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1 Introduction
In this paper, we consider the following nonlinear Choquard problem:

-Au+u= (IQ*F(M))f(u), ueHl(RN), (P)

where N > 3,0 <« <N, I, is a Riesz potential

~

reses ¢

N = T IN=
I(§)m 2 2¢|aN-e Jx[T

I, (x) =

with T'(s) = 0+°° xle*dx, s >0, F € CH(R,R), and f := F'. Problem (P) can be studied by
the variational method. It is the Euler-Lagrange equation of the functional

) = %ANUVMZ + uz]dx— % A;{N(Ia *F(u))F(u)dx.

As we know, a large number of works have been devoted to the problem like (P). We
refer the readers to [2, 4, 5, 7-10, 12—15] and the references therein.

Especially, in [8], under the following conditions:

(MS1) f € C(R,R) and there exists C > 0 such that, for every s € R,

|5 (5)] < C(1s1 ¥ +15175);
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(MS,)
F F
lim S)a =0 and Ilim f\i)a =0;
=0 5| '~ §700 || N2

(MS3) There exists sg € R\ {0} such that F(sg) #0,
Moroz and Schaftingen proved the existence of a ground state solution. They employed a
method introduced by L. Jeanjean, where a key step is to construct Palais—Smale sequences
that satisfy asymptotically the Pohozdev identity [3]. Note that assumption (MS,) is called

N it N 2 is termed

subcritical. The constant is termed the lower-critical exponent and
the upper-critical exponent in the sense of Hardy—Littlewood—Sobolev 1nequa11ty. In [14],

Seok considered that problem (P) with F(«) is doubly critical, i.e.,
1 1
F(u) = —ul’ + —|ul’,
p q

where p = N ¢ and g = N *5 . In this situation,

im0 L0 and gim £ 1,
q

s—0 |s|NT+ p s—00 |S|§\V]_tg

He showed the existence of nontrivial solutions of the nonlinear Choquard equation if
o+4<N.

In the following we give our main result.

Theorem 1.1 Suppose that N > 3, p,q € [X3*, X*%] and
1 1
F(u) = —[ulP + —[ul".
V4 q

Then problem (P) has at least a ground state solution u € H'(RN) provided one of the
following conditions holds:

(1) g= % N>4andpe(N+"‘,%+‘;)orN 3andp€(1+N2,%+‘;

@) p=2¢ N>d+o,andge (N2, N2 or N < d+a and g e (Mg, Meesd),

Remark 1.1 By conditions (1) and (2), it is easy to see that

F(s) F(s) 1

II_I’?)MTT =0 and lim —&= S = 70
and
lim Fii)a 1 #0 and lim Fﬁi)a =0or 1,
s=01g "N P 5700 || N2 q
respectively.

We denote the strong and the weak convergence in H!(RN) by — and —, respectively.
Set [lull := [fpn (IVul?* + u?)dx]"* and |ulq == [ [ lu|?dx]"e for 1 < g < co. As for the
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Choquard equation, the Hardy-Littlewood—Sobolev inequality (see [6] and [7]) implies
that the nonlocal term is well defined for u € H'(RY) and & is continuously differentiable
on H'(RN). Clearly, u = 0 is a trivial solution of (P). The solutions of (P) must verify the
Pohozdev identity, as was proved in [8, Corollary 3.5]. In our case, the Pohozaev identity
reads as follows:
_N-2

N
Pu) = —— |Vu|2dx+—/ u? dx -
2 RN 2 RN

N+«

f (I * F(w))F(w)dx =0. (1)
RN
We call any weak solution u € H'(RN) \ {0} of (P) a groundstate of (P) if

D(u) =co:= inf{dD(v) cveH! (RN) \ {0} is a solution of (P)}.

Because problem (P) contains nonlocal critical nonlinearities in RV, there are more dif-
ficulties to overcome. One difficulty is the embedding of H'(RYN) into L4(RN) which is not
compact, where 2 < g < 2*. As a consequence, the corresponding functional of (P) does
not satisfy the Palais—Smale condition; we overcome the lack of compactness by studying
the problem in H} (RN):

H}(RN) = {u GHI(RN) cu(x) = u(lxl)},

which embeds compactly into L7(RY). By standard arguments (the principle of symmetric
criticality; see [11] or [16, Theorem 1.28]), one has that a critical point u € H}(RN) for the
functional ®(u) of (P) is also a critical point in H*(RN). We say that {u,} C H'(RY) is a
Pohoziev-Palais—Smale sequence for ® € C'(H(RN),R) at level ¢ € R if and only if {u,}
satisfies ®(u,) — ¢, ®'(u,) — 0, and P(u,) — 0 as n — oo. Following the strategy in [3],
we obtain that there exists a Pohozaev—Palais—Smale sequence for @, with ¢ confined in a
suitable range. To ensure that the mini-max levels stay in a certain range, we make some
careful computation in Sect. 2, which is crucial in our approach. Then, we make full use of
three limit formulas in the Pohozaev—Palais—Smale sequence and prove that this sequence
has a strongly convergent subsequence.

2 Preliminaries
In the following, we recall the well-known Hardy-Littlewood—Sobolev inequality (see in
[6, Theorem 4.3]).

Proposition 2.1 (Hardy—Littlewood—Sobolev inequality) Let r,s > 1 and o € (0,N) with
% + % =1+ 5. Then there exists C > 0 depending only on N, «, r such that, for any f € L (RN)
and g € L(RN),

dxdy| < C(N, o, ") |If ll or ey 1€ Il s vy

/ fx)g(y)
BN

e

Lemma 2.1 Suppose that N > 3 and p,q € [255%, 221, Let {v,} C H'(RN) be a sequence

N ’ N-2
2(N+a) 2(N+a)

converging weakly to 0 as n — oo. If (N <p+q< =55 then

/(Ia*|vn|1”)|vn|qu—>0, as n— oo.
RN
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Proof Since v, — 0 in H}(R") and 2 < % < 2, we have

N(p+q)

v, =0 inLNw (RY),

ptq N

see [16, Corollary 1.25]. By the Hardy-Littlewood—Sobolev inequality with r = > Nia

and £ = 24 X e obtain
g N+o

<C|vnl

L"(RN) ” val? ”L‘(RN)

4 q
/RN(Ia*w vl dx

o

N(p+q)

:C(/ [V,| N+ dx) — 0,
RN

where C is a positive constant. The proof is finished. d

Remark 2.1 p, q that appear in Theorem 1.1 satisfy

2(N + ) 2(N + )
— 0 <p+g< —/——.
N PTITNT,

The constant S is defined by

|Vul3
[fan (e * |]9) e dx] Ve

S = inf{ cue H'(RY)\ {0}}

and is attained by the functions

CeN-22

LIs(x) = (82 + |x|2)(N_2)/2;

where ¢ > 0 (see in [6]). We define a cutoff function ¢(x) by

1, xeBl;
o(x)=32-|x|, xe€By\By;
0, x e RN\ B,,

where B; = {x e RN : x| <1} and B, = {x € RV : |x| < 2}. Set
Ue = Ug (%) = Qo(x) U (%)

Then we have the following lemma.

N+a N+a

Lemma2.2 SupposethatN > 3andp,q €[5, 375

&0 such that if e € (0, &9) then

]. Then there exists a positive constant

1 1\ 1 N+
D(tu,) < 3 (1 - —)qql S forallt>0,
q

provided q = %—*_g and one of the following conditions holds:
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(1) N24omdpe[]\%,%i§ ;

(2) N=3andp e (1+ 15, 39%).

Proof According to the definition of ® and u,, we have

2

D(tu,) = %/ [|Vug|2 +u ]dx— % /RN(Ia *F(tus))F(tug)dx

2p

t
——/ Vi |2 dx + — /u?dx—ﬁ N(Ia*|us|”)|u£|pdx

tPra

/ (1 *|”€|p)|uslqu_—/ I *|u8|q)|u8|qu

% P+ 1%
:—/ |Vu,| dx+—/ udx——ﬁ— H-5M,
rq 2q

where

» »
roe // Clue(x)| |Ab[te()’)| dxdy,
RN JRN  Jx -y

)P
2 / / Clue (x Clue ()17 |u: ()| dxdy
v Jey - yNe

and

)4 q
Moe / / Clue ()| |Ab[ts()’)| dxdy.
RN JrN  Jx—y[N

By [1] (see also [16]), the following asymptotic estimates hold as ¢ is small enough:

N+a
/ |Vu|*dx = S + O(eN_z) )
RN
and
ce? + O(eN72), if N > 5;
h(e) ::/ |ue|* dx = { ce2|loge| + O(s?), ifN=4% (3)
]RN
ce + O(2), if N =3,

where c is a positive constant.
In the following we estimate the convolution terms £, H, and M, respectively.
Case L:

p »
re /f Clu: (%) |1\L[l€(y)| dxdy
RN JRN X —yINT
P 2
// Clus ()| |}3¢s()’)| dxdy
By By |x .yl -«

C £ p £
// |M(x||]\b[t_ 2l dxdy
By YB; |x yl “
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U, (x) 1P| U ()P
// Cl x)||N 62 dxdy
By YB; |x y| —“
CU )P UL, CU P |U,(y)|P
// | ||N(ydd/ / | x)HN(y)'ddy
By JBy o — y| N By\B1 /B, o — y|N-

CL[ VWP U, (y) P
[ G,
By\B1 JBy\By e — y| N«

=Ly -2Ly- L3,

where

El_//C|LI(x|P|LI(y dxdy
B, JB, | — y|N- ’

Ez—/ / CIU, (x ClU: )P Us ()P dxdy
By\B1 JB =T '

and

C U, (x)|P|U.(y)|?
/ / |U (%) |N 2l dxdy.
By\B1 JBy\B1 lx — y|N-

By direct computation, we have, for ¢ < 1,

1
Ly =0(s NP // i dxdy
BBy (14 22) 57" [ - yNe(1 4 22"

1
— O(8N+a—(N—2)p)/ / . _ dxdy
Be Sy (14 [52) 577 - y Ve (1 + [y2) "
< O(€N+a—(N—2)p) / |: / 1 dy] 1 .
ByLIB 1 (1+ |y|2) |x yIN=e (1 + || P (4)

1 1
> O(aN ra-(N=2)p ) / |: / dy] dx
T L T

%7

1 1
N+a—(N-2 N+a—(N-2
=O(8 o )”)/ N dy~/ ——— dx:O(s o ( )1’).
By [yl By (L+|x?) 2

We also have

1
L= g®=2p / / N~ 2)p dxdy.
B JB\B1 (g2 + |x[2) Ix yIN-(e2 + |y12)

By the Hardy-Littlewood—Sobolev inequality with ﬁ + i =1+ 3 (see Proposition 2.1)

and

N 2N 5)
'e ((N—2>p’N+a—<N—2)p>’

Page 6 of 20
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we have

1 n
£2 < O(E(N_z)p) (/ —Z)prl dx) '
Ba\Bu (g2 + |x]2)

1

X " Yy
B2+ [y2) 2

1 1

z N-1 =
< O(s%)(/ 24%612) 1
0 (141212 2
: L
< O(8§)<1 +/5 |z|N-1-N-2)ps1 dz) v O(g%),
1

We also get

L4 = O(eN-20 / /
B2\B1 VB2\B1 (g2 + |x|2)

< O (N-2)p / /
( Bo\By JBy\By 1XIN2P | — )’|N_“|y|N 2p

dxdy

@ 72)

“(e2 +|y12)

dxdy

N+a

< O(E(N—Z)P) [/ |x|_ 1(\[]\1&2)}7 dx:| N _ O(S(N_z)p)'
By\B;

Combining (4), (6), and (7), we obtain

N

L > O( N+a—(N- Z)p) _ O(é‘q) _ O(S(N—Z)p).

Noting that s; > (N 5

N

£> O( N+o—(N- 2)17)—0(85).

Case H: It is easy to see that

4 4
2 - / / Clue (x)| |Ab[is dxdy = //C|Msx)| |Ab[is 2l dxdy
RN JRN |x y| “ By By |x y| “
Clate ()17 |use CIU.(x) 1P| U,
// |ate (x ||A7;i()’ dxdy - // | ||N W dxdy
B1 /By |x yl « B1 /By |x y' -«

C U, (x)|P|U, C U, (x) 1P| U,
/ / | ) |N W dxdy / / | x)||N (1K dxdy
By JBy e =y By\By /B, e — y| N

C U, (x)|?|U, C U, (x)|?| U ()1
_/ / |U; (x)] |N (21K dxdy— / / |U, (x)] |N 621 dxdy
By JBy\By o — y|N- By\B1 JBy\By lx — y|N-

=Hy—Hy—Hz = Ha,

(6)

@)

Page 7 of 20
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where

Hy o //CW x)|PIU: ()1 dxdy
By By |x y|N_a ’

C U, (x)1P U ()1
H,y = / / |Ue (%) |Na()/)| dxdy,
By\B1 ¥ B |x y|

p q
e // CIULWPIUO) dxdy
By JBy\B1

C x—yNe

CU )P UL,
e [ [ G,
Bo\B1 /B2 \B e —y |

For ¢ < 1, we have

(p+ 1
Hy = 0(e ") / / o dxdy
q
B2 Jbs (L4 |22) 2 - y N (14 22) 2

Nea N=2@ta) 1
=0(eN ) / f W 2)p g xd
Bye By (14 |x|2) 2 |x—yIN-2(1 + |y2) 2

ra—(N= 1 1
. O(EN W 2)p)/ |:f dy:| =
By 1 (L+yl =y (1 + |
2 %3
ra—(N= 1 1
> o™ / [ / — ] g 4
B% Bx,% 1% =yl (1+|x|2)

:O(8N+a—(2N—2)p)/ i{ia dy~/ 1 ) dx = O( N+a— (N 2),;).
8y Iyl By (

2

By direct computation, we have

(N-2)(p+q) 1
Hy=0(s 2 )/ f = Wy dxdy.
Bi/Ba\BL (&2 + [x|?) "7 | — yIN- 2

yIN-(2 + |y

By the Hardy-Littlewood—Sobolev inequality with % + % =1+ and

N
326 ) ’
N+a N+a-(N-2)p
we have

1

<

1
(N-2)(p+q) 1 n 1 5
Hy=O(s 2 q)(/ —)mdx) (/ —Nwdy)
Ba\B1 (g2 + |x[?) B

(e + [y?)

1

1
WN=-20+9) _ (77,04 N & N1 52
< O(&‘ 2 ( +Ot)+32 ) (/ Wy dz
0

1+ IZI2)T

1 1
N _ (N+a)-(N-2)p € s N _ (N+a)-(N-2)p
<O(e= 2 )(1 + / |z|N-1-N+)s dz) =0(e® 7).
1

)

(10)

Page 8 of 20
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By direct computation, we get

N 2) (p+q
Hs = / / [ dxdy.
By\B1 By (g2 + |x|2) (&2 + |y|?)
By the Hardy-Littlewood—Sobolev inequality w1th et Si =1+ 1 and
N
3> ——)
(N-2)p
we have
1 1 1 1
N-2)(p+q) 53 3
HB = O(S : )(/ (N- 2pS3 dx) (/ N+a (N+a)rg dy)
Bi (2 + |%|?) Ba\B1 (g2 + |y]2)
1
(N-2(p+9) _nr oy, . N 3 ZN-1 %
<O(e * M) (/ PN =Y dz)
0 (1+|z1?) =z (11)
N+a—(N-2) 1 =
N +o— - & S
<O(es" 2 ,,) (1 + / |2|N-1-(N=2)ps3 dz) ’
1
N N+a—(N-2)
=0(e )
We also get
N+oz+(N 2)p 1
Hy = / / G dxdy
Bo\B1 JBo\B1 (g2 + |x/2) |x yIN-2(g2 + |y|?)
O( N+a+(N 2)p / / d d
<O(e xdy
Bo\B: JBo\By 1XI VPP |x — le o|y|N-2q (12)
N+a+(N-2), 2pN(N-2)
co s [ ] ¥ [ el
By\B1 By\B1
N+a+(N-2),
<O(e 2 p).
Combining (9), (10), (11), and (12), we have
N+a—(N-2), N _ (N+a)-(N-2)p N , N+a-(N-2)p N+a+(N-2)
HEO(S p)—O(ssz 2 )—0(853 2 )— (5 p).
Noting that s, < m, we obtain

fp), (13)

Page 9 of 20
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Case M: By the definition of u,(x), we have

q q q q
M:/ / Clue ()| kf[is(yﬁ ddy - // Clue(x)| Lbjia()’ﬂ dxdy
RN JRN |x y| ¢ By JBy |x yl -«
q q q
// Clue(x)| |Ab[ls dxdy = /' / CIU. ()| |]51()’)| dxdy
B1 By |x y| « B1 /By |x y| «

U, (x)|7| U, C U, (x)|1|U,
//| x)||N()’ dd—Z/ / | ||N(y)ddy
RN JRN  Jx =N RN\B, JB, o — y| N

)[4 q
f / ClU. ()| |AI[J =) dxdy
RN\B; JRN\B; o — y|N-e

C U, (x)|7| U, C U, (x)|1|U,

Z/ / | ||N (I dxdy - / / | ||N e dxdy
RN JRN e —y|N— RN\B; JB; o — y| N

C U, (x)|7| U, (y)|?
/ / [U; (x)] |N ()] dxdy
RN\B; JRN\B; o — y|N-e

N+a

=82 —2M; - M,,

where

CU 9| U,
M, _/ / [, (x)] |N w1 dxdy
RN\B, JB, o — y|N-

and

C U, (x)|7| U,
M, _/ / | IIN O . dy.
RN\B, JRN\B, e — y |-

By direct computation, we have, for ¢ < 1,

1
M, = O(E(N—Z)q)/ / - —— dx dy.
BB (2 4+ 13f2) T N (2 + [pf2)

By the Hardy-Littlewood—Sobolev inequality with ¢ = r = 22 and g = 1*%, we have

N+a

M, <0 (N2) 1 4 % 1 4 N
1=0 (/RN\Bl (&2 + 2N ’“) (/B (62 + 2N y)

N+a N+a

Nia oy N 1 ZN-1 IN
=0l )</1 : dz) (/0 <1+|z|2>Ndz>

(14)

Page 10 of 20
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We also get
1
M, = 0(eN-24 / / =T dxdy
RN\B; JRN\By (g2 + [x[2) (24 |y2) 7
< O(gWN-21 / / dxdy 15
(¢ RN\B, JRN\B, 6| N-D|x — J’|N o|y|N-2q (15)

N+a

5o(s<N-2>q)[ / |x|‘2Ndx] ) = 0(eN*).
RN\B;

Combining (14) and (15), we have

M= S5 o). (16)

From (2), (3), (8), (13), and (16), we have

D(tu,) < t—(S prees (€N—2)) B 152_‘7(81;’;5 _O(€¥))
) 2421
+ 2h(e) - £7[O(eN - N-D) _ O(e7)] - O™ T2 ),

It is easy to see that there exist constants & > 0 and £, > ¢; > 0 such that, for all ¢ € (0,¢)

and ¢t € [0,t1] U [£3,00),

1 N+a
D(tu,) < —(1 - —)qq 187
q

In the following we may set ¢ € [¢1,£,] and ¢ € (0, ). Then we have

£ e Yoo £ Ny, P Nio
q)(tlztg) < ESI - FS EO(S ) + 2—q20(8 2 )
+82h(e) - tzf’O(sN*“_(N_z)p) + tZI’O(s%) - t’”qO(sw)
P P N B noy B N
= 3S = aStT + G0l + 50 )

N+a— (N 2)p
)

+ £2h(e) — ;7 O(eN+-N-2p) 4 t;pO(sé\{) #0(e

By the definition of /(e) and (22), for & small enough, we obtain
1 1\ 1 Ne
D(tu,) < 5 (1 - —)qqle*“ forall £t >0,
q

provided one of the following conditions holds:

(1) N>4andp e [%32, 129);
(2) N=3andpe(1+ 55 %)

The proof is finished.

The constant S, is defined by

. |43
S, := 1nf{ Tonla s Iull’z)lulpdx]”l’ rue H'(RY)\ {O}}
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and is attained by the functions

éo,N/Z
(1 + G2|x|2)N/2’

Vo (x) =

where o > 0 (see [6, Theorem 4.3]).

N+a N+a

Lemma 2.3 Suppose that N > 3 and p,q € [~ 3755

such that if o > oy then

1 1\ 1 &
D(tv,) < 3 1-—|pr1Sy  forallt>0,
p

N+cx

under p = and one of the following conditions:

N+a N
(1) N>4+ozcmdqe N Nz

(2) N<4+aandqge NJ\*,‘”‘,N*]S,‘”)‘

Proof According to the definition of v,, we have

C%gN

2
/I;N|Vg(x)| dx = /IRN 7(1 PP dx

_/RN (1+|ox|2>N o= / (1+ | e &
and for
N+a N+«
re 5, 5, ~
]
C o o r
/ f Ve (%) I;; (2l dxdy
RN JrN e —y[N
Cc2r Nr
:/ / Nr Nr dxdy
RN JRN (14 02[x]2) 2 |x - y[N=*(1 + o2|y|?) 2
Nr—(NHx)/ / 662;"
o Nr Nr
RN JRN (14 [x]2) 2 |x - y[N=*(1 + |y|*) 2

Especially, for r = p, we have

» » Nea
/ / Clvo ()| Clve @) P lve DI drdy =S¢
BV ey -V

We also get

/ Vv |2 dx
RN

:/ 62N20N+4|x|2 dx:a2/~ 62N2|x|2 "
rN (1 +02|x|2)N+2 RN (1 + [x[2)N+2

dxdy.

]. There exists a positive constant oy

(17)

=5,¢

(18)

(19)

(20)

Page 12 of 20
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and

// Vo ()P Il:;(y dxdy

N JrN o —y[N
N(p+q)
o 2

CCP‘*"I
=/ / Np Nq dxdy (21)
RN JRN (1 4+ 02[x(2) 2 |x —yN=*(1 + o2|y2) 2

+a CCra
_o Y ’/ / dxdy.
BNJeN (14 32) % =y V(14 [y2)

By the definition of ® and combining (17)—(21), we obtain

2
d>(tv(,)=%/RN[|VvJ|2+v§]d —%/RN(IQ*F(tVJ))F(tVG)dx

t2 2p

£2 3
— Vg |2 dx + — Vdx— — I, % vy |P)|vs [P dx
-5 Lverdes S [ zase o | s )i

a t24
f (Ia*|VU|p)|Va|qu__2f (Ia*|VU|q)|V<T|qu
pq JrN 2q* JrN

tZ th N+a Ng-(N+a)
= <§ s S, % 40102t — NN+ 2 _ i T 0 P,

where 1, ¢;, and c3 are positive constants. It is easy to see that there exist constants o > 0
and 4 > t3 > 0 such that, for all o € (0,07) and £ € [0, £3] U [£4, 00),

N+a

D(tv,) < l(1 - —)pi’ 1S,
2 p

In the following we set ¢ € [t3,£4] and o € (0,07). Thus we have

N to Ng—(N+a)

1 1
q’(tvg)_z(l—;)pPlS +coltt—co 2

N+a+4

By g < #£3=, there exists a positive constant o such that if o € (0, 0¢) then

N+a
D(tv,) < —(1——)191’ IS,  forallt>0.
p

Noting that if N > o + 4 then % < N 4f N < ¢ + 4 then §*¢ > M4 the conclusion

follows. O

3 Proof of the main theorem

It is easy to prove that there exist 8, p >0 and v € H!(RY) such that
(i) infyy=p P(u) > B;
(ii) |Iv]l > p and ®(v) <O.

Thus ® has mountain pass geometry. Define the mountain pass level ¢ by

:= inf d(y (1)),
c:= inf max (y (1))

Page 13 of 20
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where
I ={y e C([0,1],H} (RY)) : ¥(0) = 0,y (1) = v}.

Combining Lemmas 2.2 and 2.3, we have the following conclusions:

(i) Ifq:?\[’—i‘;,NzéL,andpe(A%,%) orN=3andpe(1+A%,%—t"2‘),then

1 1 1 Nia
cel0,=(1-~=)g7IS> ). (22)
5 4 q 1

(ii) pr:N+“,N>4+a,andqe(% Nie) o N <4+ andqe(%,%),then

N ' N-2
1 1\ 1 Nea
ce (0,—(1-—>pp3182°' ) (23)
2\ »
(iii) Ifg= g‘vf—j,pz A%,andN>4+a, then

(1 1\ 1 N+ ] 1\ 1 N
ce(0min) = (1-=)g7 1S, =(1-= |p71S,« t ). (24)
2 q 2 p

From Proposition 2.1 in [8], there exists a Pohozaev—Palais—Smale sequence {u;,},cn in
H!RN) such that, as n — oo,

¢(M}’I) - C;
®'(u,) > 0 strongly in (H; (RN))/,
P(u,) — 0.

ForeveryneN,

1 2+ o
®d(u,) - —Puy) = —— Vu,|*d 7/ 2|2 dx.
(1) N+« (1) 2(N + ) RN| i er2(N+ot) RN|u| *

As the left-hand side is bounded, the sequence {u,},cn is bounded in H}(RY).
By extracting if necessary to a subsequence, we may assume that u,, — u in H}(RV). It
is obvious that  is a solution of problem (P). Thus

1 2+ o
O(u) = d(u) - —— =— Vul|? i 2 .
() ®) N+ozp(u) 2(N + ) /sz| l dx+2(N+oe) RN|M| dx=0

Let v, = u,, — u. By the Brezis—Lieb lemma (see [16, Lemma 1.32]),

/|Vu,,|2dx=/ |Vv,,|2dx+/ |Vul? dx + o(1)
RN RN RN

and

/lu,,lzdx:/ |Vn|2dx+/ lu|>dx + o(1).
RN RN RN

According to the situation of p, g, o, and N, we divide the discussion into three cases.
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Case (i): ¢ = ¥, N = 4, and p € (2%, N) or N =3 and p € (1 + 55, 3%)-

From Lemma 2.1, Propositions 2.4 and 2.5 in [14], we see that

/ (Ia*|un|p)|un|pdx:/ (I * [ul?) |ul? dx + o(1),
RN RN

/ (L * Iunlq)lunlqu:/ (L * |Vn|q)|vn|qu+/ (Lo * |26]7) || dox + 0(1),
RN RN RN

and

/ (Ia*|un|p)|un|qu:/ (I * |ul?)|u|? dx + o(1).

RN RN

Then we have

(D (), 1) = /

[|Vz¢,,|2 + ufl] dx —/ (Ia *F(un))f(uu)dx
RN RN

(25)
1
:<q>/(v),v)+/ [IVVal? +v) ] dx - —/ (L # [val?) |val T dx + 0(1).
RN q JrRN
From (®'(v),v) = 0 and (®'(u,,), u,) — O,
1
/ [|VV,,|2 + vi] dx=— / (Ia * |vn|q)|vn|qu +o0(1). (26)
RN q JrRN
We also have
N-2 N N
Pu,) = —/ |V, dx + —/ udx - i / (I * F () F(14,) dx
2 RN 2 RN RN
N-2 N
=P(u) + / |an|2dx+—/ Vf,dx
2 RN 2 RN
N
-— (Ia * |V,,|‘1)|vn|qu +0(1).
2q RN
Thus
N-2 N N-2
S— Vv, |2 dx + — Vide=—— (I * [valT) v T dx + 0(1). (27)
2 RN 2 RN 2q RN

Combining (26) and (27), we deduce that

1
/ Vv, 2 dx = —/ (ID, * |v,,|q)|v,,|qu+ o(1)
RN q JRN

and

/ vf, dx = o(1).
RN

We may assume that

1
/ |Vv,|>dx — a, —/ (Io * [val?) V| T dx — a,
RN q JrRN

where a is a nonnegative constant.
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We claim that a = 0. If a # 0, by the definition of &3, we have

1/q
/ |VVn|2dx281 |:/ ([a*|vn|q)|vn|qu:| .
RN RN

It follows that @ > S;(g - a)/4, which yields

1 N+a

a>qr18>. (28)
1

Similarly to the discussion of (25), we have

d(u,) = 1[ [IVu |2+u2]dx—lf (I * F(un))F () dx

n 9 RN n n 2 RN o n n
:CD(u)+1/ Vv |2dx—L/ (I * [val?) vl T dx + 0(1).
2 RN n 2q2 RN o n n
It follows from ®(x) > 0 and (28) that

c= lim ®(u,)

n—00
|1 ) 1

> lim | = Vv, | dx — — (Ia * |V,,|q)|V,,|qu

n—oo| 2 Jan 2% Jun

1 1 1 Nia
) <1 - _)qq1 812W ’
q

2

which contradicts (22). Hence a = 0. This gives v, — 0 in H!}(R").

N+a N+a N+a
v N>4+a,and g € (57, 75

From Lemma 2.1, Propositions 2.4 and 2.5 in [14], we see that

YorN<4+aandg e (

Case (ii): p = Nia %).

N

/ (Ia*|un|p)|un|pdx:/ (Ia*|Vn|p)|Vn|pdx+/ (Ia*|u|p)|u|pdx+0(1):
RN RN RN
/ (L * |Mn|q)|un|qu=/ (L * |u]7)|u|? dx + o(1),
RN RN
and
/ (Ia*|u,,|")|un|qu:/ (I * |ul?)|u|? dx + o(1).
RN RN
Then we have
(CD/(un),un):/ [IVit,l® + 2] dx—/ (I * F(un))f (1) dx
RN RN
1 (29)
=(®'(v),v) +/ [IVval? +v2] dx - —/ (I * [Val?) Ivul? dox + 0(1).
RN b JrN

From (®'(v),v) = 0 and (®'(u,,), u,) — O,

1
/N[anﬁ +vy|dx = , /N(L, # [V |P) |V l? dx + o(1). (30
R: R

Page 16 of 20
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We also have

N+ao

N-2 N
P(Mn)=—/ IVM,,Izdx+—/ u?dx -
2 RN 2 RN

-2 N
/ |an|2dx+—/ Vf,dx
RN 2 RN
N-2

- —/ (Ia * |V,,|p)|v,,|pdx+ o(1).
Zp RN

/ (I * F(u4))F(14,) dx
RN

=73(u)+N

Thus

N-2 N N
—/ |Vv,,|2dx+—/ vidx: —/ (Ia*|v,,|p)|v,,|pdx+o(1). (31)
2 RN 2 RN 2[) RN

Combining (30) and (31), we deduce that

/RN |Vv,|? dx = o(1)

and

1
/N vidx:;/N(Ia * |vn|”)|vnlpdx+o(1).
R R

We may assume that

1
| S N )
RN b JrN

where b is a nonnegative constant.
We claim that b = 0. If b #0, by the definition of S,, we have

1/p
/ |Vn|2dx282|:/ (Ia*lvnl”)lvnl”dx} .
RN RN

It follows that b > S,(p - b)'/?, which yields

N+a

b=priS, e . (32)
Similarly to the discussion of (29), we have

D(u,) = %/RN[WWF +u]d —%/RN(IQ * F(uy))F () dx

1 1
:@(u)+—/ vide— — | (L *val?) [val? dx + o(1).
2 RN 2p2 RN
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It follows from ®(u) > 0, and (36) or (37) that
c= lim ®(u,)
> lim 1/ Vzdx—i/ (L % [Val?) [V [P A
T nooo| 2 Jypn 2p? JrN
1 1 1 L N+a
= — - — p- o
2 » p 2

which contradicts (23). Hence b = 0. This gives v, — 0 in H} (R").

Case (iii): g = %,p = %, and N >4 + «.

From Lemma 2.1, Propositions 2.4 and 2.5 in [14], we see that

/(Ia*mnv’)lunwdx:f (Ia*|vn|f’)|vn|1’dx+/ (I # [ul?) P dx + (1),
RN RN RN

/ (Ia*|un|q)|un|qu=/ (Ia*|vn|q)|vn|qu+/ (o # 1) [P e + (1),
]RN ]RN ]RN
and

/ (Ia*|un|p)|un|qu=f (Ia*|u|p)|u|qu+0(l).

RN RN

Then we have

(@' (), ) = /

RN

=(®'(v),v) +/

RN

[IVit,l® +ul] dx—/ (I * F(utn))f (1) dox

RN

1
Vv, Zd——f I % v P vul? d
[I Val +vn] x » ]RN( >1<|v|)|v| x

1
- —/ (I # [valT) [V dx + 0(1).
q JRN

From (®'(v),v) = 0 and (®'(u,), u,) — O,

Vv, |2+ v2]dx
[ n
RN

1 1
:—/ (Ia*|v,,|”)|vy,|1’dx+—/ (Ia*|v,,|q)|v,,|qu+o(1).
b JrN q JRN

We also have

N+«

N-2 N
P(un):—/ IVunlzdx+—/ u’dx —
2 RN 2 RN

N
/ |an|2dx+—/ V2 dx
RN 2 RN
N-2

N
e (Ia * |Vn|p)|Vn ¥ dx - _/ (Ia * |Vn|q)|vn|qu +0(1).
2p RN 2q RN

/ (I * F(u))F (1) dx
RN

=Pu) +

(33)

(34)
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Thus

N-2 N
—/ |Vvy,|2dx+—/ vﬁdx
2 RN 2 RN

(Ia * |Vn|p) [Vl dox +

(35)

-2
= / (I # [val?) [V T dox + 0(1).
2[) RN RN

Combining (34) and (35), we deduce that
2 1
Vv, | dx = — (10,* |v,,|q)|v,,|qu+o(1),
RN q JrN
1
/ vidx =— / (Ia * |v,,|p)|vn|1"dx+ o(1).
RN b JrN
We may assume that
9 1
Vv, |* dx — a, = | (L * vl |vul?dx — a,
RN q JRN
1
/ vidx—)b, —/ (Ia*lv,,|p)|v,,|pdx—> b,
RN P JrN
where a, b are nonnegative constants.

We claim that a = b = 0. We prove this by taking off any other cases: (1) a #0, b = 0; (2)
a=0,b+#0;(3)a+#0,b+#0.If a #0, by the definition of S;, we have

1/q
/ |VVn|2deSI|:/ (Ia*lvnl")lvnl"dx] :
RN RN

It follows that @ > S;(g - a)'/4, which yields

1 N+a

a>qriSHe. (36)

If b #0, by the definition of S,, we have

1/p
/ |Vn|2dx282|:/ (Ia*|Vn|p)|Vn|pdx:| .
RN RN

It follows that b > S,(p - b)'/?, which yields

N+a

b= priS, . (37)

Similarly to the discussion of (33), we have
1 2 9 1
®d(u,) = 2 RN[WW' + un] dx — 2 N (Ia *F(u,,))F(u,,) dx

1 1
=d>(u)+—/ |an|2dx+—/ v:dx
2 RN 2 RN

1

1
_@ RN(Ia*|Vn|p)|Vn|pdx_2_q2/RN(Ia*|Vn|q)|Vn|qu+0(1)-
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It follows from ®(u) > 0, and (36) or (37) that
c= lim ®(u,)
n—00
1 1
> lim —/ |an|2dx+—/ vf,dx
n—oo 2 Jpn 2 Jen
5 | e )= s [ (L) ds
2p* JrNn 2q* Jrn

1 1\ 1 N« ] 1\ 1 Nea
= _<1——)qq_1512m orz (1—_>Pp_1 2%
2 q 2 p

which contradicts (24). Hence a = b = 0. This gives v, — 0 in H}(R").
Combining Cases (i)—(iii), we can assume, going if necessary to a subsequence, u#,, — u#in
HYRN). Clearly, ®'(«) = 0 and ®(u) = c. Thus problem (P) has a nontrivial critical point u.
Then, by the same approaches which appear in [8, Sect. 4], we obtain Theorem 1.1.
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