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where A > 0is a parameter, o € (O,N), N> 3,/ : RN — R is the Riesz potential. As
usual, /N + 1 is the lower critical exponent in the Hardy-Littlewood-Sobolev
inequality. Under some weak assumptions, by using minimax methods and PohoZaev
identity, we prove that this problem admits a ground state solution if A > A, for some
given number A, in three cases: () 2 <p < = +2, (i) p= 7 +2,and (iii) § +2 < p < 2*.
Our result improves the previous related ones in the literature.
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1 Introduction
In this paper, we mainly study the Choquard equation with a variable potential and a local

nonlinearity:

—Au+ V@)u =Ly * || M) | N+ Aulp2u,  x e RY; w1

ue H\(RV), '
where L >0, ¢ € (O,N), N >3,2<p<2* and I, : RN — R is the Riesz potential defined
by

r(22)

, xeRN\ {0}
T(%)20m N2 [N * \ {0}

IOt (x) =

V : RN — R satisfies the following assumptions:
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(V1) V € C(RV, [0,00));
(V2) V(%) < Voo :=limyy oo V(y) < 0o forall x € RN,
By the Hardy-Littlewood—Sobolev inequality (see Lemma 2.1), one has

N
o o m
|:/ (Ia * |u|N+1)|u|N+1dx:| < S_I/ u? dx. (1.2)
RN RN

In the work of Lieb and Loss (see [1]), the sharp constant S is achieved by a function
u € HY(RY) if and only if, for every x € RY,

_N
2

u(x) :A(z2 + |x—a|2) (1.3)

fora e RN, A>0,and z > 0. In Lemma 2.9, we choose A = 4j > 0, and A, is determined by

N
AZWN/ / L _ ¥l (14)
0 N+a N+2 — N-o ° ‘
RV JRY (1+[x]?) 2 [ —zN(L+ 2122 T(FH5)

Under (V1), (V2), (1.2), and the Sobolev embedding theorem, the weak solutions of (1.1)
correspond to the critical points of the energy functional 7 : H(RN) — R defined by

1 N o o
Z(w) = iAN[|V”|2+V(x)uz]dx_m/RN(I“*'”'NH)'”'NH‘“

s
__/ ul? dx, (1.5)
P JRN

which is continuously differentiable and
(T'(w),v) = / (Vu-Vv+ V(x)uv)dx - / (I * |u|%*1)|u|%’1uvdx
RN RN
—A/ lul?uvdx, VveH'(RY). (1.6)
RN

If the potential V(x) = Vo, then (1.1) reduces to the autonomous equation

—Au+ Voo = (I * |u| V) | N 2w+ AulP~2u, xRN,

(1.7)
u e HY(RN).

Similar to (1.5), the energy functional of (1.7) is defined by

1 N o o
T%°(u) = 5 fRN[WuF + Viott®| dx — AN a) /RN(Ia s [ N) | N dx

py
__/ ul? dx. (1.8)
P JrN

Equation (1.1) is a special form of the following Choquard equation with a local nonlin-
ear perturbation and a variable potential:

—Au+ V(@X)u = Uy * |u|D)|u|Tu+f(u), xecRN;

1.9
u e HY(RN), (19)

N+a

o
where 1 + § <g < 375
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If f =0 and V(x) =1, (1.9) appears under the background of various physical models.
For example, as early as in 1954, Pekar [2] introduced (1.9) into the physical model to study
the free electrons in a ionic lattice interact with phonons associated with deformations of
the lattice. Choquard equation is also known as the Schrodinger—Newton equation after
the addition of non-relativistic Newtonian gravity to some Schrodinger equations [3-6].
Lieb [7] first verified the positive solution of (1.9) in R®> when f =0, & = 2, V(x) = 1, and
q = 2. Later, Lions [8, 9] further improved the results of (1.9) and obtained the existence
and multiplicity of normalized solution for (1.9). The existence of a ground state solution

and the qualitative properties of the solution in the range of exponents g which satisfies

o N+a
1+ —<g«<
N N-2

were established in [10].

N+o N+o N+o
N-2 N N-2

critical exponent which plays a similar role as the Sobolev critical exponent in the local

N+a
N

which comes from inequality (1.2). So far, many authors have investigated the existence of

The endpoints and are critical exponents. It is known to all that isan upper

semilinear equations [11-17]. The lower critical exponent is strictly greater than 1
nontrivial solutions of many forms of (1.9) (see [18—21]). In addition, for some applications
of the variational method in elliptic systems, we refer to [22—24]. If the potential V' (x) =1,

then (1.1) reduces to the following equation:

“Au+u= Iy * |u| N u| ¥ Ty + AulP2u, xeRY;

(1.10)
u e H'(RYN).

Tang, Wei, and Chen [25] proved that (1.10) has ground state solutions in the following
assumptions:
(i)2<p<% +2and A > 0;

" 4 NZ .
(ii)p=5+2and A > —3 =

AN sa

pNATEN PN
8(N+1)(Agto)r—2T E=DN*
By using the mountain pass lemma, they obtained a Palais—Smale sequence and the cor-

(iii)%+2<p<2* and A >

responding energy level m. Then, from these three assumptions, an estimate of the energy
level m was given, which is very important to ensure the Sobolev compactness. We fur-
ther improve these three hypotheses to be applicable to the research in this paper. This
has certain enlightenment to our work.

Motivated by the work of [26, 27], we use a weaker decay assumption on VYV to solve
the trouble caused by variable potential.

(V3) V e CLRY,R), and there is 8 € [0,1) such that

92
VV(x)~x<—(N 2’6

TR vx e RV \ {0}.

Van Schaftingen and Xia [11], Chen and Tang [26] did a pretty good job, which gives
us some inspiration. To our knowledge, there seems to be no results of (1.1). Motivated

by the above works, especially [25, 26], in this paper, we establish the existence result of
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ground state solutions for (1.1). To state our result, inspired by [28], we define the following
Pohozaev identity functional on H!(RN):

Pu) = A%IIVMH% + % / [NV(x) +VVi(x) -x]u2 dx
RN

N « o N

—— | (Laxlul ¥ u| N dx — —/ |ul? dx, (1.11)
2 JrN p JrN

and

N-2 NV, N . .,
P) = == IVl + == llul; - _/ (T Jal %)l ¥
2 2 2 RN

NA
-— |ul” dx. (1.12)
b JrN

In view of [29, Prorosition 3.1], if  is a solution of (1.1), then it satisfies the Pohozaev
identity P(u) = 0. Let

M= {ueH' (RN)\ {0} : P(u) = 0}. (1.13)
Our main result is as follows.

Theorem 1.1 Assume that V satisfies (V1)—(V3) and one of the following conditions:

. 4 .
(D2<p<y+2andr>0; i
(ii)p:%+2and)»> (Nj)N ~
AN+DAY (SVoo) @

N
25pN4T (Y)Y

256(N+ 114822 2(Vo 5) 7 (=N
a solution i € H'(RN) such that

(iif) % +2<p<2fand > ) holds. Then problem (1.1) has

T(u) =infZ = inf  maxZ(u) >0,
M ueHI®N)\(0) 10

where u;(x) := u(x/t).

In this paper, we use the following notations:
e H'(RY) denotes the usual Sobolev space equipped with the inner product and the

norm
(u,v) = / (Vu-Vv+uv)dx, lull = (w, )", VYu,ve H'(RV).
RN

1/s

L5(RYN) (1 < s < 00) denotes the Lebesgue space with the norm ||u||s = (fRN |u|® dx)
Forany u € H'(RN) and 7> 0,B,(x) := {y e R: |y — x| < r}.

For any u € H'(RN) \ {0}, u,(x) := u(x/¢) for ¢ > 0.

e C,Cy,Cy,... denote positive constants possibly different in different places.

2 Proof of the main result
Before proving the main result, we first give some key inequalities and lemmas. The fol-
lowing famous Hardy-Littlewood—Sobolev inequality [1, Theorem 4.3] is an origin of the
variational approach to (1.1).
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Lemma 2.1 Leta € (O,N) and s € (1,Y). Ifu € L'(RN), then I, x u € LI\%(RN), and

N
. N-as
/ L, % u| N dx§C(/ |u|sdx) , (2.1)
RN RN

where the constant C > 0 depends only on «, N, and s.
By a simple calculation, we have the following lemma.

Lemma 2.2 The following two inequalities hold:

g):=2-NN2+ (N-2)tN >0, Vte[0,+00), (2.2)

Bt):=a— (N +a)tN + NEV** > B(1) =0, Vte]0,+00). (2.3)
Moreover, (V3) implies that the following inequality holds:

NEV[V(x) - V()] + (N - 1) VV(x) - x

_9)2 _ NN-2 _ )N
(V-2 Zﬁqz FNZDET vt 0,0 e RV (0. (24)

Lemma 2.3 Assume that (V1) and (V3) hold. Then

N
L pwy+ 12980, g

L(u) = I(u,) + N N

B(t)
2(N + )

/(Ia*|u|%“)|u|%“dx, Vu e H'(RN),¢ > 0. (2.5)
RN

Proof According to Hardy’s inequality, we obtain

(N—2)2/ u?
Vu|? > —dx, YueHY(RY). 2.6
Vul; = 2 o TnP? x ueH'(RV) (2.6)
Note that
N2 N N
I(ut)=—||Vu||§+—/ V(tx)u2dx——/ |u|? dx
2 2 JrN p JrN
NN+ p «
- 7/ (L % || N *1) || N+ . (2.7)
2(N+Ol) RN

Thus, by (1.5), (1.11), (2.2), (2.3), (2.4), (2.6), and (V3), one has

N-2

T() - T(ug) = =

||Vu||§ + %/RN[V(x) —tNV(tx)]u2 dx

NtN+a_N
+7

2(N+O{) RN
l—tN{N—Z

1
— ||V 2. v . 2
L M||2+2/RN[NV(x)+ V(%) - x]u® dx

« « N -1
(L o 12t 1) g ) e + u/ |ul? dx
p RN
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N o p N t
——/ (Ia*lulﬁ*l)lulﬁ+ldx——/ \ulP dx +‘Q||W||§
2 RN p RN 2N

_ N

+ 1/ {tN[V(x) - V()] - 1 VVi(x) -x}uz dx
2 RN

B(¢) o, o,
+M/RN(IQ*IMIN Y u| N dx

1-tN (1-0)g(®)

> P+ = Vul3
t o o
+—ﬂ( ) / (Ia*|u|N+1)|u|N+ldx.
2(N + ) JpN

d

From Lemma 2.3, we have the following corollary.

Corollary 2.4 Assume that (V1) and (V3) hold. Then, for u € M,

T(u) = ntl%xI(ut). (2.8)

Based on the above results, we establish the following important property for M.
Lemma 2.5 For any u € H'(RN) \ {0}, there is unique t, > 0 such that u,, € M.

Proof Let u € H'(RN) \ {0} be fixed and define a function &(£) := Z(u;) on (0, 00). Clearly,
by (1.11) and (2.7), we have

_ N
£t)=0 < A%tN’2||Vu||§+%/N[NV(tx)+VV(tx)'(tx)]uzdx

R
NN+ o M NN
- (Ia*uﬁ+1)uﬁ+ldx— llull2 =0
2 RN p
& Pu)=0 & ueM. (2.9)

It is not hard to verify, using (V1), (V2), (1.2), and (2.7), that lim,_,o §(¢) = 0, £(¢) > O for
¢t >0 small and £(¢) < O for ¢ large. Therefore max;c(,0) £ (£) is achieved at some ¢, > 0 so
that £'(¢,) =0 and u;, € M.

Not unnaturally, we claim that ¢, is unique for any u € H'(RN) \ {0}. As a matter of
fact, for any given u € H'(RN) \ {0}, if there are two positive constants ¢; # t, such that
Us, U, € M, then P(uy,) = P(us,) = 0. Together with (2.3), (2.4), and (2.5), we have

f -ty 1-0
Tlu) = Zlay) + Pl + 1 Oeten)

IV, |13
ty/t o o

+ Bloaft) (I t’;’+l)u,§’+ldx

2(N+ot) RN

(1-0)[28) - Nty > + (N - 2)85']

Vu2. 2.10
ING Vully (2.10)

Z Z(utz) +

Page 6 of 20
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The same procedure may be easily adapted to obtain the following equation:

(1-0)[2t) - NtH™ + (N - 2)87']

I(utz)zz(ut1)+ 2Nt%

IVall3. (2.11)

From (2.10) and (2.11), we have u;, = u;,, which shows that ¢, > 0 is unique for any
u e H' (RN)\ {0}. O

Lemma 2.6 ([19, Lemma 2.5]) Assume that (V1)—(V3) hold. Then there are two constants
y1,¥2 > 0 such that

yillull® < (N = 2) | Va2 + / NV + YV -2l de <yl (2.12)
R

Proof The proof of Lemma 2.6 is routine, and we omit it. g

From Corollary 2.4 and Lemma 2.5, we have M # (. Next, we apply the method in-
troduced in [26] to prove the following lemma, which is key to verifying the minimax

characterization.

Lemma 2.7 Assume that (V1) and (V2) hold. Then

inf Z(u):=m = inf  maxZ(u;).
ueM ueH (R)\{0} £>0

Lemma 2.8 Assume that (V1) and (V2) hold. Then
(i) there exists p > 0 such that ||u|| > p.
(ii) m = inf,c p Z(u) > 0.

Proof (i). Since P(u) = 0forallu € M, by (2.1),(1.11), Lemma 2.6, and Sobolevembedding
inequality, one has

N-2 1
ﬁ||u||2 < —=|Vul + —/ [NV(x) + VV(x) - x]u® dx
2 2 2 Jpn

N « @ N
:—/ (Ia*|ulﬁ+1)|ulﬁ+ldx+—/ |ul? dx
2 Jrn p JrN

2(N+a)
= Cillull™ ¥ + Collull”. (2.13)

There are two cases to consider.

Case (1). When w > p, from (2.13), one has

2(N+a)

Y1 2(N+a)
EIIMIIZEClllull N+ Gllull TN, (2.14)

which implies
N

. V1 2
llull = po := mm{L [72(@ " Cz)] } (2.15)
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Case (2). When p > 2N+ ahd A > 0, one has

N
YLiul? < Cyllull? + Collull? 2.16
7||M|| < Cillull” + Col|ull?, (2.16)
which implies
1
lul = py = minf, | 2| (2.17)
u = y| ———— . .
=n 2Ci+ Cy)

From (2.15) and (2.17), we know that (i) holds.
(ii). Let {u,} C M be such that Z(u,,) — m. There are two possible cases:
Case (i). inf,en|| Vi, |l2 := o > 0. From (1.5) and (1.11), one has

1 1 1
T(u,) — ﬁp(un) =ﬁ||Vu,,||§ ~oN /;{N VVi(x) xuf, dx
o a o
————— | (Lo || V) 4| N dx,  Vue HY(RY).  (2.18
+2(N+a)f]RN( || N ) 14, [N, Vue HY(RTY).(2.18)

From (V3), we have

O(N —2)? 2
/ V) dx < OV =2 f 2 dx<20|Vul}, VueH'(RY). (219
RN 2 RN |%]2
From (2.18) and (2.19), we obtain
1
m+o(1) = L(uy) = Z(u,) - ﬁp(un)
1 0 o a a
>_vn2__vn2 - Ia nN+1 nﬁ+ld
= IVl = 0+ s [ (1) 1
1-6 1-0
> Vi, 3 = ~ o’ (2.20)
Case (ii). inf,en|| Vuy |2 = 0. In this case, by (2.15) and (2.17), passing to a subsequence,
one has
1
Vall2 — 0O, 4nlla > 5 max{po, p1}- (2.21)

By Lemma 2.1 and the Sobolev inequality, one has

o « 2(N+a)
/ (L # |0 | N ) 1| N e < Collull, ¥ (2:22)
]RN

By (V1), there exists 0 < 7o < [ S 12 such that

2/N
2IN 2a/N | $r@ p-2
Catif o™ lun 157N + —=N— llun |

V. 2\ _
V@)= == > Caty a5 + ;nunn‘; 2 (2.23)

for |x| > rg. Then

Voo

/ V(tx)ul dx > —= / uldx, Vt>O0,u,<cH (RY). (2.24)
[tx]=ro 2 [tx|>ro

Page 8 of 20
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By the Sobolev inequality and Holder’s inequality, we have

(2%-2)/2* 2/2*
[Las () (L
[tx|<ro L |tx|<rg

<oNrgt 2 S| Vul3,  Vt>0,ue H'(RY). (2.25)

Let

_2

o= min{Voo,Sraza)NN} (2.26)

and

4 p-2 1
o—Tlually "\a 2

t, = <”4T) lletnlly N (2.27)

Since (2.21) implies that {¢,} is bounded, then it follows from (2.7), (2.8), (2.21)-(2.27),
Corollary 2.4, and the Sobolev embedding inequality that

m =I(u,,)
ZI((un)tn)
tnN—Z ) tN/ NtN+ot o o
= Vu,|? + 2 Vtx)u?de — —2— I, |t [N ) |, | N dx
5 IVull; 2 Jox (tw)us, 2N + ) ]RN( |24, )| nl
N
s
p JrN
Sty V. Cat)re  2Wea) g
> O U d + 222 w2dx— = ully ¥ = T ually
2 2/N n n 2 2 2
2rooy" Jituxi<ro ltn] =1 p
o ) C3L‘N+°‘ 2(N+a) »
Zzllunnz_ ; lotnlly ¥ = —=llunlly
N 2 4 L
= LllunH%(G = 2Cst0 uully — — lluallhy ) >0. (2.28)
4 p
The two cases show that m = inf,,c o Z(u) > 0. O

Inspired by Tang and Chen [25], we give an estimate on the energy level m, which is

essential in ensuring compactness.

Lemma 2.9 m < m, := m(voos)§+l

Proof We set U(x) = Ap(1 + |x|2)‘¥, where Ay is defined by (1.4). By the calculation of

integral, we get

onART (2N (Y
ran

+00
Uz = U\ dx = oy AP N4 YN gy =
p 0
RN 0

Page 9 of 20
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and

N2A0)*[T(5)1?
8(N +1)!

+00 B w
VU= [ 1P ds= oA [ P ) N =
RN 0

Lett, = (VOOS)é. For any ¢ > 0, we define two functions f(¢) and /() as follows:

VS N v
f@O== N~ 2(N+a)tN (2.29)
and
2 2 ¥ N
ho(t) =& ”ZUHZH\” - Mp e, (2.30)

It is easy to know that f(¢) < f(¢t.) = m(voosﬁﬂ := m, for t € [0,t,) U (t,,00). We set

U, (x) = eN"?U(ex). Then it follows from the definition of S that

IU:N3=5 and AN(IQ*|u|%+1)|u|%+ldx=1, (2.31)
and

VU =IVUIS and UL =62 MU, (2:32)

From (2.7), (2.29), (2.30), (2.31), and (2.32), we obtain

N-2 N

t t
T(w) = oIvuigs 5 [ vieouzas

NtN'H)f o o
————— | (I * UV U N dx
2N +a) Jrn

N

p

VotV £N-2 NN+
= =Nl + — IV -

N
-— |U|P dx
P JrN

|U. P dx
RN

S o o 1
R

Np

VoS N Jvu3 re2 N
= TN ooy VU vo 287 e
2 2(N +«) 2 p p

=F(x) + he(t). (2.33)

There are three possible cases to distinguish.

Casel.2<p<2+ % and A > 0. In this case, we choose ¢ € (0, 1), then

1
he(t) < Eeth*Z(pnvun% - 20 UI5). (2.34)
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Let

1

6t vU|2\?

Ty = max{ —, (p_ll ”;) } (2.35)
5 2xU

We can choose ¢ € (0, 1) such that

2 250U

;= : (2.36)
320Ul

and

1 6t 1 4t
ESZT{}”WU”% <m, —f<?*>, 5g%ﬁjf*znvung < m, —f(?*). (2.37)

There are four possible subcases.
Subcase (i) t > Tj. Then it follows from (2.29), (2.33), (2.34), and (2.35) that

maxZ((U,);) < max[f(t) + hg(t)]

t>To t>To

6t
5f<?*) <f(t)=m,. (2.38)
Subcase (ii) % <t < Ty. Then it follows from (2.29), (2.33), (2.34), and (2.37) that

max I((ng)t)g max [f(t)+hg(t)]

6t; 6t;
22t <t<To = =<t<Top

6t 1
gf(?*) + Enggf-vaung < M. (2.39)

Subcase (iii) % <t< %. Then it follows from (2.29), (2.33), and (2.35) that

max I((L[g)t)f max [f(t)+hg(t)]

Aty 6Ly Aty 6t
T SI=T% 5 SIS

<f(t)+ b, (%) <m,. (2.40)

Subcase (iv) 0 <t < %. Then it follows from (2.29), (2.33), (2.34), and (2.37) that

max I((Us)t)f max [f(t)+hs(t)]

Aty tx
0=t=-5* 0=t=-5"

4¢ 1
5]’(?*) + §ezti\f-znvung < M. (2.41)

2
(NJ'E)N oz In this case we choose ¢ € (0, 1), then

Case2.p:2+%andk> T
2AN+1AY (SVoo)

1., . N
() = ESZtN 2<||VL1||§ - mxnung:mtz). (2.42)
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Let
(N +2)| VU3
e e (215U .
NAU NN
By assumption (ii) in Theorem 1.1, we can choose € > 0 such that
N +2)|VU|3
At, —€) > M%/N”Z (2.44)
NIUlly N
We choose ¢ > 0 such that
1 1
EEZT{\[_2||VLI||§<m* —f(ty +€), Eazdv—2||VU||§<m* —f(ts —€). (2.45)
There are also four possible subcases.
Subcase (i) £ > T;. Then it follows from (2.29), (2.33), (2.42), and (2.43) that
rtga%I((US)t) < rtrzla%[f(t) +he(2)]
ff(t* +¢€) ff(t*) = M. (2.46)

Subcase (ii) £, + € <t < T7. Then it follows from (2.29), (2.33), (2.42), and (2.45) that

max_ Z((U.),) < max_ [f(t)+h(2)]

ty+e<t<T1 ty+e<t<T1

1
<f(t,+€)+ ESQT{\[_ZHVLI”% < M. (2.47)
Subcase (iii) t, — € <t <t, + €. Then it follows from (2.29), (2.33), (2.42), and (2.44) that

max I((Ug)t) < , max [f(t) +h€(t)]

ty—€<t<ty+e€ «—€ <t<Lly+€

<f@t) + he(te — €) < m,. (2.48)
Subcase (iv) 0 < t < ¢, — €. Then it follows from (2.29), (2.33), (2.42), and (2.45) that

max Z((U),) < max [f(t)+he(8)]

0<t<ty—€
1
<f(t,—€)+ Esztﬁl’zHVLIll% < M. (2.49)

N
25pN* T (50 (5y)

—— v In this case, we also choose
256(N+1)IAE 62" 2(Veo S) @ I (B

Case3.2+%<p<2* and A >
g €(0,1], then

2 vUu 2 A 2%
() < IV veo 2T e (2.50)
2 P p
6t, vupiz \"
Ty = max{ —_, (19”*7”2) }, (2.51)
5\ 2ae¥ 2| U]}y
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and

pIvul?

(p-2N

A> "
2e 7 2

(2.52)

Now we can choose ¢ € (0,1] and A > 0 such that

2 25pIVUIS

— 2 2.53
* 732622 U (253)

and

1 6t 1 4t
E82T2N-2||vu||§ <m, —f(?*) Eezz{f—znvun% < m, —f<?*). (2.54)

There are four possible subcases.
Subcase (i) £ > T5. Then it follows from (2.29), (2.33), (2.51), and (2.50) that

max Z((U,);) < max[f(¢) + he(t)]

t>Ty t>To

6t,
/(%) <= m. (2.55)
Subcase (ii) % <t < T,. Then it follows from (2.29), (2.33), (2.52), (2.50), and (2.54) that

max I((Ug)t)g max [f(t)+h8(t)]

6t; 6t;
22t <t<T» 2 <t<T

6t 1
gf(?*) + EnggV-2||VU||§<;¢q*. (2.56)

Subcase (iii) % <t< %. Then it follows from (2.29), (2.50), and (2.53) that

max  Z((U,)) < max [f(t)+h(t)]

Ui oy e e < O
4¢.
<f(t)+h (?) < m,. (2.57)

Subcase (iv) 0 <t < 4%. Then it follows from (2.29), (2.33), (2.50), and (2.54) that

max I((Us)t)f max [f(t)+hg(f)]

[ [
o<t o<t<?

4t, 1
§f<?> + 5sl’rj}’-znvung < m. (2.58)
The above three cases show that
m < max Z((Uy);) < m. (2.59)
t>0

Lemma 2.10 Assume that (V1)—(V3) hold. Then m is achieved.
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Proof In view of Lemmas 2.5 and 2.8, we have M # @ and m > 0. Let {u,} C M be such
that Z(u,,) — m. Since P(u,,) = 0, then it follows from (2.5), (2.18), and (2.20) that

1
i+ 0(1) = Tlus) = Tlun) = 1 Plun)
1-0
= — IVula. (2.60)
This is to show that {||Vu,l|»} is bounded. Next, we prove that {||u,||»} is also bounded.
Arguing indirectly, assume that ||u, |, — oo, without loss of generality, we can assume

that ||z,||>» > 1. From (2.28), we have

m =T(uy) > I((1n)z,)

FN-2 N . Ny
=2 ||§+L/ 2 % ot P dx
2 2 RN p RN
NEN+06 a N
B Yrv (Ia*|un|ﬁ+1)|un|ﬁ+ldx
2(N+Ot) RN
SN ViV CofN+ 2Nve) N
_7%/ o M e T e P
2rowy ™ Jigxl<r [RIE 2 p
ofy | o GV e
e 5 2l
&y 42 . _
—||Mn||2<0 2G5t IIMn||2 - ?llunllg 2>, Vt, > 0. (2.61)
If Zﬁ“ > p -2, we choose
Cst” o \N
2= 0 and G=Z(-2-) . (2.62)
4 4\ 24m
Let
- 24m 2
tn = <7> lnll, ™ (2.63)

From (2.61), (2.62), and (2.63), we have

N 4 2
mz—- ”un”z o - 2Cst, ||un||2 = —llull;
p
£ 4.
>—||unII2 o - 2Cst, ”un”z —;Ilunllz

="m. (2.64)

This is a contradiction.
When < < p—2,we choose

pCst;,

o p a/N
A= >0 and Cs3= —< ) . (2.65)
4 24m||u,,||[Np 2)-2a]/a

Page 14 of 20
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Let

=
o

IN(p-2)-2a)/a \ 1N
- 24m||u
. < A5 ) i, |22, (2.66)

Then from (2.61), (2.65), and (2.66), we get

N _ 2 4 5
m> fllunlli(o —2Cstp lunlly - ;Ilunll’ﬁ )
N _ 5 4A 5
> fllwll%(a - 2CsE; |lually - ;Ilunll’z’ >
3
=5 (2.67)

a contradiction. Hence, {||u,]»} is also bounded. Therefore, {u,} is bounded in H(RN).
Passing to a subsequence, we have u, — # in H'(R"). Then u, — # in L _(RN) for 2 <
s <2*and u, — it a.e. in RN, We obtain two possible cases.

Case (i) # = 0, i.e., u, — 0in H'(RN). Then u, - 0in L] (RY)for2 <s<2*andu, — 0

a.e. in RN, Let ¢ = 0 in (2.4), one has

N -2)%60
NV(@x)+VV(x) - x <NV + % (2.68)
x
Let t — oo in (2.4), one has
N -2)%6
x

By (V2), (2.68), and (2.69), it is easy to show that

lim [Voo - V(x)]ui dx = lim / VVix) - xuﬁ dx=0. (2.70)
n—00 ]RN

n—>00 JpN

From (1.5), (1.8), (1.11), and (2.70), one can get
L(uy) — m, P> (u,) — 0. (2.71)
From Lemma 2.8(i), (1.12), and (2.71), one has

min{N — 2, NV }p? < min{N — 2, NV} ||, ||?
< (N =) Vit 3 + NVoo 4}
N [ (e bl Y7 e @72)
Using (2.72) and the Lions concentration compactness principle [14, Lemma 1.21], we

can prove that there exist o > 0 and a sequence {y,} C RN such that fBl(J’n) lu,|>dx > 0.
Let &, (x) = u,(x + y,). Then we have ||z, || = ||u,| and

P>(ir,) = 0(1), I(it,) — m, / |ita? dx > 0. (2.73)
B1(0)

Page 15 of 20
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Therefore, there exists &z € H!(RN) \ {0} such that, passing to a subsequence,

i, —~ & in HY(RN);

iy — & in L (RN),Vs € [1,2%); (2.74)

i, > o ae onRN,

Let wy, = it, — it. Then (2.74) and the Brezis—Lieb type lemma (see [11, Lemmas 2.4]), [30,
Lemmas 2.10] lead to

I (i) = T%°() + Z°° (wp) + 0(1) (2.75)
and
P>(it,) = P (&r) + P°(w,) + o(1). (2.76)

From (1.12), (1.8), and Lemma 2.3, one has

T (u) = I (uy). (2.77)
Moreover,

l||Vw I12=m— i||V£z||2 P / (Lo # 18N ) 2 X1 dx + 0(1) (2.78)

N2 N 2PN +a) Jpn O ’ '

PP (w,) = =P>(i) + o(1). (2.79)

If there exists a subsequence {w,,} of {w,} such that w,, = 0, then going to this subse-
quence, we have

@) =m,  P@)=0. (2.80)

Next we assume that w,, # 0. We claim that P*(&) < 0. Otherwise, P*° (i) > 0 for large n.
In view of Corollary 2.4 and Lemma 2.5, there exists ¢, > 0 such that (w,);, € M. From
(1.5), (1.12), (2.77), (2.78), and (2.80), we obtain

1 1 R o o 2
= Il o(1) = LAV + s [ (1o a7l

= T¥(w) — 1P )

tN
> I%((Wn)s,) ﬁpw(wn)

>m™ - g’Poo(wn) >m™, (2.81)

which implies P>°(&r) < 0 due to |Vily > 0. Since & # 0 and P*°(&) < 0, in view of
Lemma 2.5, there exists ¢ > 0 such that iz; € M. From (1.8), (1.12), (2.77), (2.78), (2.80)
and the weak semicontinuity of norm, one has

m= lim |:I°°(£tn) - %P“(ﬁn)}

n—00
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= 1 V" 2 li I ~ %+1 ~ ]%-%-l
i 1 s tim [ (1,151

1
2 I%() - P~ (@)
N
> I%(iy) — P> (@)
IN

t
> m*> - ﬁP"O(i;) >m, (2.82)

which implies that (2.80) also holds. In view of Lemma 2.5, there exists ¢ > 0 such that
u; € M; moreover, it follows from (V2), (1.5), (1.8), (2.81), and (2.82) that

m < I(iy) < I°(i;) < T(it) = m. (2.83)
This shows that m is achieved at it; € M.

Case (ii). u # 0. Let v, = u,, — u. If u,, — u, similar to [17] and [31], we have the following

two equalities:

Z(uyn) = () + L(vy) + 0(1) (2.84)
and
P(uy) =Pu) + P(vy) +0(1). (2.85)
Set
W(u) = l||Vu||2 - 1 (VV(x) -x)u2 dx
N 2 9N Jen
o 1), N+l
+ m " (Ia * U )M dx. (286)

Then it follows from (1.2), (2.4) with ¢ = 0, (2.6) and (2.86) that
1-6 2 1 N
V) z ——IIVuly, VuecH (RY). (2.87)

Since Z(u,,) — m and P(u,,) = 0, then it follows from (1.5), (1.11), (2.85), (2.86), and (2.87)
that

W(v,) =m—Y(u)+o(l) (2.88)
and
P(vy) = =P(u) + o(1). (2.89)

If there exists a subsequence {v,,} of {v,} such that v,, = 0, then going to this subsequence,

we have

Z(u) = m, P(u) =0, (2.90)
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which implies that the conclusion of Lemma 2.10 holds. Next, we assume that v,, # 0. We
claim that P () < 0. Otherwise, P(i) > 0, then (2.88) implies P(v,) < 0 for large . In view
of (2.8), there exists t,, > 0 such that (v,),, € M for large n. From (1.5), (1.11), (2.5), (2.88),
and (2.89), we obtain

m—W (i) +o(l) =¥(v,)

= T(v) - 5 Pw)

tN
Z I((Vn)tn) - ﬁp(vn)
N

>m— %P(vn) > m, (2.91)

which implies P(iz) < 0 due to W (i) > 0. Since & # 0 and P(iz) < 0, in view of (2.8) and
(2.77), there exists £ > 0 such that i#z; € M. From (1.5), (1.11), (2.5), (2.87), (2.88) and the

weak semicontinuity of norm, we obtain

m= lim [I(u,» _ %P(m] - lim W(u,) = V(@)

1 N
>1(u) - ﬁP(ﬁ) > 1 (uz) - ﬁP(ﬁ)

N
> m - ﬁP"O(ﬁ) >m, (2.92)
which implies that (2.90) also holds. |

Lemma 2.11 Assume that (V1)-(V3) hold. If u € M and Z(u) = m, then u is a critical
point of L.

Proof Similar to the proof of [32, Lemma 2.12], we can clearly conclude the desired con-
clusion by using

_ o (@-6)gt) __ B(t) N NI
I(ut)ff(u)— T”VM”%— m/ﬂ‘{]\]([a* |u|N 1)|M|N 1dx
o (1-0)®) -
5I(u)—T||vM||§<m, V>0, (2.93)
and
fA-0)gd-€) _», Q-0)gll+e) __»  pd
= ||V, ——=——"||Vu|5, 1, — 2.94
e mm{ e IVEB ey IVEB LG (2.94)
instead of [26, (2.55) and €], respectively. O

Proof of Theorem 1.1 In view of Lemma 2.7, Lemma 2.8, and Lemma 2.11, there exists
u € M such that

I(n) = inf maxZ(u)=m>0, T'(u)=0. (2.95)
ueHL(RN)\{0} >0

This shows that # is a ground state solution of (1.1). O



Zhang and Zhang Boundary Value Problems (2021) 2021:101 Page 19 of 20

Acknowledgements
The authors would like to thank the referees for their useful suggestions which have significantly improved the paper.

Funding
This work is supported by the National Natural Science Foundation of China (No. 11961014) and Guangxi Natural Science
Foundation (2021GXNSFAA196040, 2018GXNSFAA281021).

Availability of data and materials
No data and material were used to support the work.

Code availability
No software was applied to support the work.

Declarations

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that the study was realized in collaboration with the same responsibility. All authors read and
approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 16 September 2021 Accepted: 17 November 2021 Published online: 04 December 2021

References
1. Lieb, EH. Loss, M.: Analysis Graduate Studies in Mathematics. Am. Math. Soc.,, Providence (1997)
2. Pekar, S:: Untersuchungdéber die Elektronentheorie der Kristalle. Akademie Verlag, Berlin (1954)
3. Moroz, I.M,, Penrose, R, Tod, P: Spherically-symmetric solutions of the Schrédinger-Newton equations. Class.
Quantum Gravity 15, 2733-2742 (1998)
4. Bahrami, M., Gro3ardt, A, Donadi, S., Bassi, A.: The Schrédinger-Newton equation and its foundations. New J. Phys.
16, 115007 (2014)
5. Cingolani, S., Secchi, S, Squassina, M.: Semi-classical limit for Schrodinger equations with magnetic field and
Hartree-type nonlinearities. Proc. R. Soc. Edinb. A 140, 973-1009 (2010)
6. Didsi, L. Gravitation and quantum-mechanical localization of macro-objects. Phys. Lett. A 105, 199-202 (1984)
7. Lieb, EH. Existence and uniqueness of the minimizing solution of Choquard'’s nonlinear equation. Stud. Appl. Math.
57,93-105 (1976)
8. Lions, PL.: The Choquard equation and related questions. Nonlinear Anal.,, Theory Methods Appl. 4, 1063-1072 (1980)
9. Lions, PL.: The concentration-compactness principle in the calculus of variations. The locally compact case. Ann. Inst.
Henri Poincaré, Anal. Non Linéaire 1, 109-145 (1984)
10. Moroz, V., Van Schaftingen, J.: Groundstates of nonlinear Choquard equations: existence, qualitative properties and
decay asymptotics. J. Funct. Anal. 265, 153-184 (2013)
11. Van Schaftingen, J, Xia, JK.: Groundstates for a local nonlinear perturbation of the Choquard equations with lower
critical exponent. J. Math. Anal. Appl. 464, 1184-1202 (2018)
12. Brezis, H., Nirenberg, L.: Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents.
Commun. Pure Appl. Math. 36, 437-477 (1983)
13. Gao, kS, Yang, M.B.: On nonlocal Choquard equations with Hardy-Littlewood-Sobolev critical exponents. J. Math.
Anal. Appl. 448, 1006-1041 (2017)
14. Willem, M.: Minimax Theorems Progress in Nonlinear Differential Equations and Their Applications. Birkhduser, Boston
(1996)
15. Brock, F, Solynin, A.Y.: An approach to symmetrization via polarization. Trans. Am. Math. Soc. 352, 1759-1796 (2000)
16. Cassani, D, Van Schaftingen, J, Zhang, J.J.: Groundstates for Choquard type equations with
Hardy-Littlewood-Sobolev lower critical exponent. Proc. R. Soc. Edinb. A 135, 1-24 (2018)
17. Tang, X.H., Chen, ST.: Ground state solutions of Nehari-Pohozaev type for Kirchhoff-type problems with general
potentials. Calc. Var. Partial Differ. Equ. 56, 1-25 (2017)
18. Qin, D.D, Tang, X.H.: On the planar Choquard equation with indefinite potential and critical exponential growth.
J. Differ. Equ. 285, 40-98 (2021)
19. Qin, DD, Lai, L.Z, Yuan, S, Wu, Q.F.: Ground states and muiltiple solutions for Choquard—Pekar equations with
indefinite potential and general nonlinearity. J. Math. Anal. Appl. 500, 125143 (2021)
20. Wu, QF, Qin, D.D,, Chen, J.: Ground states and non-existence results for Choquard type equations with lower critical
exponent and indefinite potentials. Nonlinear Anal. 197, 111863 (2020)
21. Zhang, J, Wu, QF, Qin, D.D.: Semiclassical solutions for Choquard equations with Berestycki-Lions type conditions.
Nonlinear Anal. 188, 22-49 (2019)
22. Zhang, X.Y.: Existence and multiplicity of solutions for a class of elliptic boundary value problems. J. Math. Anal. Appl.
410, 213-226 (2014)
23. Wang, LB, Zhang, X.Y, Fang, H.: Multiplicity of solutions for a class of quasilinear elliptic systems in Orlicz-Sobolev
spaces. Taiwan. J. Math. 21,881-912 (2017)



Zhang and Zhang Boundary Value Problems (2021) 2021:101 Page 20 of 20

24.

25.

26.

27.

28.
29.

30.

31.

32.

Wang, L.B, Zhang, X.Y, Fang, H.: Existence and multiplicity of solutions for a class of (¢, ¢,)-Laplacian elliptic system
in R" via genus theory. Comput. Math. Appl. 72, 110-130 (2016)

Tang, X.H., Wei, 1Y, Chen, S.T.: Nehari-type ground state solutions for a Choquard equation with lower critical
exponent and local nonlinear perturbation. Math. Methods Appl. Sci. 43, 1-12 (2020)

Chen, ST, Tang, X.H.: Berestycki-Lions conditions on ground state solutions for a nonlinear Schrodinger equation
with variable potentials. Adv. Nonlinear Anal. 9, 496-515 (2020)

Chen, ST, Tang, X.H.: Ground state solutions for generalized quasilinear Schrédinger equations with variable
potentials and Berestycki-Lions nonlinearities. J. Math. Phys. 59, 1-18 (2018)

Pohozaev, S.I: Eigenfunctions of the equation Au + Af(u) = 0. Sov. Math. Dokl. 5, 1408-1411 (1965)

Li, X.F, Ma, SW,, Zhang, G.: Existence and qualitative properties of solutions for Choquard equations with a local term.
Nonlinear Anal., Real World Appl. 45, 1-25 (2019)

Tang, X.H., Chen, S.T.: Singularly perturbed Choquard equations with nonlinearity satisfying Berestycki-Lions
assumptions. Adv. Nonlinear Anal. 9, 413-437 (2020)

Tang, X.H., Chen, S.T.: Ground state solutions of Nehari-Pohozaev type for Schrédinger—Poisson problems with
general potentials. Discrete Contin. Dyn. Syst., Ser. A 37,4973-5002 (2017)

Chen, ST, Tang, X.H.: Ground state solutions for general Choquard equations with a variable potential and a local
nonlinearity. Rev. R. Acad. Cienc. Exactas Fis. Nat, Ser. A Mat. 114, 14 (2020)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Existence of ground state solutions for a class of Choquard equations with local nonlinear perturbation and variable potential
	Abstract
	MSC
	Keywords

	Introduction
	Proof of the main result
	Acknowledgements
	Funding
	Availability of data and materials
	Code availability
	Declarations
	Competing interests
	Authors' contributions
	Publisher's Note
	References


