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1 Preliminaries

Although there are many different works in the field of fractional calculus via many ap-
plications (see, for example, [1-12]), some researchers like to focus on some famous dif-
ferential equations. One of the well-known differential equations is the Sturm-Liouville,
and so far many researchers have studied the equation. Up to now, distinct fractional dif-
ferential equations and especially different versions of the Strum-Liouville equation have
been reviewed (see, for example, [13—28]). On the other hand, some phenomena could be
described by singular differential equations. For this reason, some researchers have tried
to study different singular equations.

In 2015, the fractional problem “D%x(t) = f(t,x(t), D?x(t)) with boundary value condi-
tions x(0) +x'(0) = y(x), fol x(t)dt = mand x”(0) = x® = ... = x"~1(0) = 0 was investigated,
where 0 < t < 1, m is a real number, #n > 2, o € (n — 1,n), 0 < B <1, D% and D? are the
Caputo fractional derivatives, y € C([0,1],R) and f : (0,1] x R x R — R is continuous
with f(¢,x,y) may be singular at £ = 0 [29]. In 2019, the fractional Sturm—Liouville differ-
ential equation D*(o(t)D?y/(t)) + 6(£)y(t) = h(t)k (y(¢)) with boundary conditions y'(0) = 0
and Y /L, &y(ar) =y Y_iq njy(b;j) was considered, where o € (0,1], p(¢) € C*(J,R), and 6(¢)
and /(t) are absolute continuous functions on 7 = [0,7], T < oo with p(£) # 0 for all
t € J;k((t)) : R — Ris defined and differentiable on the interval 7,0 <a; <---<a,, <c,
d<bi<by<---<b, <T and§, njand v € R [14]. The hybrid version of this problem has
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been studied recently in [13]. From the background of the research, it became clear to us
that there are different methods for solving weakly singular equations, but generally these
methods are not able to solve the strongly singular case (see [30, 31]). Thus, it is very im-
portant to study the strong singular fractional differential equations with new techniques
[32]. Therefore, considering the existing gap, we intend to introduce a new method for
solving strongly singular equations in this research, which has not been presented so far.
Regarding the main idea of the works, we examine the existence of solutions for the strong
singular pointwisely defined fractional Sturm-Liouville differential equation

D (p()DPv(®)) + q()v(e) = h(O)f (v(0)) 1

with boundary conditions v?(0) = D¥*)v(0) =0 for 0 <j<nm-1,0<i<k-1, and
av(p) = Y 1% AIPiv(a;), where o > 1, € (n—1,n], B € (k- 1,k], ,a; € [0,1], a, 1; € R,
pi>0,q,h:[0,1] — R are singular at some points [0,1], p: [0,1] — [0,00) is n — 1 times
differentiable and can be zero at some points in [0, 1], D? is the Caputo derivative of frac-
tional order B8, and Z?i is the Riemann—Liouville integral of fractional order p;.

By carefully checking the used techniques in related works, we find that equation (1) is
singular at #y € [0, 1] whenever p(ty) = 0 or g or & is singular at the point to. Problem (1)
is strong singular at the point £, whenever at least one of the functlons  or q(t) or h(t)
is singular at the point £y, but is not integrable on the interval [0, 1]. In thlS article, we use
| - II1 for the norm of L![0,1] and || - || for the sup norm of X = C[0,1].

The Riemann-Liouville integral of fractional order v with the lower limit s > 0 for a
function g : (s,00) — R is defined by Z%g(t) = f (t = ¢)U"1g(¢)dt provided that the
right-hand side is pointwisely defined on (s, ). We denote ZVg(t) for 1y, g(t) [33]. Also,
the Caputo fractional derivative of order o > 0 of the function g is defined by “Dig(¢t) =

fo W dg, where m = [q] + 1 [33]. We need the following two statements to

T (m— q
prove our main results.

Lemma 1.1 ([34]) Let m—1 <o <mand v € C(0,1). Then Z°D° v(t) = v(¢) + Zzal e;t!
for some real constants ey, ..., ey_1.

Lemma 1.2 ([35]) LetC bea closed and convex subset of a Banach space X, Q2 be a relatively
open subset of C with 0 € Q, and F : Q — C be a continuous and compact mapping. Then
either

i) the mapping F has a fixed point in Q, or

ii) there existy € 02 and h € (0,1) with y = A Fy.

2 Main results

We first provide our key lemma.

Lemma 2. 1 Leta B>1l,aen-1,n), Belk-1,k), u,a;€[0,1], a,1; € R, p; > 0, where
a#y 1"(,3+p , 4,1 :[0,1] — R may be singular at some points in [0,1], p : [0,1] — [0, 00)
is n—1 times differentiable and can be zero at some points in [0,1], and f € L*. Then a map
v is a solution for the equation

D (p(D v (D)) + q)v (D) = h(E)f (v(2)),
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with boundary conditions v?(0) = D¥*)v(0) =0 for 0<j<n-1and 0<i<k-1and
av(p) = Y12, MiZPiv(a;) if and only if

L Bal (@) — Aa(¢v(0))
“(t)‘r(ﬂ)/ =0 PG %

no

. (Ba(é',l)({))—Aa(f,U(C)))
ﬂ"'Pz 1
ZAF(ﬁﬂm A ) %

_a ot Bals ) - Al )
AF(,B)/O (e 0

é-:

i
where A=a - rkﬁﬂ, A (Cv(©0) = g Jot=0*q(@)v(¢) d¢ and

Ba(60(0)) = ﬁ /0 (6= O ) (v(E)) de

Proof By using the same strategy in [32], one can find Lemma 1.1 is valid on [0, 1]. Let
v(t) be a solution for the fractional boundary value problem (FBVP). Via Lemma 1.1, there
are some real constants ey, ..., e,_; such that

p(t)DPu(t) = -T° (q(t)f(v(t))) + I (q(t)f(v(t))) tegtet+ - +e, 7!

Since D v(0) = 0, we get eg = 0. Also since 4 (Z%(g()f (v(£)))) = I 1 (q(£)f (v(¢))), by deriva-
tion from the last equality, we have

(pODPv(®)) lie0 = =T (gO)f (v(D)))le0 + T (q(E)f (v(8))) <o + €1

Since Z%(q(t)f (v(£)))|s=0 = O, it results that e; = (p/(¢ )D’Sv(t) + p(O)DP*1v(£))|;=0. Thus,
e; = 0. By continuing this way, one can check thate, =--- =¢,_; =0 and so

1
B - _ o o
DI =~ ST ey () + s )z (q)f (v(®))).

If
Aq(tv() =T (q(0)f (v(0)))

and

Bu(t,v(0) =T (e (v0),

then it is evolved that

Aqy(t,v(2)) . By (t,v(2))
p(t) p(t)

DPu(t) = -

Once again for the above equality, by using Lemma 1.1, it is concluded that there are some
real constants d,...,dy_; such that

v(t) = -Z° (M> + 7P <M) vdo+dit+ -+ dpt*
p(t) p(t)

Page 3 of 25



Shabibi et al. Boundary Value Problems (2021) 2021:90 Page 4 of 25

Since v?(0) =0 for 1 <i<k—1,wegetd, = --- =d_; = 0 therefore it is concluded that
Aa(E5v(2)
)= ——r p-1
Y0="1 /( T %
‘ L Balg,v(©)
-T2 2 e v d, 2
i, e e @
Hence,

_ __ﬂ " _ ﬂ,lAa(é-’V(;-))
av(u)—r(ﬂ)/o S e R A

p(2)
L "o ﬂ_lBa(;,v(c))
_a (" 4.1 (Ba (c,v(o) Aa(, (1))
- F(ﬁ)/ (u-9) - dt + doa.

Also, by integration of order p; from (2), for each 1 <i < ny, we have

. 1 ! 1A (CrV(C))
Tpi - _ _ #)Btpi-1
v r(ﬁ+pi) / =0 )
( —§ /3+p 1B (CrV(C))d dotp
T +pz) p() Fpi+1)
which implies that

t _144(2,0(2))
AP Prpi-1 205 50 g
Z - ~9) p() ‘

¢ B.(¢,v(0)) o~ hit!
pro1 22 S VD) 4 g P
> (ﬁm)/( U A My

=1

Thus it results in

ST < Au(Z,0(0))
iZPv(a;) = i ol 2222
2 M) Zr(ﬂ p)/( 9 o

< Ba(¢,v(2)) A
a; B+pi-1 de +d, i
erm / @@= GRS ey

/ )/3+p, 1(B (C)V(C)) A (§ v( )))
/3+p,) p(0)

dg

no

)\i(l[‘?i
d i
’ 021: C(p: +1)
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Since av(u) = Y12 A ZPiv(a;), we obtain

K’ a\S > _Aoz ’
%ﬁ)/ (1 —0)f! (Bo(£5v(2)) (£,v(2)) dc + doa

p(Z)

_ 0 )‘i 4 __ e\Btpi-1 (Ba(f,V(f))—Aa(f,V(C))) d
2 TE [, o 6 ‘

] M BulE ) - A ED)
;F(ﬂﬂm)/o @=0) 0 ‘
i Bole 1) = AuE D)
ﬂ) p(¢) ’
and so
o (Bult,v(0) ~Aul5, 1)
/S+p1
do = ZAr(ﬁw,)/ 20) %
. o (Balgv(©) — Aul, ()
AF(ﬁ)/o (k=2 @) %,

ny i

where A = (a - )% 755

). This indicates that

v(t) /( _ ot Bals V@)~ AuE )

0 p()

1 Ba(Z,v(2)) — AulE,v(2))
- B+pi-1
ZAF(ﬂ +Di) / @=1) p(&) %

L 31 (B, 0(0)) — Ay (6, 0(0))
AF(ﬂ)/o( -4) 20)

dc.

One can obtain the other part by using some calculations. This completes the proof. [

Note that the generalized boundary conditions of the Sturm-Liouville problem lead us
to attaining a different integral equation to consider. Also, as we have a strong singularity

in the problem, we need to investigate the equation by a novel method.
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Designate the space X = C[0, 1] with the supremum norm. Define the map H : X — X
by

! / o oyt BelE )~ AuG v ©)
0

B0 =15 p(¢)

no

(Ba(Z,v(2)) - Aq (C»V@)))
ﬁ+PL 1
ZAF(ﬂ +pi) / - p(&) %

_ a _ ﬂ—l( a(;:v(g))_Aa(g»V(é‘)))
Arw)ﬂ (e=0) @) “

for all £ € [0,1]. Note that, if vy € X is a solution for SBVP (1), then vy is a fixed point of
the map H. Vice versa, vy € X is a solution for the problem when vy is a fixed point of the

mapping. In the next result, we suppose that the maps g,%: [0, 1] — R may be singular at
some points in [0, 1] and the function p : [0,1] — [0, 00) in equation (1) is # — 1 times dif-
ferentiable but can be zero at some points in [0, 1]. In the next theorem, using inequalities
for controlling singular points by some functions that are called control functions, and
by the fixed point method, we will investigate the existence of a solution for the singular
fractional differential problem (SFDP).

Theorem 2.2 Assume that o, > 1, a € [n - 1,n), B € [k — 1,k), ng is a natural
number, [L,a1,...,a, € [0,1], @, A1,..., g € R, p; > 0 with a # Y _\° i and f :

i=1 F ﬁ+p
R — R is a function such that |f(x) f(y | < A(lx — y]) and |f(2)| < M(z) + N(2) for
all x,y,z € R, where A,M,N : R* — R* are increasing functions with lim,_, o+ % =

Q € [0,00), lim,,_ o0 @ =m € [0,00), and lim,_, , N(w) < 00. Suppose that h;,[O,l] =

[ (1= &) P2 n(£)|p(1,6) dE < 00 and hy[0,1] = [; (1 - £)**F=2|h(&)|p(1, §) dE < 00, where
ﬁ(trg) = f;[%]f

m m = |)\i| -
[0,
(F(a)F(ﬁ) ) 2 18I (8 +Pz'>> o

L 1 Il _
* (F(a)F(ﬁ) ¥ () ; |AIC(B +pi)>qp[0,1]

|almh,[0, u] + lalhg[0, 1]
|AIT (@)T(B)

)

then the singular boundary value problem (SBVP) D*(p(t)DPv(t)) + q(t)v(t) = h(t)f (v(2))

with v)(0) = DP*v(0) =0 for0<j<n-land0<i<k-1andav(n) =" \IFiv(a;)
hid)!
i=1 T( ﬁ"'Pz)

has a solution, in which A =a -y

Proof First, we show that H is continuous. Let v,v* € X and ¢ € [0, 1]. Then we have

|Hv(t) - Hy» (t)|

o BelE,V0) = Bull, v () + Aule, 0" (©) ~Au e v
< 5 /(t ) = ¢

+”Z° il
~— |AIT(B +pi)
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% /ai(ai _g)pid 1By (2,0(2)) = Bo (£, v*(0)) + Aa (£, 1(2)) = Aa(E, v(2))] i
0

p(&)
. lal
|AIT(B)
X/“(M_C)ﬂ,l |Bu(é—7v(§))_Ba(C’V*(g))+Aa(§rV*(é—))_Aa(é—:V({))|dé_
0 p(&)

(- cﬁ ' .
o— * d
= F(a)F(,B)/ U € =& n®||f(v&) —f (v (©))| d&

. /O (¢—s)“-l\q(s>||v<s>—v*(s>yds]d¢
1 & |l
T Z |AIT(B + i)
a; . _ #~\B+pi-1 ¢
« /O %[ /0 (¢ =) (e [F(€)) —f (v(&)) | e

¢
+ / (c—é)"ﬂq(é)llv(&)—v*(é)lds]dc
0

Al e, *
e ], e L €l o) 0] d

¢
" / (;—s)a-l}q<s)||v<s>—v*@)yds]ds
0

L R ANy S G (e e
_ \ .
r(a)F(ﬁ)/O/O 0 [REIf (v(&) - f (v*(©))| a8

1 CrEE-0 e -o !
—v*(&)|dEd

1ol
" e 2 A 1)

a; s (ﬂi _ ;-)/3+pi—l(§ _ S)a—l
h — * d
* /0 /0 20 @)\ |f (v(&) ~f (v (€)) | dE

1 Il
* () Z |AIT(B + pi)

_ ﬂ+z
// 4O o) v )| de de

p(¢)
S Y b N Ul vl (et Pl .
AT @I(B) / / ) |(5)|lf(v(€))—f(v ()| d&
S Y R N Ut vl (et Pl .
AT @T(B) / / ) I(S)IIV(E)—v(S)Idsd;

t {)ﬁ 1 { é_—)a 1 .
F(a)F(ﬁ)// |h(E)|A(Jv(E) - v¥(§)]) dE

(¢~ f‘“f £)*-
—v*|déd
F(ﬁ)// 20) @) |y - v dsde

1o ul
" e 2= A7)
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@ 08 (g - C)Prirl(g —g)t )
X/o /0 20 ()| A(|v(E) - v*(©)]) dg

1o

1 2  (@- )l - )
déd
T )Zwrﬂm)/ / PO 4| -] as e

|al ¢ (- é‘)ﬂ—l(g _é:)a—l
el ) s
v [ [ o a (v v e as
lal C (=5l -5t
o A A e L

A(llv—v D) C(e- :)ﬂ 1(; £ !
N o) de

|v—v I (t- 4‘“(@ £)*
déd
F(ﬁ)// 20) e de

A(llv —v* ||) = il ¢ (a; - )M 1(4 g)et
d
M) |A|Fﬂ+p, / / [nte)| e

=) Al - )¢ - g
)| dé d
" T meﬂm / f 2©) la(€)] ds de

|ﬂ|A(||V v¥) (- ;)ﬁ 1(@- E)al
" AIN@(B) // ()| dg

|ﬂ|”‘)—\) Il C(M—C)ﬁ 1(4_%-)01—1
" IAT (@I (B) / / 20) |q(&)| dé dt.

Let € > 0 be glven Smce lim,_ o+ &

= Q € [0,00), there exists §(¢) > 0 such that z €
| <Q+e. Hence z € (0,4(e)] implies A(z) < (Q + €)z. Put §,,(¢) =
min{e¢, §(¢)}. Then ||v —v¥|| < §,n(e) implies A(J|v —v*|]) < (Q +¢€)]lv — v¥||. Also,

[ [ ez
L[
/31 a-1
[l (5”([ )
1 -1
fiao ([ )
Sincea, 8 >1and ¢ € [&,t], weget (t—¢)f 1 <(t-€)ftand (¢ -&)* 1 <(t-&)*, s0
//C (t- f)ﬂ 1(§ £)" |q(g)|dgd§

d
Jetrtan([] )

< / (- €2 g(E) (6, ) i,
0

(0,8()] implies |*2

Page 8 of 25
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where p(¢,&) = f; 1%. Obviously, p(t, &) is increasing with respect to ¢ and is decreasing
with respect to &. Therefore, we get

A Y (et e
h(€)|dt d
/0/0 p) e e s

< / (6 — €2 () |p(t, &) d,
0

R R NS i (et
h(€)| de d
fo /0 p() )| a 2

< / (a1 = £ ) [, £) d,
0

and

wopt _ B — )l "
[ [ e g ar = [ - o o1
o Jo p() 0

Thus it evolved that

IHL(6) — Hye(0) < Ar('('“)i‘r(“ﬁl') f (L= &) 02 () |p(c, &) de

L =yl

a+f-2
T 5)/( -6 q()|p(t,§) dt

(= 7) il (s — £ P2 () p(t, £)
r(@) ;IAIF(ﬂ+pi)/O (@ -8 (&) |p(t,€) dé

llv—v= = [Aql i +pi+ -2 ~
i = &) P &) P, §) d
['e) iZIA|r<ﬂ+pi)/o (@ =) hE) o ) ds

lal Ay = v*]) g
h d
e / (i — £ P2 () |0, &)
 Jallv v - .
O ﬂ)/ (i — £ (E) (6, £) d.
Let € > 0 be given and ||v — v*| < §,,(€). Then we have
o (@] g
H.0) - Ho (0] < S / (6 - €2 () Bl &) i

”v v ” a+p-2

T ,3)/ (£ - §)*P2|q(8)|p(t, &) d&

(Q+ée)v—-v* 0 12l
CT@ Z |AIT(B + 1)

< / (a1 = )P (e (e, £)
0

v =7l : 2] “ . gYerpitB2| V d
T glAlr(ﬂwi)/o (ai - §) |1(€)|p(2,) d&
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s |al(Q+e)llv — vl
|AIL (e)T(B)

dallv=vill (" eyt 2 i) o £)d
NIRC, )rw)/ (= &) P2 (&) |p(t,§) de

(Q+e)e
<o f(l ¢

e ——— _ a+p-2 ~
" ()T ( ,3)/ 1-¢) |q(&)|p(1,8) d&

Q+€ il ' +8-2 .
_ &) h 1, d
I'(a) Z|A|F(,3+pi) | (=8 ) |p(L,£) de

m
/0 (i = )P (E) 6, £)

€ |l ! arf=2 .
_ I L,E)d
" F(a);lAIF(ﬁ +pi)/0 (1-¢§) |n(€)|p(1,€) d&

@Q+ I [* 1 sl
— - h ,€)d
Pt [ et elha, o de

lale 1 s R
AT (@) (8) -6 ,E) dE.
* |A|F(a)r‘(l3)/0 (1-&)**P2|h(E)|p(1,€) de

Hence, we conclude that

(Q+e€)e ~ .
|Hv(t) _Hv*(t)| = Whp[or 1] + qp[oy 1]

¢
T(@)l'(B)

1,[0,1](Q + €)e il G,[0,1]e & il
T T Z|A|r<ﬂ+p»+ Fw) 2

|all,[0,1](Q + €)e , 1901
IAIT@T(B)  |AIT(@)T(B)

for all ¢ € [0, 1], where

Ji[0,1] = /O (1 - )52 (&) |p(L, &) d
and

G,10,4] = /0 (1 - )2 q(8) (1, £) .

By using the supremum norm on [0, 1], it is deduced that

~ (Q + €)1, [0,1] + [0, 1]
IH, - Hye || < ( TG

Hp[o,l](Q+e)+ép[o,1]”Z° |l
T () —~ |AIT(B + p)

. |alh,[0,11(Q + €) + |alg,[0, 1] .
|AIT(@)T(B) '

— |AIC(B + pi)

Page 10 of 25
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This implies that ||H, — H,+| tends to zero as ||v — v*|| = 0. Thus, H is continuous. Since
If ()] < M(w) + N(w) for all w € [0, 00) and lim,,_, o ML(:”) = m € [0, 00) for each € > 0, there
exists R(€) > 0 such that w € [R(¢), 00) implies

M) < (m + €)w. 3)

Likewise, by the assumptions lim,,_, oo N(w) < 00, it results that lim,,_, » Nw =0, so there
exists R'(€) > 0 such that X2 < ¢ for all w € [R'(€), 50). Therefore, w € [R'(€), 00) implies

N(w) < ew. (4)

On the other side, we have

m mos il -
h,[0,1
(r(a>r(/3) * T 2 [T (B +pi>> [01]

i=1

! Lol
' (F(a)F(ﬂ) " T Zl |AIT(8 +p,.))‘1p[°’1]

|a|mhy, [0, 1] + |alhy [0, u]
|AIT (@)T(B)

Choose €y > 0 such that
m+2e M+ 2€0 < [Aql ~
+ h,[0,1]
(F(a)F(ﬁ) @) Z AT +p) )"

! 1 I _
" (F(ot)f'(ﬁ) ’ (a) ; |AIT(B _,_pi))qp[O,l]

|a|(m + 2€0)h,10, 1] + lal iy [0, 1]
|AIT (@)T(B)

Put Ry := max{R(€y), R (¢p)}. By using (3) and (4), for w = Ry, we get M(Ry) < (m + €0)Ry
and N(Ry) < €yRy. Define Q = {u € X : ||ul| < Ro}. Let uy € 92 and A € (0,1) be such that

uo = AHy,. Then [Jug|| = Ro. Then we have

|uo(t)| = | AHuy (£)|

ol [ 1Bl u0(©)) ~ Aa(E, uo(2))]
_k[ ﬂ)/(t o ()

dg

”0

dag

|)" | B+pi-1 |Ba(§)uo(§)) —Aa(iyuo(C)”
|A|F(ﬂ+pl / @-2) (0)

|61| " _ ~\B-1 |Ba(c7u0(é—))_Aa(é—xu()(g))ld
arg J *Y ) ;}

1 t(t_ a—1 ]’l d
_)\|:F(oz)l"(ﬁ)‘/0 p(¢) (/ (¢-%) | (S)Hf(uo(g)” &

Page 11 of 25
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no

¢ i 1 |2:]
_ g\a-1 d d
+/0 (& =) q(®)] |uo®)| 5) ;+F(a);|ﬁ|r(ﬂ+pi)

a; L B+pi-1 ¢
< | %(/0 (6 =& [nE)If (uo())] &

¢
. / <c—s>“-1|q(s>||uo(g)|ds) d¢
0

|6l| (M { a—1
YIAT@E® o p©) </ (& =& O |If (uo()) | ds

¢
. / <c—s>a-1|q(s>||uo(s>|ds) dc}
0

-0 -9
) h dé d
[F(a)l“(ﬂ)/ / (&) [HE)|If (u0(®)) | d dg

(t- )Pl )
ded
F(a)F(ﬂ)// 2(0) |a(§)||uo(&)| d& dt

no

1 Il
" T(@) Z |AIT(B + )
¢ B+pi-1 a-1
[ [ T ] (o) s e
Il £)FPl(r — )
+F(a>Z|A|r(ﬁ+pl)// Q) a0 dé s
II f( ;)’“(; £) !

|a| ¢ (/L {)ﬂ 1 { é_—)a 1
dt d
|AIF(a)F(ﬂ)/ / ) |4(©)]|uo()| d& 5]

-0 ' -8
[ T(@)T(B) / / p(¢) |h(5>|(M(uo(E>)+N(uo(s)))dsd;

(t-0) (g - &)
déd
F(a)F(ﬂ)// 2(0) \ (&) || uo(&)| d dt

no

1 A
* e 2= AT 1)

4 (8 (g;— )PP —g) ]
X/o / P(s) 1) | (M (u0(§)) + N (u0(§))) dé d¢

Lyl 9 (et
ded
T £ |A|r(ﬁ+p,)/ / 70) |q($)||uo($)| gdt

. W—l
AT (@)T(8)

o R (S Y
B /o /(; p(0) |h(E)|(M(u0(8)) + N (uo(&))) d& dg
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al (- - )
mrardh b ‘q(5)||”°(€)|dsd§}

M(luol) + N(luol) [* [* (€= 5)P ¢ — )
h(€)|dEd
9[ sor L [ e dea:
la4o | Ce-9)F 1(4 £
T @) / / )]t ¢

M(lluoll) + N(lluoll) |Ai]
NG Z |AIL(B + pi)

¢ ﬂ+}h 1 a-1

no ¢ B+pi~1(¢ _ g)a-1
+||Mo|| | )//(“’ 77§ —4) |9(8)| dt d¢

F(a) ~ |A|T(B + pi p()
alM (o) + Nl ) (- £)P1(¢ — &)

h déd
F T AT @T(B) / / Q) e a

jal o] (1= 015 - )"
e / @) |(E)|d5d§}
3 |:M(R0)+N(Ro)

‘ _ s\at+p-2 A
T'(a)C(B) /O(t E) P2 |n(&)|p(t, §) dE

RO ‘ _ syatp-2 A
" T@r ) /O(t £) 72| q(8)|p(t, &) d&

M(Ro) + N(Ro) <~ A4l o eyasBmi
) ;IAIF(ﬂwi)/o (@=5)

h(§)|plai, §) d§

Ry <~ A Bap2l ol
i — oa+p+p; " d
+ I'a) Z |AIT(B +Pi)/ (a;-§) Q(§)|p(ﬂ &) d¢

|al(M(Ro) +N(R0)
TN f(

€)d§

ﬂ _ syatp-2 A d
+|A|F(a)[‘(ﬂ)/(; (n—-§) |61($)|P(Mx$) §:|

for all ¢ € [0, 1]. Hence,

/0 (1= £ (&) |p(1, &) d

(m + €9)Ro + €0Ro
o] <] PR

Ro ' ) R
T@T(8) -6 &)d
" r(a)r(ﬁ)/o (1-§)""72|q(®)|p(1, ) dt

(m + €0)Ro + €0Ry = [ Al /1 atBipi=2
E 1- bi
’ ['(a) ) |AIT(B +pi) Jo =8

h(&)|p(1,€) dg

Ry | oy R .
+F(oz) = |AIT(B +pl)/( |9(€)|p(1,€) d&
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|a|((m + €0)Ro + €0Ro)
[A|T ()I(B)

m
/0 (1= P2 (&) (L &) d

|a|Ro

"
_— _ sya+p-2 ~
Y TAT@reg) J, “8) |q($)}p(1,$)d§}

for all £ € [0, 1]. Thus we infer that

luo(8)] < A[Wﬁp[o, 1]+ %{lw)q}[o, 1]
e Gor)i;; = Z Nl
" FIEZ) IXO;‘ |A|F|(A/;|+pl-)ﬁq[o'l]
lﬂl“"“A T;E)O)[f%?’“)ﬁp[o,u] ¥ % 1,10, ]}

and so by using the supremum on [0, 1], we have

no

m+2eg m+2e€ [Aq] ~
ol = A[(r(a)r(ﬂ) T AT +pi>)h’j[°’”

i=1

no

1 1 Al .

i=1

|a| (m + 2€0)h,[0, 1] + |al iy [0, (1]
|AIT ()T (B)

:|R0 < Ro.

This implies that uo ¢ 3. By the same way, via Lemma 1.2, H has a fixed point in € which
is a solution for FBVP (1). O

Example 2.3 Consider the strong singular Sturm—Liouville equation

(2u(0) + ‘éib(‘g) - liot(u(t) +1) (5)

with boundary conditions #'(0) = 0 and u(%) =u(l)=0.Puta=8=1,ny=2,p1 =p2 =0,
a=0,pel01], a1 =1 ay=1, 4 =dp =1, p(t) = 2, h(t) = %, q(t) = 255, where c(t) = 0
whent€ QN[0,1],and ¢(¢) =1 for t € Q° N [0, 1]. If f (1) = u + 1, then we have

1 1
p(1,8) = ) d—gzl—l, q;,[o,u:l/ *@(l_l)dg:i

¢ & 5Jo c6)\& 15
and /1,(0,1] = % fol ﬁ(é —1)dé = 5. Note that A =a — )/, l"?/gﬂz;) -+ =-3,
) =f0)] = e = vI = A (e = V),
lim M —lim Z-1e [0,00) and [f(u)| <|u| +1:=M(u) + N(u),

w—0t W w—0t @
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Graph of g(t)

Figure 1 The graph of g(t)

Contour Line of ¢(t)

where M() = |u|, N(w) = 1, m = lim,,_, o, 1<)

=1, and lim,,_, .« N(w) < 0. Note that

m m 0 |)\i| ~
h ’
<F(a)1"(ﬂ) T ZI: |AIT (B +p,-)) o

1 1 ¢~ ul

' (F(a)F(ﬂ) T 21: AIT(B

MW@MM+M@MM:(
AN ()T (B)

4 4 4 4
to )X —=+(1+- | x =<1
3 30 3 15

Now, by using Theorem 2.2, the Sturm-Liouville problem (5) has a solution. Also for a

better graphical understanding of the problem, the graph of ¢(¢) is shown in Fig. 1.

3 Continuous dependence

In this part, according to the topics raised in [14], we verify continuous dependence of the

solution for the fractional Sturm-Liouville differential equation (1).

Definition 3.1 We say that the solution of the fractional Sturm-Liouville differential

equation

D (p()DPv(2)) + q(t)v(t)

is continuously dependent on A; whenever, for each € > 0, there exists §(¢) > 0 such that, for
any two solutions v and v of (6), that v satisfies conditions (1) and v satisfies the following

initial conditions:

= h(t)f (v(2))

@(0) = D¥5(0)=0 (for0<j<m-land0<i<k-1),

/1') = Zno )‘ Ipl‘) 1)7

S0 A — Ai| < & implies ||v — || < €.

(6)

Page 15 of 25
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In the next result, we again suppose that the maps g, /% : [0,1] — R may be singular at

some points in [0, 1] and the function p: [0,1] —

it can be zero at some points in [0, 1].

[0,00) is  — 1 times differentiable, but

Theorem 3.2 Assume that a,8 > 1, € [n—1,n), B € [k— 1 k) no is a natural number,

Wty ny €[0,1], a,115 .., hng €ER, p; > O witha #y 10

llrﬁw

7./ : R — Riis a function

such that |f(x)—f ()| < A(lx—y|) and |f(z)| < M(2z) + N(2) forall x,y,z € R, where A, M,N :

R* — R* are nondecreasing functions with sup,c @

m € [0,00), and lim,,_, .o N(w) < 00. Suppose that

h},[o,l]:/o (1-&)*P2|n(E)|p(1,£) dE < 00

and
/fq[o,u:f(l €2 (e |p(1,£) ds < o,
0

where p(t,&) = fs[ z%' I

E < il

@ i l’; ,
<F(a)F(ﬂ) T Zl AT (B +Pi>) o

1 1 & Al 3
0,1
' (F(a)F(ﬂ) * o) 2 [ATT (B +pi)>"”[ ]

|a|Eh~p[0, ul + |a|l’;q[0r ul
|AIT ()T (B)

[1]

’

then the solutions of the equation D*(p(t)D

conditions vO(0) =

>0 AiZPiv(a;) are continuously dependent on the coefficients A;, where A = a—

and & = max{Q’, m}.

Proof Since lim,,_o+ 22 := Q < Q, we get

m m - |)\'l| ~
h )
(F(a)F(ﬁ) "T() Z; |AIT (B +Pi)> o

! 1S ul .
' (F(Of)l“(ﬂ) "T() ; |AIT(8 +pi)>qp[0, 1]

|a|mhy,[0, 1] + |alhy [0, 1]
|AIT(@)T(B)

Pu(e) + q)v(t) =
DFDv0) =0 (for 0<j<n—-1and 0<i<k-1) and av(u) =

M(w)

= Q/ € [0, OO), lim,,, o Y -

h(t)f (v(t)) with the initial

!
i=1 T( ﬁ+l7:)
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= 2 A -
h,[0,

1 1 & il .
0,
' (r(a)r(m " Ta) 4 Z AT (B +pl)>q o1

|a| E71, [0, 1] + lal iy [0, 1]
AT (a)T(B)

Using Theorem 2.2, it is obtained that the equation has a solution. Let v(¢) and v(¢) be two

solutions for the problem with initial conditions (7). Then we have

(Ba(2,0(8)) = Au(Z,0(2)))
/3 1 d
ﬂ)f (6= ¢

p()

(Bal, 5(0) = A2, 5(0))
B+pi
+ZAF(ﬁ+pz)/ (@ =gy %

p(¢)
B a _ B-1 (Boz (C: V(é‘)) _Aa(s, ﬁ({)))
s |, 0 ©) @
no i

where A=a - #0. Thus, it results in

=1 T

|v(8) - 5(¢)]| =

L[t B v(e) - Bl 5(0))
- _ d
00 /0 =¢) o ¢

¢)
o 1A, 0(8)) — Ag (£, v(2)) dc
p)
/3+ 1B (C,V(C))
’ Z AT(B +pl)/ " p(Z)
~ “@ e Bal80(0) 4
ZAF,B+pl,/ @-5) PR
. (ypwr AP
Z AT(B +pl)/ p() ¢
= W,,_lAa(z,v(C)) J
ZAl“(ﬂ +pi) / (@ p() ¢
1 A4 (8, v(2))
S L
p() ¢
_ a ® _ ﬂ_lAa(é',f}(é'))d
Ar(ﬂ)/o R
a " _ ﬁ_lBa(g)]j(é-))d
+Ar(ﬂ)fo (k-1) p(¢) ¢

_ a ® _ 5,1Ba(§!v(é—))d
sl U
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for all ¢ € [0, 1]. Hence, it implies that

L BaE ()~ Balt, 50))
v(®) v(t)|sr(ﬂ)/(r 0) S dc
ot a6 ) - A6 O
*TB) / -9 Q) ¢

no

st BalE,0(0)
ZAr(ﬂm)/(’ &) PO

M,_lBa(C,D(C))
ZAF(,B +pl)/ @ p() %

no

,3+p 1A (5’”(4))61
ZAr(ﬁ +pl)/ p(¢) ¢

—14a(5,v(2))
_ /3+171 1
ZAF(ﬁ +pi) / (@ p©) d{‘

al L[ A
T A/o =" %

1 51 A, 5(0) ‘
/ e 4

Qal (1% Be i)
IR / W=-0"=00 %

__/ ﬂ 1B ({,U(é‘)) C‘ (8)

On the other hand,

/(t oyp1 Bel& V() = Bul&, 2D

)

(Gt i (et D )
h - ded
: r(a)/ofo 20) 1©|f (v(©)) —f (3(6))| d& dg

L A N G S (e .
: F(a)/o / p(©) |1(©)|A(|v(s) - 0(8)]) ds dt

A(lv=51) (- ;)f‘ l(c £yl
< ff Ih(&)| de de

AU =TI [ sl
<2 /O(r 02 e |ple,£) d,

and so

Adlv =71~

Lo 5_1|Ba(Crv(C))_Ba(C¢‘~"(§))|d A
[ Q) £ re O
Similarly, it is obtained that
¢ _ ﬁ,l|Aa(§:§(§))_Ba(é’xv(§))|d ”v_f}||~ 0
[ Q@) =T w0
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Also, we have

no

_ZAFﬂ+pl)/

no

Z AT(B +pl)/

a;
_ZAF,B+pl ./ -

no

no

by @
Yarg ) @
C- |l
Z [AIT(B +pz)/

no

IA

A i pim
2 AF(ﬁ+pi)/o (=g

by @

Ak —AA +AA —
%

(2021) 2021:90

1B+ (8,v(2))

d
p(Z) ¢

)ﬂ+p 1B (¢, V(;))
p(¢)

o)perict 1Ba(£,v(2)) 4
p(¢)

1 BE D)

2 20)

1 BAE D)

£) p)

_ gyt Bel&90) g‘

i1 |IAAIT(B +pi)
Allv =l 7
= e

Al M= Al
(@) AA| 21: LB +p)

no

|A - Al

|2l

[(a)|AA] 21: (B +pi)

Note that |A — A| =< Zi:l T(pi+1)

no

Z AF(ﬁ +pi) /

o hi—hild
0 ZLZi and so

B )

p()
£)pi- 1 1Ba(Z,v(2)) — B (£, 0(2))] dc
p()
AL e 1 Ba(8,v(0)
/ w0

(M(>191) + N(191))Ay10,1]

M(I51) +N(I1511)) A, [0, 1].

p(¢) %

£yt 1B, v(;))
p(¢)

+Pi));lp[0’ 1

Alv =7 (== Inil
T () (;rw

M +N(ID) [ &
T @Al (Z

i =il \ =
T .))hp[o,u

(B +pi

[A; — Ai|a

MBI + NP &
T RAIN@) (Z

i il = |)"L| 7
i+ 1) ) (21 N +p,->>h"[°’ t
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By using a similar method, we can show that

i AT( ﬂ +pi) / =g (zi(,;)({)) “
i Ar(ﬁ +p,) / eyt (If(,;)(g)) ¢
= ”11)"(_011;” (21: r(,le/\ﬂ pi)>ép[0’” ’ r(lg:lm (il F%_jj))é"[o’ !
* |A£‘|~]I!(a) (Z Mr(;_at'f:) (Z r(gilpi))z’” 0.1

1 1

and

Lt AEv@) 1 514 (C,v({))d‘
‘A/(;(M P X A/(“ = %

1" prda(@v(@) 1 p1Aa(E,E)
A/( T %3G /( 4 (;)

__/ )ﬂlA(é’UC) /( )ﬁl ())d;“‘
51140 (é“rv(;“)) Ay(2,0(2))]
|A| ) -0 2©)

A-A| [* ~ ﬁ_1|Aa(§,f)(§))|d
AA /(;(M ) p() ¢

Iv— vl - AN A
= mqp[(),u] " [AA|T () (Z T(p: +1) )qP[O,M],

i=1

¢

+

which implies

|_/( ),31 B, (¢,v(¢)) é___‘/( )ﬂ 1B (¢, v({))df}

(©) p(©)
Adlv=71); MDD + NI (o 1 = Fila?
= Tar@ M T A @) (le F(p,+1)> plOriek

Now, by using the above inequalities and (8), it is acquired

A(llv -7+ lv-oll
h 2
I'(e)T(B) 10,11+ r(a)F(qu[O 1

Allv =9I (=~ Ml s
@ (;nmm)h"m’”

MBI +NDI) = 1hi = Al
" T@al (erwn) 01

i=1

L MUBD + NI (= =il ({5 1l 2
AAIT(@) (Z Tt D) )(21: X +pi))hp[0,1]

=1

[o(8) - (8| <

Page 20 of 25
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w=o (< |l ~ 15 0 i\
+ (o) (Z '8 +pl.))‘1p[0,1] + T@)[A] (Z F +pi))qp[0,1]

=1 i=1

[ R ARSI -

i=1 i=1

lalllv -] lal||7] o~ (L= dilal
tar@r POH IAA[T(@T(B) (Z1 T(p;i+1) )q”[o’“]

lalA(lv - B])) -

— 1[0,

ar@re) o

lalMAUITI) + NUTI) = [hi = Aila? -
+ [AAIT(2)T(B) (; T+ 1) )hp[o,u]

for all ¢ € [0, 1]. By the above inequality and taking the supremum norm, we have

Ay =) >
r@re O rorE

AQv=7) [ |al -
+ F(O[) <Z F(ﬁ +pl)>hp[0,1]

lv-vll .

lv-vll < 3,10,1]

=
i PO P
L= T I

. ||; (_03” <Zl . gxﬂpi))f;p[o, 1]+ F('(';‘; :|A| <Zl F%-ﬁ));,p[o, 1]
* Eare (21: Mri(,_oii'fi) (Zl T pi))fzp[o, 1

lalllv -9l jal 7] 1 hg - iila -
"ar@re M AR r@re) (zl: C(pi +1) )qP[O”“‘]

la|A(llv =) -
YA oH

lalM(ID]) + NITID) (<= [xi = Kilad =
+ |IAAIT (@)T(B) (Z Tt 1) )hp[O,,u].

J

i=1

Hence,

v - f;||<1 _ [Mﬁp[o, 14 D01

v = BT ()T (B) ['(«)C(B)
A(lv =9I (= Ml s
1,10,
- @ (Z r(ﬂ+pi)> pl0:1]

310, 1] (S |l |41, (0, 1]
) (Z F(ﬁ+pi))+|A|F(a)F(ﬁ)

i=1
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alA(v=3l) -

00,
F—alar@re ‘”D
MBI + NP o~ 2= Al 5

=T T (ZF(ﬂ ))h[]

MBI + NUDH (o= hi =Rl (o= 1l 5
|AA|F(05) (Z C(p;+1) )(; r +pi))hp[0’ 1]

=1
1B (= [hi— Al ).
F@IA (Z r(p +p»>"”°’”

191 (= 12 halal! .
+ |AAIT (@) <Z T(p;+1) )(21: F(ﬁwi))qp[o,l]

1

lal V] S A = Aila
+ |AAIT ()T (B) (; T(pit1) )qp[O,M]

1

IﬂI(M(IIVII)+N(IIU||)) N AT
L) 7,0, ).
|AAIT(2)T(B) (21: T'(pi+1) ) p(0:1]

If we put
hpl0,1]  hp[0,1] (T~ |l jalhy[0, 1]
C= / 14 14
Q[F(a)r(ﬁ)+ r@ (Z r(ﬂ+pl)>+|A|r(a)r(ﬁ)}
B01]  301] J a1,[0, 1]
"T@re) " T (Z r(ﬂ+pi))+m|r(a>r<ﬂ>’

then it is inferred that

[

ml
Cf(r(a)r r(a)zmw p,) (0]

1 1 & il -
0,1
' (F(a)F(ﬂ) " Te) 21: |AIT(B +pi))q’”[ !

|a| By [0, 14] + a1y [0, 1]
|AIT (@)T(B)

<1.

Consequently,
1 DI+ NUADI (o= 12— Al |
=vl= 1o C( F@)]Al <;F(ﬁ+pi)>h”[o'1]
, MBI + NI = hild \ (= Ikl -
L h,[0,1
|AA|T () (21: F(pi+1)><;F(ﬁ+pi)> »[0.1]

B = A=Al ).
" (@Al (Zl (8 +pi)>""[°’1]

Page 22 of 25
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I [ Al \ (= Il s
' |AA|F(OK) (Z I'p;+1) ) (Z (B +Pi)>qp[0’ 1]

i=1 i=1

jalllPl (5 il
+|A5W@H¥m(§: nM+1)>%W*d

i=1

lal(MID]) + NP1 = i = hila \ -
+ |AA|F(a)F(,3) (; T+ 1) )hp[O,u])

Now, choose § > 0 such that

I[MWWHNWW) { 1
max _
1-C T@)|A]  1=izn | DB +py)

M1 + NV al ol -
+ |AAIT (@) 1220{1“(10”1)}(2 F(ﬂ+pi)>h”[0’1]

i=1
v

1 ~
" T@)A| 133§0{W}qp[0,1]

af"i o L )
+ m 12?510{%}(2 F(,B +pi)>qp[0, 1]

i=1

__ el max {7611;[ }~ [0, u]
IAA D (@) (B) 12150 | T(ps + 1) | 7

+IaI(M(Ilf)II)+N(||17||)) max{ a }h 0,] |5 < e
IAAIT(@)T(B) =iz | T+ 1) [ 77 :

}%mu

Thus, > /% [A; - il < 8, which implies that ||v — ¥|| < €. This completes the proof. a

4 Conclusion

Different versions of the Sturm-Liouville have been studied by researchers during the last
decades. In this work, we review a strong singular version of this important and well-
known equation. The existence of a solution for a fractional order version of the Sturm—
Liouville differential equation with generalized boundary conditions is investigated. Us-
ing inequalities and controlling functions lets us control singular points, especially strong
singularity in fractional differential equations to be considered, so by the controlling func-
tions and the fixed point theory, we control the strong singular points and prove the ex-
istence of a solution. The methods are novel, and a lot of differential equations could be
examined in this way. In the following, by introducing the concept of continuous depen-
dence for the generalized equation of Sturm-Liouville, we indicate that the solutions of
the fractional strong singular version of Sturm-Liouville equation are dependent on the
existent coefficients in the initial conditions, and any change can impact the solution of the
equation. The existence of the strong singular points in this version of the Sturm—-Liouville
differential equation as well as the applied techniques are the most prominent novelty in
this article. Likewise, these techniques can be used for investigating the singular version

of other differential equations. An example is presented to demonstrate our main result.
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