∈ ∂�. By the same way, via Lemma 1.2, H has a fixed point in �̄ which
is a solution for FBVP (1). �

Example 2.3 Consider the strong singular Sturm–Liouville equation

(
t2u′(t)

)′ +
√

tu(t)
5c(t)

=
√

t
10

(
u(t) + 1

)
(5)

with boundary conditions u′(0) = 0 and u( 1
2 ) = u(1) = 0. Put α = β = 1, n0 = 2, p1 = p2 = 0,

a = 0, μ ∈ [0, 1], a1 = 1
2 , a2 = 1, λ1 = λ2 = 1, p(t) = t2, h(t) =

√
t

10 , q(t) =
√

t
5c(t) , where c(t) = 0

when t ∈ Q ∩ [0, 1], and c(t) = 1 for t ∈ Qc ∩ [0, 1]. If f (u) = u + 1, then we have

p̂(1, ξ ) =
∫ 1

ξ

dζ

ζ 2 =
1
ξ

– 1, q̃p[0, 1] =
1
5

∫ 1

0

√
ξ

c(ξ )

(
1
ξ

– 1
)

dξ =
4

15

and h̃p[0, 1] = 1
10

∫ 1
0

√
ξ ( 1

ξ
– 1) dξ = 4

30 . Note that � = a –
∑n0

i=1
λia

pi
i

�(β+pi)
= –( 1

2 + 1) = – 3
2 ,

∣
∣f (u) – f (v)

∣
∣ = |u – v| := �

(|u – v|),

lim
ω→0+

�(ω)
ω

= lim
ω→0+

ω

ω
= 1 ∈ [0,∞) and

∣
∣f (u)

∣
∣ ≤ |u| + 1 := M(u) + N(u),
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Figure 1 The graph of q(t)

where M(u) = |u|, N(u) = 1, m = limω→∞ M(ω)
ω

= 1, and limω→∞ N(ω) < ∞. Note that

(
m

�(α)�(β)
+

m
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

h̃p[0, 1]

+

(
1

�(α)�(β)
+

1
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

q̃p[0, 1]

+
|a|mh̃p[0,μ] + |a|h̃q[0,μ]

|�|�(α)�(β)
=

(

1 +
4
3

)

× 4
30

+
(

1 +
4
3

)

× 4
15

< 1.

Now, by using Theorem 2.2, the Sturm–Liouville problem (5) has a solution. Also for a
better graphical understanding of the problem, the graph of q(t) is shown in Fig. 1.

3 Continuous dependence
In this part, according to the topics raised in [14], we verify continuous dependence of the
solution for the fractional Sturm–Liouville differential equation (1).

Definition 3.1 We say that the solution of the fractional Sturm–Liouville differential
equation

Dα
(
p(t)Dβν(t)

)
+ q(t)ν(t) = h(t)f

(
ν(t)

)
(6)

is continuously dependent on λi whenever, for each ε > 0, there exists δ(ε) > 0 such that, for
any two solutions ν and ν̃ of (6), that ν satisfies conditions (1) and ν̃ satisfies the following
initial conditions:

⎧
⎨

⎩

ν̃(i)(0) = D(β+j)ν̃(0) = 0 (for 0 ≤ j ≤ n – 1 and 0 ≤ i ≤ k – 1),

aν̃(μ) =
∑n0

i=1 λ̃iIpiν(ai),
(7)

∑n0
i=1 |λi – λ̃i| < δ implies ‖ν – ν̃‖ < ε.
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In the next result, we again suppose that the maps q, h : [0, 1] → R may be singular at
some points in [0, 1] and the function p : [0, 1] → [0,∞) is n – 1 times differentiable, but
it can be zero at some points in [0, 1].

Theorem 3.2 Assume that α,β ≥ 1, α ∈ [n – 1, n), β ∈ [k – 1, k), n0 is a natural number,
μ, a1, . . . , an0 ∈ [0, 1], a,λ1, . . . ,λn0 ∈R, pi ≥ 0 with a �= ∑n0

i=1
λia

pi
i

�(β+pi)
, f : R →R is a function

such that |f (x)– f (y)| ≤ �(|x–y|) and |f (z)| ≤ M(z)+N(z) for all x, y, z ∈R, where �, M, N :
R

+ → R
+ are nondecreasing functions with supz∈(0,∞)

�(z)
z = Q′ ∈ [0,∞), limω→∞ M(ω)

ω
=

m ∈ [0,∞), and limω→∞ N(ω) < ∞. Suppose that

h̃p[0, 1] =
∫ 1

0
(1 – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ < ∞

and

h̃q[0, 1] =
∫ 1

0
(1 – ξ )α+β–2∣∣h(ξ )

∣
∣p̂(1, ξ ) dξ < ∞,

where p̂(t, ξ ) =
∫ t
ξ

ds
p(s) . If

(
�

�(α)�(β)
+

�

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

h̃p[0, 1]

+

(
1

�(α)�(β)
+

1
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

q̃p[0, 1]

+
|a|�h̃p[0,μ] + |a|h̃q[0,μ]

|�|�(α)�(β)
< 1,

then the solutions of the equation Dα(p(t)Dβν(t)) + q(t)ν(t) = h(t)f (ν(t)) with the initial
conditions ν(i)(0) = D(β+j)ν(0) = 0 (for 0 ≤ j ≤ n – 1 and 0 ≤ i ≤ k – 1) and aν(μ) =
∑n0

i=1 λiIpiν(ai) are continuously dependent on the coefficients λi, where � = a–
∑n0

i=1
λia

pi
i

�(β+pi)

and � = max{Q′, m}.

Proof Since limω→0+ �(ω)
ω

:= Q ≤ Q′, we get

(
m

�(α)�(β)
+

m
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

h̃p[0, 1]

+

(
1

�(α)�(β)
+

1
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

q̃p[0, 1]

+
|a|mh̃p[0,μ] + |a|h̃q[0,μ]

|�|�(α)�(β)



Shabibi et al. Boundary Value Problems         (2021) 2021:90 Page 17 of 25

≤
(

�

�(α)�(β)
+

�

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

h̃p[0, 1]

+

(
1

�(α)�(β)
+

1
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

q̃p[0, 1]

+
|a|�h̃p[0,μ] + |a|h̃q[0,μ]

|�|�(α)�(β)
< 1.

Using Theorem 2.2, it is obtained that the equation has a solution. Let ν(t) and ν̃(t) be two
solutions for the problem with initial conditions (7). Then we have

ν̃(t) =
1

�(β)

∫ t

0
(t – ζ )β–1 (Bα(ζ , ν̃(ζ )) – Aα(ζ , ν̃(ζ )))

p(ζ )
dζ

+
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 (Bα(ζ , ν̃(ζ )) – Aα(ζ , ν̃(ζ )))

p(ζ )
dζ

–
a

��(β)

∫ μ

0
(μ – ζ )β–1 (Bα(ζ , ν̃(ζ )) – Aα(s, ν̃(ζ )))

p(ζ )
dζ ,

where �̃ = a –
∑n0

i=1
λ̃ia

pi
i

�(β+pi)
�= 0. Thus, it results in

∣
∣ν(t) – ν̃(t)

∣
∣ =

∣
∣
∣
∣
∣

1
�(β)

∫ t

0
(t – ζ )β–1 Bα(ζ ,ν(ζ )) – Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

+
1

�(β)

∫ t

0
(t – ζ )β–1 Aα(ζ , ν̃(ζ )) – Aα(ζ ,ν(ζ ))

p(ζ )
dζ

+
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ

–
n0∑

i=1

λ̃i

�̃�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

+
n0∑

i=1

λ̃i

�̃�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Aα(ζ , ν̃(ζ ))

p(ζ )
dζ

–
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ

+
a

��(β)

∫ μ

0
(μ – ζ )β–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ

–
a

�̃�(β)

∫ μ

0
(μ – ζ )β–1 Aα(ζ , ν̃(ζ ))

p(ζ )
dζ

+
a

�̃�(β)

∫ μ

0
(μ – ζ )β–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

–
a

��(β)

∫ μ

0
(μ – ζ )β–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ

∣
∣
∣
∣
∣
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for all t ∈ [0, 1]. Hence, it implies that

∣
∣ν(t) – ν̃(t)

∣
∣ ≤ 1

�(β)

∫ t

0
(t – ζ )β–1 |Bα(ζ ,ν(ζ )) – Bα(ζ , ν̃(ζ ))|

p(ζ )
dζ

+
1

�(β)

∫ t

0
(t – ζ )β–1 |Aα(ζ , ν̃(ζ )) – Aα(ζ ,ν(ζ ))|

p(ζ )
dζ

+

∣
∣
∣
∣
∣

n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ

–
n0∑

i=1

λ̃i

�̃�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣

n0∑

i=1

λ̃i

�̃�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Aα(ζ , ν̃(ζ ))

p(ζ )
dζ

–
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ

∣
∣
∣
∣
∣

+
|a|

�(β)

∣
∣
∣
∣

1
�

∫ μ

0
(μ – s)β–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ

–
1
�̃

∫ μ

0
(μ – ζ )β–1 Aα(s, ν̃(ζ ))

p(ζ )
dζ

∣
∣
∣
∣

+
|a|

�(β)

∣
∣
∣
∣

1
�̃

∫ μ

0
(μ – ζ )β–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

–
1
�

∫ μ

0
(μ – ζ )β–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ

∣
∣
∣
∣. (8)

On the other hand,

∫ t

0
(t – ζ )β–1 |Bα(ζ ,ν(ζ )) – Bα(ζ , ν̃(ζ ))|

p(ζ )
dζ

≤ 1
�(α)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣
∣
∣f

(
ν(ξ )

)
– f

(
ν̃(ξ )

)∣
∣dξ dζ

≤ 1
�(α)

∫ t

0

∫ ζ

0

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣�

(∣
∣ν(ξ ) – ν̃(ξ )

∣
∣
)

dξ dζ

≤ �(‖ν – ν̃‖)
�(α)

∫ t

0

∫ t

ξ

(t – ζ )β–1(ζ – ξ )α–1

p(ζ )
∣
∣h(ξ )

∣
∣dζ dξ

≤ �(‖ν – ν̃‖)
�(α)

∫ t

0
(t – ζ )α+β–2∣∣h(ξ )

∣
∣p̂(t, ξ ) dξ ,

and so
∫ t

0
(t – ζ )β–1 |Bα(ζ ,ν(ζ )) – Bα(ζ , ν̃(ζ ))|

p(ζ )
dζ ≤ �(‖ν – ν̃‖)

�(α)
h̃p[0, 1].

Similarly, it is obtained that

∫ t

0
(t – ζ )β–1 |Aα(ζ , ν̃(ζ )) – Bα(ζ ,ν(ζ ))|

p(ζ )
dζ ≤ ‖ν – ν̃‖

�(α)
q̃p[0, 1].
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Also, we have

∣
∣
∣
∣
∣

n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ

–
n0∑

i=1

λ̃i

�̃�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ

–
n0∑

i=1

λ̃i

�̃�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

+
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

–
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

∣
∣
∣
∣
∣

≤
n0∑

i=1

|λi|
|�|�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 |Bα(ζ ,ν(ζ )) – Bα(ζ , ν̃(ζ ))|

p(ζ )
dζ

+
n0∑

i=1

|�̃λi – �λ̃i + �̃λ̃i – �̃λ̃i|
|��̃|�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ

≤ �(‖ν – ν̃‖)
�(α)

h̃p[0, 1]

+
|�̃|

�(α)|�̃�|
n0∑

i=1

|λi – λ̃i|
�(β + pi)

(
M

(‖ν̃‖) + N
(‖ν̃‖))h̃p[0, 1]

+
|�̃ – �|

�(α)|�̃�|
n0∑

i=1

|λi|
�(β + pi)

(
M

(‖ν̃‖) + N
(‖ν̃‖))h̃p[0, 1].

Note that |� – �̃| ≤ ∑n0
i=1

|λi–λ̃i|api
i

�(pi+1) , and so

∣
∣
∣
∣
∣

n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ

–
n0∑

i=1

λ̃i

�̃�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

∣
∣
∣
∣
∣

≤ �(‖ν – ν̃‖)
�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1]

+
M(‖ν̃‖) + N(‖ν̃‖)

�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

h̃p[0, 1]

+
M(‖ν̃‖) + N(‖ν̃‖)

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1].
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By using a similar method, we can show that

∣
∣
∣
∣
∣

n0∑

i=1

λ̃i

�̃�(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Aα(ζ , ν̃(ζ ))

p(ζ )
dζ

–
n0∑

i=1

λi

��(β + pi)

∫ ai

0
(ai – ζ )β+pi–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ

∣
∣
∣
∣
∣

≤ ‖ν – ν̃‖
�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

q̃p[0, 1] +
‖ν̃‖

�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

q̃p[0, 1]

+
‖ν̃‖

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

q̃p[0, 1]

and
∣
∣
∣
∣

1
�

∫ μ

0
(μ – ζ )β–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ –

1
�̃

∫ μ

0
(μ – ζ )β–1 Aα(ζ , ν̃(ζ ))

p(ζ )
dζ

∣
∣
∣
∣

=
∣
∣
∣
∣

1
�

∫ μ

0
(μ – ζ )β–1 Aα(ζ ,ν(ζ ))

p(ζ )
dζ –

1
�̃

∫ μ

0
(μ – ζ )β–1 Aα(ζ , ν̃(ζ ))

p(ζ )
dζ

–
1
�

∫ μ

0
(μ – ζ )β–1 Aα(ζ , ν̃(ζ ))

p(ζ )
dζ +

1
�

∫ μ

0
(μ – ζ )β–1 Aα(ζ , ν̃(ζ ))

p(ζ )
dζ

∣
∣
∣
∣

≤ 1
|�|

∫ μ

0
(μ – ζ )β–1 |Aα(ζ ,ν(ζ )) – Aα(ζ , ν̃(ζ ))|

p(ζ )
dζ

+
∣
∣
∣
∣
� – �̃

��̃

∣
∣
∣
∣

∫ μ

0
(μ – ζ )β–1 |Aα(ζ , ν̃(ζ ))|

p(ζ )
dζ

≤ ‖ν – ν̃‖
|�|�(α)

q̃p[0,μ] +
‖ν̃‖

|��̃|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

q̃p[0,μ],

which implies
∣
∣
∣
∣

1
�

∫ μ

0
(μ – ζ )β–1 Bα(ζ ,ν(ζ ))

p(ζ )
dζ –

1
�̃

∫ μ

0
(μ – ζ )β–1 Bα(ζ , ν̃(ζ ))

p(ζ )
dζ

∣
∣
∣
∣

≤ �(‖ν – ν̃‖)
|�|�(α)

h̃p[0,μ] +
M(‖ν̃‖) + N(‖ν̃‖)

|��̃|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

h̃p[0,μ].

Now, by using the above inequalities and (8), it is acquired

∣
∣ν(t) – ν̃(t)

∣
∣ ≤ �(‖ν – ν̃‖)

�(α)�(β)
h̃p[0, 1] +

‖ν – ν̃‖
�(α)�(β)

q̃p[0, 1]

+
�(‖ν – ν̃‖)

�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1]

+
M(‖ν̃‖) + N(‖ν̃‖)

�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

h̃p[0, 1]

+
M(‖ν̃‖) + N(‖ν̃‖)

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1]
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+
‖ν – ν̃‖
�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

q̃p[0, 1] +
‖ν̃‖

�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

q̃p[0, 1]

+
‖ν̃‖

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

q̃p[0, 1]

+
|a|‖ν – ν̃‖

|�|�(α)�(β)
q̃p[0,μ] +

|a|‖ν̃‖
|��̃|�(α)�(β)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

q̃p[0,μ]

+
|a|�(‖ν – ν̃‖)
|�|�(α)�(β)

h̃p[0,μ]

+
|a|(M(‖ν̃‖) + N(‖ν̃‖))

|��̃|�(α)�(β)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

h̃p[0,μ]

for all t ∈ [0, 1]. By the above inequality and taking the supremum norm, we have

‖ν – ν̃‖ ≤ �(‖ν – ν̃‖)
�(α)�(β)

h̃p[0, 1] +
‖ν – ν̃‖

�(α)�(β)
q̃p[0, 1]

+
�(‖ν – ν̃‖)

�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1]

+
M(‖ν̃‖) + N(‖ν̃‖)

�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

h̃p[0, 1]

+
M(‖ν̃‖) + N(‖ν̃‖)

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1]

+
‖ν – ν̃‖
�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

q̃p[0, 1] +
‖ν̃‖

�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

q̃p[0, 1]

+
‖ν̃‖

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

q̃p[0, 1]

+
|a|‖ν – ν̃‖

|�|�(α)�(β)
q̃p[0,μ] +

|a|‖ν̃‖
|��̃|�(α)�(β)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

q̃p[0,μ]

+
|a|�(‖ν – ν̃‖)
|�|�(α)�(β)

h̃p[0,μ]

+
|a|(M(‖ν̃‖) + N(‖ν̃‖))

|��̃|�(α)�(β)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

h̃p[0,μ].

Hence,

‖ν – ν̃‖
(

1 –

[
�(‖ν – ν̃‖)

‖ν – ν̃‖�(α)�(β)
h̃p[0, 1] +

q̃p[0, 1]
�(α)�(β)

+
�(‖ν – ν̃‖)
‖ν – ν̃‖�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1]

+
q̃p[0, 1]
�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

+
|a|q̃p[0,μ]

|�|�(α)�(β)
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+
|a|�(‖ν – ν̃‖)

‖ν – ν̃‖|�|�(α)�(β)
h̃p[0,μ]

])

≤ M(‖ν̃‖) + N(‖ν̃‖)
�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

h̃p[0, 1]

+
M(‖ν̃‖) + N(‖ν̃‖)

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1]

+
‖ν̃‖

�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

q̃p[0, 1]

+
‖ν̃‖

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

q̃p[0, 1]

+
|a|‖ν̃‖

|��̃|�(α)�(β)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

q̃p[0,μ]

+
|a|(M(‖ν̃‖) + N(‖ν̃‖))

|��̃|�(α)�(β)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

h̃p[0,μ].

If we put

C = Q′
[

h̃p[0, 1]
�(α)�(β)

+
h̃p[0, 1]
�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

+
|a|h̃p[0,μ]

|�|�(α)�(β)

]

+
q̃p[0, 1]

�(α)�(β)
+

q̃p[0, 1]
�(α)

( n0∑

i=1

|λi|
�(β + pi)

)

+
|a|q̃p[0,μ]

|�|�(α)�(β)
,

then it is inferred that

C ≤
(

�

�(α)�(β)
+

�

�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

h̃p[0, 1]

+

(
1

�(α)�(β)
+

1
�(α)

n0∑

i=1

|λi|
|�|�(β + pi)

)

q̃p[0, 1]

+
|a|�h̃p[0,μ] + |a|h̃q[0,μ]

|�|�(α)�(β)
< 1.

Consequently,

‖ν – ν̃‖ ≤ 1
1 – C

(
M(‖ν̃‖) + N(‖ν̃‖)

�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

h̃p[0, 1]

+
M(‖ν̃‖) + N(‖ν̃‖)

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1]

+
‖ν̃‖

�(α)|�|

( n0∑

i=1

|λi – λ̃i|
�(β + pi)

)

q̃p[0, 1]
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+
‖ν̃‖

|�̃�|�(α)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)( n0∑

i=1

|λi|
�(β + pi)

)

q̃p[0, 1]

+
|a|‖ν̃‖

|��̃|�(α)�(β)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

q̃p[0,μ]

+
|a|(M(‖ν̃‖) + N(‖ν̃‖))

|��̃|�(α)�(β)

( n0∑

i=1

|λi – λ̃i|api
i

�(pi + 1)

)

h̃p[0,μ]

)

.

Now, choose δ > 0 such that

1
1 – C

[
M(‖ν̃‖) + N(‖ν̃‖)

�(α)|�| max
1≤i≤n0

{
1

�(β + pi)

}

h̃p[0, 1]

+
M(‖ν̃‖) + N(‖ν̃‖)

|�̃�|�(α)
max

1≤i≤n0

{
api

i
�(pi + 1)

}( n0∑

i=1

|λi|
�(β + pi)

)

h̃p[0, 1]

+
‖ν̃‖

�(α)|�| max
1≤i≤n0

{
1

�(β + pi)

}

q̃p[0, 1]

+
‖ν̃‖

|�̃�|�(α)
max

1≤i≤n0

{
api

i
�(pi + 1)

}( n0∑

i=1

|λi|
�(β + pi)

)

q̃p[0, 1]

+
|a|‖ν̃‖

|��̃|�(α)�(β)
max

1≤i≤n0

{
api

i
�(pi + 1)

}

q̃p[0,μ]

+
|a|(M(‖ν̃‖) + N(‖ν̃‖))

|��̃|�(α)�(β)
max

1≤i≤n0

{
api

i
�(pi + 1)

}

h̃p[0,μ]

]

δ < ε.

Thus,
∑n0

i=1 |λi – λ̃i| < δ, which implies that ‖ν – ν̃‖ < ε. This completes the proof. �

4 Conclusion
Different versions of the Sturm–Liouville have been studied by researchers during the last
decades. In this work, we review a strong singular version of this important and well-
known equation. The existence of a solution for a fractional order version of the Sturm–
Liouville differential equation with generalized boundary conditions is investigated. Us-
ing inequalities and controlling functions lets us control singular points, especially strong
singularity in fractional differential equations to be considered, so by the controlling func-
tions and the fixed point theory, we control the strong singular points and prove the ex-
istence of a solution. The methods are novel, and a lot of differential equations could be
examined in this way. In the following, by introducing the concept of continuous depen-
dence for the generalized equation of Sturm–Liouville, we indicate that the solutions of
the fractional strong singular version of Sturm–Liouville equation are dependent on the
existent coefficients in the initial conditions, and any change can impact the solution of the
equation. The existence of the strong singular points in this version of the Sturm–Liouville
differential equation as well as the applied techniques are the most prominent novelty in
this article. Likewise, these techniques can be used for investigating the singular version
of other differential equations. An example is presented to demonstrate our main result.
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