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1 Introduction

When a liquid moves across a substrate surface, the line along which the free interface in-
tersects with the surface is called the contact line. Free-surface flows with moving contact
lines are commonly encountered in our daily lives. However, mathematical descriptions
of such flows are beyond the capabilities of classical hydrodynamics. More precisely, if the
classical no-slip condition is applied to a moving contact-line problem, a non-integrable
stress singularity arises near the contact line (see, e.g., [5]).

The most common approach for avoiding this situation is to replace the no-slip condi-
tion with conditions that allow for slipping near the contact line (see, e.g., the review of
slip models in Chap. 3 of [25]). This approach removes the above-mentioned stress sin-
gularity, but other issues remain unresolved. One such issue concerns the modeling of
the dynamic contact angle. In slip models, the contact angle has to be prescribed, and in
many cases it is assumed to be a function of the contact-line speed. However, a previous
experimental study [2] suggests that the variation in the contact angle depends not only
on the contact-line speed, but also on the flow field in the vicinity of the contact line. An-
other issue concerns the description of the flow kinematics. The experiments reported in
[5] imply that a rolling motion arises in an actual flow. However, as reported in [24], two
typical slip models (one that prescribes the fluid velocity on a solid surface and another
that adopts the Navier slip condition) fail to reproduce the rolling motion.
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With the aim of overcoming the above-mentioned shortcomings of conventional mod-
els, Shikhmurzaev developed a new “interface formation model” [22]. Physically, the in-
terface is considered to be a thin layer in which the density varies drastically because of
the asymmetric action of intermolecular forces from the different phases. The interface
formation model simulates this layer as a separate phase with zero thickness characterized
by its surface density and surface velocity, where the surface density is related to the sur-
face tension through an equation of state. This treatment of the interface makes it possible
to describe the process of interface formation/disappearance occurring at the contact line
and the variation in surface tension induced by these processes. The equations governing
the relaxation process for the interface are derived by applying irreversible thermodynam-
ics to the surface phase. The resultant equations consist of the balance laws for mass and
momentum in the surface phase, which are coupled with the Navier—Stokes equations in
the bulk phase by constitutive relations of the fluxes between the surface and bulk phases
derived by applying Onsager’s principle.

The main issues of dynamic wetting described above are consistently resolved by the
interface formation model on the basis of the mechanism of interface formation and dis-
appearance. This is the primary advantage of this model. The interface formation model
naturally describes a flux at the contact line (see [22]), which is observed in the actual
rolling motion. This flux is missing in the conventional models. The interface formation
model relates the surface tension to the bulk velocity through boundary conditions. Thus,
the contact angle is the response of the overall velocity field. In addition, the thermody-
namics applied to the liquid—solid interface means that the no-slip condition is replaced
with the generalized Navier slip condition. Thus, the interface formation model eliminates
the non-integrable stress singularity at the contact line as a physical consequence.

As seen in [25], the interface formation model can describe various flows with mov-
ing contact lines, including dynamic wetting, cusp formation, and drop coalescence, in
a unified way. This is another advantage of this model. In addition to Shikhmurzaev’s
studies (see [25] and the references therein), this model has been examined through
applications to various flows using computational and asymptotic methods (see, e.g.,
(1,3,4,7,8, 16, 17, 26)).

By contrast, we have relatively few mathematically rigorous results for the interface for-
mation model. Mathematical studies on the solvability of free boundary problems for the
Navier—Stokes (or Stokes) equations with moving contact lines have mainly been con-
ducted for models with conventional boundary conditions (see, e.g., [9, 21, 28, 31, 32, 35]).
If we restrict ourselves to the interface formation model, the solvability was studied in
[11, 12]; however, no situations involving contact lines were investigated in these stud-
ies, and to the best of the author’s knowledge, there are no results on the solvability of
Shikhmurzaev’s full model describing flows with moving contact lines.

In this paper, we apply the interface formation model to the steadily advancing meniscus
of an incompressible viscous fluid in a circular capillary tube, and prove that there exists
an axially symmetric solution for low meniscus speeds. As stated in [24] or Sect. 2.5.2 in
[25], for a hydrodynamic model describing the moving contact line to be physically valid,
the solution of the model must remain finite near the contact line. We construct the above
solution in weighted Holder spaces to clarify the regularity of the solution near the contact
line in the classical sense. As will be described in detail in the next section, we need to add
one more condition on the contact line to ensure that the interface formation model is well
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posed. Following Shikhmurzaev’s treatment in [24], a condition whereby the pressure is
finite at the contact line is added. This treatment enables us to determine the contact angle
as part of the solution without generating any singularity from the motion of the contact
line. However, the case in which the contact angle is 7/2 is an exception (see the next
section in this regard). The pressure diverges at the contact line when the contact angle
is in the range (7 /2,), because the contact line is a ridge of the domain. It is shown that
the singularity arising in this problem is caused only by the presence of the corner of the
domain, and the regularity of the solution near the contact line is determined by the size
of the contact angle.

The remainder of this paper is organized as follows. In Sect. 2, we formulate the prob-
lem. In Sect. 3, we introduce function spaces and state our main result. In Sect. 4, we
give some results for the Stokes equations with the slip boundary condition defined in a
sectorial domain. The regularity of the solution to our problem near the contact line is de-
termined from the distribution of eigenvalues of the operator pencil associated with this
model problem. In Sect. 5, we derive an estimate of the solution to the linearized problem.
The estimate is obtained by combining Schauder’s method with an exponential decay es-
timate for the Dirichlet integral obtained by means of differential inequalities techniques.
In Sect. 6, we solve the nonlinear problem using the contraction mapping principle with
the estimates established for the linearized problem. We construct a solution in a neigh-
borhood of the rest state of the fluid. We assume that the static contact angle differs from
0 and 7, and we do not consider the situation where the dynamic contact angle reaches
0 and 7. In our problem, the location of the interface is not known a priori; hence, for
technical convenience, we transform the problem onto a prescribed domain with fixed
boundaries. However, as the contact angle is unknown in advance, the regularity of the
solution near the contact line cannot be determined directly from the transformed prob-
lem. The regularity of the solution is determined after the contact angle has been found
by solving the transformed problem. Finally, in Sect. 7, the overall conclusions from this

study and future tasks are described.

2 Formulation of the problem

Consider the situation in which a meniscus is moving at a constant speed W > 0 in an
infinite circular tube Q = {|x| = \/m < 1}. We assume that the total flux across an
arbitrary cross-section of the part filled with the liquid is prescribed and given by p|B|W,
where p is the density of the liquid and |B] is the area of the cross-section. In the formu-
lation below, we assume that the flow is steady in the coordinate system moving with the
meniscus.

First, we establish the governing equations. Let the region Qj = {x3 < h(x'),x" € B} (B:
|«'| < 1) be filled with a liquid and T'y, = {x3 = h(x"),x’ € B} be the free interface of the liquid.
The interface is assumed to meet the surface d<2 at the contactline M =T, N3 = {x €
9Q2|x3 =0}, and X = {x € 9Q2|x3 < 0} is the liquid—solid interface.

We assume that the flow over €, is governed by the steady Navier—Stokes equations

—-VAV+(v-V)v+Vp=0, V.v=0, 1)

where v is the velocity, p is the pressure, and v is the kinematic viscosity.
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For I'j,, where n is the unit outward normal to I';, we consider the following equations:

IT(v,p)n = Vroy, n-T(v,p)n =o01H, (2)
Vi - p1vy = _w, 3)
T1
vin=-2"P% v =y Vra, @)
rh
o1 =Y (po - p1), (5)

where v; and p; are the velocity and surface density of the liquid—gas interface, respec-

tively; T(v, p) = 2vD(v) — pl is the stress tensor, where

1 aV,‘ 81/1‘
DW) =+
2 axj 8x,~ ij=1,2,3

is the strain-rate tensor; H is twice the mean curvature of I';,, which is assumed to be
negative where €2, is convex; I1 is the projection operator onto the tangent plane of I'y;
Vr is the gradient operator defined on I'y; and p1., 71, X, ¥, and po are positive constants.
In particular, p; . is the equilibrium surface density.

For X, we assume that

1
IT(v,p)n - EVEO'Z = -BI(v-W), (6)
Vs - pyvg = =27 P2e 7)
T2
- 1
V~n=—w, [Tvy, = =TI(v+ W) + a V50, (8)
PT 2
o2 =y (po — p2), )

where v, and p, are the velocity and surface density of the liquid—solid interface, respec-
tively; W = (0,0,—W); n, I, and Vy, are defined for ¥ in the same way as for I'; and py,
T3, @, and B are positive constants. In particular, p; . is the equilibrium surface density.

In regard to the interfaces, (2) and (6) represent the momentum balance, (3) and (7) rep-
resent the mass balance, (5) and (9) are equations of state, and (4) and (8) are phenomeno-
logical laws between fluxes and thermodynamic forces arising in the entropy production
rate of the interface (for details of the derivation, see [22, 23, 25]).

Remark 1 In the present paper, we assume that the right-hand sides of (4)! and (8)" van-
ish. In the original version of the interface formation model, Shikhmurzaev derived these
conditions by assuming that the effect of mass exchange on the bulk is negligible (see, e.g.,
[23]). However, as revealed in [24], these terms play an essential role in describing the flow
in the immediate vicinity of the contact lines more accurately. We have not yet succeeded
in proving the solvability of the same problem when the right-hand sides of (4)! and (8)!
do not vanish. The main difficulty lies in the derivation of an inequality corresponding to

(54), which is essential in proving the solvability of the linear problem.
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On M, we assume the conservation of mass, i.e.,
P1V1- €1+ Pavy - €3 =0, (10)

where e; and e, are unit normal vectors to M that are tangential to I, and X, respectively.
We also assume the following force balance:

01C0804 = 0gy — 03, (11)

where 6, is the contact angle determined by cos 6 = e; - e;, and oy, is the solid—gas surface
tension, assumed to be a nonnegative constant.

Now, let us formulate our problem. After eliminating the surface velocity v; with the aid
of (4)* and v, with the aid of (8)2, the above equations can be written as follows:

—-VAvV+(v-V)v+Vp=0, V.v=0 inQy, (12)

T(v,p)n+yVrp; =0, n-T(v,p)n=0H,
—X]/Vr~p1V1-p1+Vr~p1v:—M, (13)

1

v-n=0 only,

OT(v,p)n+ LVspy = -B(v-W),
—ayVs - paVs 0y + %VZ pa(V+ W) = 22 (14)

2

v-n=0 onX,

p1(v—xyVrp1) - e

1
=—,02{§(V+W)—01VV2,02} -e; onM, (15)
(oo — p1) cos b = 03 — (o — p2)(03 = Ogg/y) on M, (16)
and
fBV3(x/,x3) dx' =0 (x3<0). (17)

Further, we assume that the liquid—solid interface reaches its equilibrium state and that
the flow is fully developed in the far field, and we impose the following condition:

(v, 02) — (V, p2,) (%3 — —00). (18)

Here, V is the Poiseuille flow given by the pair (V, P), where

V=00,0,-W-W_—2_(«]?-1-2)),
B

1+4v/B (19)
P=-W

8v
1+4v/ﬂx3’

This Poiseuille flow was derived in [34].
As seen in (13)® and (14)?, the surface densities p; and py satisfy second-order ellip-
tic partial differential equations. Therefore, from a mathematical point of view, we need
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two boundary conditions on M to determine the surface densities using these equations.
However, between conditions (15) and (16) on M, we can use only (15) for that purpose,
because condition (16) is used to determine the contact angle. To use (16) as a boundary
condition to determine the surface densities, we need to prescribe the contact angle, but
doing so would eliminate the main advantage of this model. This “lack of a condition” was
first pointed out in [1].

When the contact line is moving, the term W arises in the generalized Navier condi-
tion (6). Shikhmurzaev [24] adds condition (50) (see [24]) to remove a pressure singularity
caused by the above term and constructs an asymptotic solution without a pressure sin-
gularity. We follow the above treatment and assume his condition (50) in the following
equivalent form:

14
IBW'eZ_EVZpZ'eZ_VVFpl'e1:O on M. (20)

We can also find this condition from the right-hand side of conditions (13)* and (14)"3 by
settinga; = yVrp; -e1, b1 = —(%sz + BII(v—W)) - ez, a; = by = 0 and applying condition

(26) to these terms (in this case the problem domain is not a sector, so the term %if is
replaced by "aif -V ‘;—‘T‘ .

Remark 2 Another approach for adding a condition at the contact line can be found in
[1], where a boundary condition is added by accounting for the entropy produced at the
contact line. Shikhmurzaev disagrees with this modeling approach from a physical point
of view (see Sect. 4.3.5.3 in [25]).

Condition (20) ensures that the compatibility condition corresponding to (34) is satisfied
for problem (91), which makes it possible to construct a solution without a singularity at
the contact line when 6, < /2. However, when 60, > /2, the pressure becomes singular
because the model problem (23) has singular eigensolutions. When 6, = /2, in addition
to (20), the condition that

,3W~e2—gvz,02-e2+yvrp1~e1:0 on M, 21)

which comes from condition (30), has to be imposed for the pressure to be regular at the
contact line. However, if we further assume condition (21), our problem becomes overde-
termined. In addition, it is impossible to impose a condition for a specific contact angle in
advance for a problem where the contact angle is not known. For these reasons, we cannot
construct a regular solution when 6, = /2.

We hereafter denote the problem consisting of equations (12)—(20) for unknown func-
tions (v, p, p1, p2, ) as problem (P).

3 Main result

To state our main result, we first introduce the function spaces used throughout this paper.
Let D be a domain in R”, / be a nonnegative integer, and « € (0,1). We use C**(D) to
denote the space of functions f(x),x € D with the norms

)

1 0 1
lf|53m) = Z ‘B;nf‘(D) + [f]Sf“), lfl%’) = suglf(x)
Xe

|m|<l
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m —gm
[f]g*a) = Z[a;nf](Da) _ | xf(x) yf(y)|’

\ml=l "ij Iml= e =y
where
" glml
|m|=Zmi (ml(Z O)EZ), Bz"zﬁ.
- PR

Below, we introduce weighted Holder spaces. Let s € R and M C 9D be a closed set.
Using (07£+°‘(D, M), we denote the function space with the norm

515‘384 Z |p|m‘_samf|D SZEO;\/[’

0<|m|<l
where

gm —gm
5= Y supo i) sup 0 STO

o %D yeK( ) | — y|*

K(x) = {y € D||y — x| < 1 p(%)}, and p(x) = dist(x, M).
Lets(¢ Z) € (0,/ + «]. Let CSZ*“ (D, M) be the function space with the norm

! (L
=118+ S [ =af |9+ (11

s<|m|<l

For s < 0, we assume that CS”"‘ (D,M) = (ofs”" (D, M).

Further, we introduce a weighted Holder space defined on the infinite semi-cylinder €2;,.
Let >0, Q = {x € Qulx3 < —t}, and Qo = {x € s |x3 > —t}, where ¢ > 0. Let C-™* (Q, M)
be the function space with the norm

G G G 1 s p|(lra)
1ty = F1880 a4 1™ 1S = Jemnf|

We also introduce the space Cslm’“ (X, M) of functions defined on the lateral surface X,
which is defined in the same manner as C-"* (2, M), except that , is replaced by =.
Finally, let W/(D) be the function space with the norm

1= Y10y Wio= ([l ax)

lm|<l
The following is our main result.

Theorem 1 Let 1o > 0 be the smallest noninteger solution of the equation
sin(1 + A)8, - sin(1 — 1), = 0. (22)

When 64 = /2, we assume that Ay = 1. Let 0 < o < 1 and s satisfy the conditions s ¢ 7Z,
0<s<2+a,and0<s<min(w /04, Lo). Assume that 203 — p1,.x 70 and |(0sg — 02)/01] <
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8¢ < 1 for a constant 8y, where &1 = y (00— P1,e), 02 = V(00— Pa,e). Then, if W > 0 is sufficiently
small, for some constant u > 0, problem (P) has an axisymmetric solution (v, p, p1, p2, h)
with the following properties:

o The angular component of v around the x3-axis vanishes;

. 0,40,7;

» The solution belongs to the following classes:

v-¢{VeCTH"(QuM),  V(p-¢P)eClh(QM), peCl(Q1,M),

p1 € C3+a

s+1

(TwM),  pa—pae € CIHM(Z,M), heCE(B,M),

s+1 s+1
where ¢ is the function given in (75).

Remark 3 The condition 2p, . — p1.x # 0 is required for conditions (15) and (20) to be

written as two independent conditions (91)>1°.

4 Auxiliary problem in a sectorial domain

x1tan@}, {x1 > 0,x, = 0}, and y» N ¥, respectively. When 6 = /2, dy and y, are replaced

Assume that 0 <0 < . Let dy, ys, vo, and M be defined by {x; > 0,x; > b {xn > 0,09 =

by {x2 > 0,%; > 0} and {x, > 0,x; = 0}, respectively. We consider the following problem:

—vAu+ Vg =f, V.-u=g indp,
2vD(u)n - 7 = a4, u-n=a, onyy, (23)

2vD(u)n - 7 = by, u-n=>by, onyy,

where 7 = (1,0) on yy, (cos8,sind) on yy, and n = (-13, 71).
The following lemma for the above problem will be used in the next section. As we can
prove this lemma in a standard manner (see, e.g., [29]), the proof is omitted.

Lemma 1 Let Lq > 0 be the smallest noninteger solution of the equation
sin(1 + A)0 - sin(1 — A)0 = 0. (24)

If 0 = /2, assume that ko = 1. Assume that 0 < <1,s ¢ 7, 0<s< Ao, and s <2 + a.
Further, assume that f € C*,(dg, M), g € C1{(dg, M), a1 € C1¥ (0, M), ay € C2**(yy, M),
by € CH¥(yp, M), and by € C***(yy, M), and that their supports are compact. Additionally,
assume that the condition

/gdx:—f azdl+f by dl (25)
dy Y0 Yo

is satisfied, and, if .o > 1, further assume that the following compatibility condition is sat-
isfied:

B ob
ai —2v£ =b; _ov—2

26
T |y at (26)

M
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Then (23) has a unique solution (u,Vq) € C2**(dg, M) x C*,(dp, M) that satisfies the

estimate
(2+a) (a) () (1+a)
lalg g0+ 1Vl o0y = C(|f|s—2,d9,M +1gl5-1,4M
1 2 1 2
+lanl S+ a2l + 16155, 0+ 162150) (27)

for a constant C > 0 that is independent of the data.

Rewrite problem (23) with v = 1 in the polar coordinates (r,¢) defined by x; =
rcos @, x; = rsin¢g, then apply the Mellin transform with respect to 7:

M) =f(r) = /0 Y () dr.

Thus, we have the following system of ordinary differential equations for u, = u; cos¢ +
Uy Sing, ug = —uy Sing + uy cos @:

i1 + (1= 22)it, + 20y + (A = 1)7 = fi,
—itly + (L= AD)ity = 20, + G = fo,

B+ O+ ity =, (28)
(A =Dty +iylg-0=a1,  Uplg-o = aa,
(= Dity +lgp = b1, Tiglg-p = ba.

We denote the operator of this boundary value problem by /(). If A is not a root of (24),
this problem has a unique solution. The roots of (24) are called eigenvalues of problem
(28). A nontrivial solution corresponding to each eigenvalue is called an eigenvector.

The asymptotic formula (29) in the following lemma describes the singularity of solu-
tions to problem (23). (For the derivation, see, e.g., [10, 15].)

Lemma 2 Let f?;" = (ol'sz"“(dg) X é'sl_*f‘(de) and lo)g‘ = 63_2(0,’9) X &Sl_*f‘(dg) X (ol'sl_*f‘(yo) X
&3"“()/0) X é}f{"(yg) X &3*“()/9). Assume that s1,s5 (0 < s1 < $5) ¢ Z are not roots of (24).
Let (f,g,a1,a2,b1,b,) € b‘s"l n f)g;, and let 11, ..., )\, be the eigenvalues of problem (28) that
exist in the range (s1,52). Then the solutions (w1, q1) € S‘;l and (uy,q;) € Sg‘z of problem (23)
are related by the formula

n

(w,q1) = Y g(rmy), 7 q() + (s, q), (29)
j=1

where c; are constants depending on the data, and (u(};), q(%;)) is the eigenvector of problem
(28) corresponding to eigenvalue ;.

From (29), we can see how g behaves near the corner M. Let A in (29) be the smallest
positive eigenvalue. When 0 < 6 < /2, A, is greater than 1, which indicates that g remains
bounded near M. In contrast, when /2 < 6 < 7, g diverges at M.

When 6 = 7/2, all nonnegative eigenvalues are given by A = 2k + 1 (k =0,1,2,...).
These eigenvalues are all double roots, and the corresponding eigenvectors are given
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by (u(r),g(A)) = (cos2(k + 1)¢, —sin2(k + 1)¢,0) and (—k cos 2k¢, (k + 1) sin 2k¢p, —2(2k +
1) cos 2k¢). If the associated eigenvector (v(A), p(1)) defined as a solution of the equation

UGY (1), p() + U () (u(2), 4(2)) = (0,0)
exists for A, the term c,'(r}‘/u()»,'), r*/‘lq()»,-)) in (29) is replaced by
cj{ (r’\fv()»j), rkf—lp()»}-)) +log r(r’\/u(kj), r*f_lq(kj)) }

However, elementary calculations show that no associated eigenvectors exist for all the
eigenvalues given above. This implies that the solution to problem (23) is regular near the
corner M. Indeed, we can obtain the following result in a similar manner to Sect. 6 of [20].

Lemma3 Assumethat0 < a < 1. Assumethatf € C*(dy),g € C1**(dp), a; € C*** (), ay €
C%*%(yy), by € CY**(yp), and by € C***(yy), and that their supports are compact. Further,
assume that compatibility conditions (25), (26), and

arly =—b1lu (30)

hold.
Then (23) has a unique solution (u,Vq) € C>*%(dy) x C*(dy) that satisfies the estimate

2 1
w4 Vgl < (I8 + gl

+lar (g + 1ag| &) + by | () + by 31) (31)
for a constant C > 0 that is independent of the data.

5 Linear problem

In this section, we consider the following problem:

-VAv+ Vp=f{, V.v=g inQ,
2vIID(V)n + ¥y Vrp; =a, vV-n=as,
—k1VEp1+ x101+Vr-v=h onT,
20TID(V)n + BIIv + Vs py = b, v-n-=bs, (32)
—KzV%p2+X2p2+%V2 -v=hy onXx,

(v—k1Vrp1) - ey = my,

(%V —kaVspy)-ey=my onM,

v— 0, p2— 0 asx3 — —00,

where v, v, k1, k2, B, x1,and yx, are positive constants, and €2 is defined for a given function
he ijf‘ (B) in the same manner as 2, was defined in Sect. 2. Similarly, I', ¥, M, n, ey, e,
Vr, and Vy are defined in the same way as in Sect. 2. We assume that the domain €2 and the
dataf, g, a, as, b, bs, h1, hy, m1, and my do not depend on the rotation angle ¢ around the

x3-axis, and the ¢-components of f, a, and b vanish in the cylindrical coordinates (r, ¢, z)
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defined by (x1,%5,x3) = (rcos ¢, rsin ¢, z). We denote the contact angle between I' and ¥
as 0 and assume that 6 #0, 7.
The following is the main result in this section.

Theorem 2 Let 0 < o < 1 and s be a constant satisfying the conditions s <2 +a, s ¢
Z, and 0 < s < min(ko,7w/0), where Ay is the constant given in Lemma 1. Assume that
f e C*H(Q,M), g € CHM(Q,M), a € CH(T, M), az € C2**(I',M), b € C-"(%,M),
by € CF" (2, M), hy € CI(T, M), hy € CLM (2, M), and my, my € C(M). In addition,
the following condition holds:

/gde/ﬂgdS+/b3dS. (33)
Q r z

For the case 0 < 7, we also assume the compatibility condition at the contact line M:

1
0=b~e2—,8v|M-e2+L my——V|py-e | +a-e;
2/(2 2

da d
+ L(ml V|r - e1) +2v0,b3 + 2v o4 _ Vim - n (34)
K1 ot T

with

Vs = Ve Vg, Vo)l = (bg, Ve, W' (1)bs + /1 + h/(l)zag),

where T is given by (\/1 lh’ () ) in the cylindrical coordinates introduced above.

70’
()2 1 (02

Then there exists a constant | > 0 such that problem (32) has a unique axisymmetric
solution with the following properties: the ¢-component of v vanishes, v € C2**(Q, M),
Vp € CU4(Q,M), p1 € CH(T, M), and p, € C2'" (S, M), and these functions satisfy the
estimate

(2+a,) (a, ) (3+a) (3+a,u)
|V|SQM +IVPl oM+ |p1|s+1FM + |r02|s+12M

(o, ) (1+a,u) (1+a) (2+a) (1+a,p)
< C(IfI 500 + 1815 1o |a|s 1FM+| 3|er Ibls 15 m

@ a a
+1bal S0+ 1 52+ 2 S0 + o[y + naly) (35)
for some constant C > 0 that is independent of the data.
We begin with the following lemma.

Lemma 4 Under the assumption stated in Theorem 2 for g, as, and bs, there exists a vector
field w € C2**"(Q2, M) satisfying

V-w=g inQ,
(36)
w-n=as onl, w-n=b; onXx
and the estimate
(2+a,10) (1+a,1) (2+a) (2+a,p)
|w|sQM <C(|g|s 1QM+|”3|er+|b3|s>:M ) (37)

for a constant C > 0 that is independent of the data.
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Proof We construct the function in the form w = V&, where & is a solution of

AD = in €,
g in (38)

2r = as, 2)s =bs.
We first construct a function &’ satisfying conditions (38)>* and the estimate
(B+a,p) 2 2+a,
|’ < C(lasl 35 + 1b31 o).

s+1,QM —

Then we introduce the new unknown ® — @’ to reduce problem (38) to one in which
as = bz = 0. In the following argument, we again denote ® — &’ and g — A®’ by ¢ and g,
respectively.
Now, let us set
Dy(R) = {u € Ly 1oc(Q)0,u € Ly(Q)}.
For u € D}(R2), we set

[u] = {w € DY(Q)|w = u + c for a constant c},

and let D%(Q) be the space of all equivalence classes [u]. As shown in [6], the space D%(Q)
is a Hilbert space with the scalar product

(u,v) :/ Vu - Vvdx.
Q

We prove the weak solvability of problem (38) with a3 = b3 = 0 in class D%(Q) for arbi-
trary g € L,(2). Let ¢k (k € N) be the cut-off function such that

(x3 > —k),

1
Cr(x) =
0 (x3<-(k+1)).

Set gr = Lkg and let @y be the corresponding solution of the problem with g = gr. We
multiply the equation A®; = g; by ¢ € D}(R2) and integrate both sides to obtain

—/ Vd>k~V¢dx:/gk¢dx. (39)
Q Q

The Riesz representation theorem then implies that there exists a unique solution ¥y €
D%(Q) of (39), and we obtain the estimate

IV®@rll2e < Cligkll2,a-

Thus, by taking the limit k — oo in (39), we have a solution ® € D}(2) satisfying the
estimate

V@20 < Cliglze-

Page 12 of 33
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For problem (38) with a; = b3 = 0, we can obtain a decay estimate that is similar to (56).
Based on this estimate, we can obtain estimate (37) using a method of localization similar
to that used to obtain estimates (71) and (73). Because of the axial symmetry of the data
and the domain, the solution constructed above is axially symmetric. Therefore, we can
perform the above localization procedure for a two-dimensional problem using estimate
(41) given below. In Lemma 5, dy, ¥, Yo, and M are defined in the manner specified in
Sect. 4. As the result is well known, the proof is omitted.

Lemma5 AssumethatO<a <1,s¢7Z,0<s<w/0,ands <2+«a.Further, assume that g €
CH(dg, M), az € C**(yp, M), and bz € C***(yo, M), and that their supports are compact.
Additionally, assume that the condition

/gdx:/ agdS+/ b3 dS (40)
do 79 Y0

is satisfied. Then problem (38) with Q = dy, I = vy, and X = y, has a unique solution V® €
C**(dy, M) that satisfies the estimate

2 1 2 2
VI < Clgls e + 13y + 163150n) (1)
for a constant C > 0 that is independent of the data.

Thus, we have proved Lemma 4. d

Lemma 6 Under the assumptions stated in Theorem 2 for hy, hy, m1, and my, there exists
a unique solution (s1,s3) to the problem

—/qVI%sl + X181 = h1 on F,
_KZV%S2 + X282 = h2 ony, (42)
—K1V1"S1 -€1 =my, —K2V2S2'62:Wl2 on M

satisfying the estimate
3+a) (3+a, 1)

(
Is1lss1,0m + 15205015 0

1 l+a,
< C(I ISR+ ol (5550 + Il + ma3y) (43)
for a constant C > 0 that is independent of the data.

Proof The proofis similar to that of Lemma 4. The existence of a weak solution of problem
(42) is easily shown. In addition, for the problem

~Ap+xp=h inR2={(z1,25) € Rz, >0},

822/)'22:0 :H¢ P —> 0 (ZZ - OO),

where x > 0 is a constant, we can obtain the following estimate in the same manner as in
the proof of Theorem 7.1 in [30] under the assumption that the supports of the data are
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compact:
(3+a) (1+a) (s)
ol g2 = C(Ihlsfl,ngR +HIR). (44)

Using this estimate, in addition to a decay estimate for s1,s, similar to that in (56), we
achieve the desired result in a similar manner to that used to obtain estimates (71) and
(73). a

With the aid of Lemmas 4 and 6, problem (32) reduces to the problem with g = a3 = b3 =
hy = hy = my = my = 0. Therefore, we hereafter consider (32) under this assumption.

Let us prove the weak solvability of the problem. After multiplying (32)" by v/, (32)° by
o}, and (32)® by p}, we use integration by parts to obtain

21)/ D(v):D(v’) dx+;6/ v-v’dS+/<17// Vrp1 - Vrp;dS
Q b r
+ X1y / P101 d5+f<z)// V2 VepydS + Xz)// p2p3dS
r b b
+ y/(Vrpl -V = Vrp; ~v)dS+ %/(Vzpz -V = Vs p) 'v)dS
r b
:/f-v/dx+/a-v/d5+/b~v/dS. (45)
Q r b>
Let J(€2) be the function space defined by
J(Q) = {f e WHQ)|V-£=0,f-n|rux =0}
We now prove the following inequality. The main difficulty is in the estimation of ||v||2,q.

A similar inequality in an infinite strip domain is derived in [18]. Because the domain is

three-dimensional in the present case, more complicated arguments are necessary.

Lemma 7 For arbitrary v € J(2), the following inequality holds:
(IVIS)* < C / D(v) : D(v) dx. (46)
Q

Proof For any v € J(2), with the aid of Korn’s inequality, we have

9:vIl3 ¢ < c</ D(v):D(V)dx + ||v||§,r).
Q

As I is compact, using a similar argument as in the proof of Lemma 4 in [33] implies that
there exists a constant C(¢) satisfying the inequality

VIBr < elaviEg + Cle) [ Dw): D) d
Q
for arbitrary € > 0. Combining these inequalities, we have

0.vll3o <C /Q D(v) : D(v) dx. (47)
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Now, from the conditions V-v=0and v-n|g =0, f 5 v3(¥,x3) dx’ = 0 holds for arbitrary
x3 < 0. From this, we have

[vsCrxa)ll, 5 < € Vwvatoms)], (48)

By integrating the identity with n = 2,
Z{Bxi(vixjvj) - (axiVl')xl'Vl' - v,-xj(axi Vj)} - |V|2 =0 (49)

ij=1

on B under the condition that v - n|35 = 0, we obtain

[V G5 = Clowv Cx3) (50)
where v’ = (11, v2). We integrate (48) and (50) with respect to x3 to obtain
Ivll2e; < Clloxvilag,- (51)
Next, we integrate (49) with z = 3 in the domain € and find that
IVli2.00, < C(18:Vll200, + V(1) )5 (52)
and we note the estimate
[v6: =Dl = ClIvisa,
from (51) and (52) to obtain
IVll2.e < Cll0xvll2,0- (53)
Estimate (46) is obtained by combining inequalities (47) and (53). a

We now introduce the Lax—Milgram theorem.

Theorem 3 (Lax—Milgram [14]) Let H be a real Hilbert space with the norm || - || and
B:H x H— R be a bilinear mapping. If there exist constants a, 8 > 0 such that

[Blu,vl| < alullivl (u,v e H),

Bllul®* < Blu,u]l (uecH).

Then, for every linear functional f : H — R, there exists a unique element u € H such that
Blu,v] =f(v) forallve H.

Lemma 7 indicates that the bilinear form defined by the left-hand side of (45), which we
denote as B[(v, p1, p2), (v, p, p3)], satisfies the condition

B[, pr, 2), (% o1, p2)] = CL(IVISR) + (o1 153)% + (102115%) - (54)

Thus, from Theorem 3, we have the following.
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Theorem 4 For arbitrary (f,a,b) € Ly(2) x Ly(I") X Ly(X), there exists a unique solution
(v, p1,02) € J(RQ) x W) x W3 () satisfying (45) for all (v, p}, p) € J(2) x WH(T) x
W(X) and the estimate

1 1 1
V56 + oISt + 1o2ll5s < C(Iflla.e + lallar + Ibll2,5) (55)
for a constant C > 0 that is independent of the data.
For the solution (v, p1, p2) obtained above, the pressure p is determined from the follow-

ing equation defined for arbitrary n € H(Q) = {f € W, (Q)|f - n|rus = 0} with a compact
support:

ZV/;ZD(V):D(n)dx+,3/Zv-ndS—/QpV-ndx

=/f~ndx+/(a—yvrp1)-nd5+f<b—ZV2p2)~nd5.
Q r ) 2

If we take the vector 71 such that
V.n=p inQ, n=0 inQ\Q, 9xnll2,2 < Clipll2o»

where Q' C Q is a bounded domain (for the construction of 7, see, e.g., [13]), we have the

estimate

Ipllag < C(Ifll20 + lallzr + Ibll2z).

Here, p is normalized by the condition [, pdx = 0.

The axial symmetry of the solution constructed above readily follows from the sym-
metry of the data and the domain. In addition, when fj = a4 = by = 0, if we take vge,
(eg = (—x2/1x'|,%1/1%'],0)) as v’ in (45) and take O as p; and pj}, we have the equality

v vy 2 vy vy 2 /2
e ¢ —~ -2 rdrd¢d d¢dz =0,
2/9(8z)+(8r " rdrd¢ dz + B >:V¢¢Z

which indicates that v4 = 0.
The following decay estimate is obtained in a similar manner to the proofs of Theo-
rem 5.3 in [27] and Lemma 1 in [19].

Lemma8 Let QA f)={x € QA—-t<xs<A+tland T\, t)={x e Z|A—-t<xz3<r+t} (A<

—4). Assume that £, a, and b possess the same regularity assumed in Theorem 2. Then the

solutions v and p, of (45) satisfy the inequality
1 1 , 1 L+,
I¥l500.1) + 1021550y = Ce* (B 000 + 18115000 + IDTTE) (56)

for constants v > 0 and C > 0 that are independent of the data.
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Proof We use integration by parts in the domain (%, £) in a manner similar to that for
(45) to obtain

2u/ D(v):D(v)dx+,3/ [v|?dS
QML) (At)

+sz/ |V2,02|2d5+)’X2/ ps dS
S(h.t) Z(At)

\% A\
+)’/ Pz(——szzpz) ~e3dl—3// /02<——K2V2/02> -ezdl
do(r+) 2 do(r—t) 2

—/ T(v,p)es - vdx' + / T(v,p)e; - vdx'
w(A+t) w(A-t)

:/ f~vdx+/ b-vds, (57)
QL) (00

where e3 = (0,0, 1) and w(t) = {x3 = t,x’ € B}.
We integrate (57) with respect to ¢ over the interval (n — 1,7)(1 < 1) to obtain

2

n
1 2 1
Z(An) = / (VIS b)) + (o215 .0 dt

|

+

+

/ T(v,p)es - vdx

/ T(v,p)es - vdx
D(xn) D(xn)
1 1

ﬁ Pz(—V—VE/Oz) -e3dS / Pz(—v—vzpz) ~e3dS‘
So.) \2 s \2

n n
f </ fovdx>dt / </ bonS)dt
n-1 QA1) n—-1 Z(At)

+

+ +

}, (58)

where

DOun)={xeQr+n-1<xz<r+n}
D) ={xeQA-n<x3<i-n+1},
S ={fxeZA+n-1<x3<r+n),
Shm=fxeXA-n<x3<i-n+1}

The terms on the right-hand side are estimated as follows:

2
= C{(IVI5h,)" + IE12 50 )

1 2
/ T(v,pes -valx| < C{ (V1) + €206}
D(x,n)

1 ® 2 W2
[ pu((5v-Vser)-eads| <LV, + (121, )

1
/S . Pz(EV - V):/Oz) e dS‘ < C{(IV15he)” + (1021536.)° ]
An
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and

n n
/ (/ f~vdx)dt + f (/ b~vd5)dt‘
n-1 \JQt) n-1 \J Z(A,t)

<eZ(rn) + C(f)(”f”ig(;\,n) + ||b||%,z(x,n))’

where € > 0 is an arbitrary constant.
Thus, from (58), we have

Z0un) = C{ (VIS D, )" + (V156,)°
+ (102053 )"+ (1020556,0) "} + Co(lE13 iy + D13 56.,)

d
=C d_r]Z(}L’ n) + C2(||f||§,g()\,n) + ||b||%,z(,\,,7))'

Multiplying this inequality by e 7! and integrating over the interval (2, —A/2) with respect
to n gives

Z(1,2)

A+

A
at 7
§Z<K ——) C —/ ||f||2gz)”] + ||b||22()hr]) 1 d’? (59)

Now, we note the following inequalities:

(VIS 0)” + (021551 < Z(2,2),
A
z(x,—g) < (IVI5%)" + (1o2115%)°

< C{(IE1E500)" + (135, + (I35

and

>

h 2 2 -1z
/ (I£13,00,) + IDl55)e S dn
2

+a, 2
= CEZM{(ms 2QM) (|b|5112#M) }
to obtain the desired estimate (56) for 0 < u < 1/2Cj. O

Let us proceed to the estimation of the higher-order derivatives of the solution through
Schauder’s method. We introduce a covering {{/;};cn of 2, where {U/;} is a family of balls
with the following properties:

(i) if U; N M +# ¢, then &;, the center of U}, is on M; if U; N M = ¢ and U; NI # ¢, then
&isonT or X

(ii) the radius of U; (U; N 92 # ¢) is sufficiently small that UJ; divides the surface 92 into
two connected parts; and

Page 18 of 33
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(iii) there exists an integer Ny such that the intersection of Ny + 1 arbitrary different balls
is empty.
We further introduce a partition of unity {¢;} corresponding to the covering {U;}.

For U; with §; ¢ M, the following estimates are obtained (for the derivation, see [11]):

V& + VPl < C(IE1S) + IVIae,) (i€ ), (60)
2+a (3+a)

IS+ 1Vpl) + 1015
1 i 1

<C(fIS + 128 + IVliae, + lptllar,) (& €T, (61)

2 3
VIS + 1VplS) + 102l 5
1 i

/
i

< C(If1§) + bIE + [Viag + l02l23,) (& € D), (62)

where D; and D; denote the domains DN U; and D N U, respectively, for D= Q,T’, X, and
U] denotes a subset of U; on which ¢; = 1 holds. To estimate the solution defined on U;
with & € M, we use the axial symmetry of the solution and rewrite problem (32) as the

following two-dimensional problem in cylindrical coordinates:

—-VAv+Vp=F,
0,Vy + 0V, = —"7’ =G in%,

2vD(V)n+yVrpy)-T=a-t, v.-n=0
K1 d( r @)

N T AN T

+x1p1+Vr-v=0 onT, (63)
(vD(V)n+ v+ EVsm)-T=b-1, v-n=0
—/cgd:Z@z + X202 + %V): .v=0 ongZ,

K1 dpy

v-e; =0,

+
/1+h/(1)2 dr

dpy 1
Kot +35v-ey=0 at M,

where

A=02+32,  V=()),  F=0Ev-%) +fL0v.+f),
D(v) = % 20,v, 0V, + 0,1, ’
0V + 0,V 20,V

Q={z<h(r),0<r<1}, I'={z=h(r),0<r<1},

£={r=1z<0, M=TNE=(10), (64)
(_h—/,;) nT,

n=(,m)={ V@2 J1?
(1;0) 01’12,

T =(7, ;) = (1, —1,),
1 (1)
e =|- ,— , e, =(0,-1),
! ( A1+ (1)2 \/1+h’(1)2) 2= )

and f; and f; denote the r-component and z-component, respectively, of the term f.
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We rewrite the above problem in the coordinates (y1, y2), which are related to the original

coordinates by (ﬁ) = R(’;l), where R is the matrix of rotation 6 — (3/2)7 around the
origin. In the coordinates {y}, X is given by the line y, = y; tané (or y; = 0 when 6 = 7/2),
and we represent I" as the curve y; = g(y1).

We now introduce a mapping y = ®(n) = (n1,12) + (®1(n), P2(n)), where ®; and P, are

constructed to satisfy the following conditions:

(@1(n), @2)) 1o = (0,8(1)),  (@1(m), D2(0)) 1y, = (0,0),

in which g is an extension of g on the half-line R, in the class C2{(R,,0).

Then, the functions u = (i1, us) = Z‘ff =(v)od,g= g:fa =(@p)o®, = 2,61 =(¢p1) o
®|,,,andry = 2,62 = (¢{p2) o @|y, (here the same symbols v, p, o1, and p, are used to denote

the unknowns defined in the coordinates {y}), where

)
() (R, ¢ = 1<|y| < 5), ¢ =0(yl >3)
for a constant § > 0 satisfy the following equations in the sectorial domain djy:

—vAu+Vg=C,F —v(VE-VHu+(V-V)q+F,

. A . (65)
V-u=(G+(V-V)-u+G indy,

20D(Wn -t =¢(@-yVrp) -t

+2v{D(n -7 - D()h - 7} + A4,
u-n=u-(n-n), (66)
—KlézTr%l + X1 =—5%F v

—a((G)? ~ () + Hy onyo,

2vD(u)n -7 =¢(b- BV - %@2,52) -7
+2v{D(w)n - 7 — D(w)h - %} + B,
u-n=u-(n-h), (67)
2 fogeas ~
—KzCOSZQZT? + Xar2=—3CVx -V

—k2008” 0((72-)* = (72-))r2 + Hy  onyp,

d to A d _ d Ao d 7
—Klﬁ:—CV'el—Kl(m—W)Vl—iflpl(m)f,

d _ d

—Ky cos@j% = —3CV- & —kyc080(- — 7o) (68)

—k c0s 0 Pa (5 onM=yyNy,,

where
F=—v2(VC - V)V +9V20 + (VO)p, G=Vi-9,
A=B=v{VIF- ) +V(V-A)-2(¥- )V -n)A},
H, = —K1{(d;:,ll)21”1 - Egldim(g%%/sl)};

H, = =1y 0 04 (75-)%r> = £ (5)2 o).

(69)
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When 6 = 7/2, equations (67)® and (68)* are replaced by —Kzilz—nrf + Xaly = —%262 -vand
2

dry _ 134 A .
—Ky g2 = =50V - €&, respectively.

Here, V = ((A1)V, where A is the Jacobian matrix of the mapping ® and ‘A de-
notes the transpose of matrix A4; ]5(0) denotes the tensor with elements % ZI%:l (@i 0y, V; +
A dy, Vi) (6 =1, 2) where a; is the (i,j)th element of t.A‘l' Vr and Vs are defined

dn1
1 —y1 8inf+yy cos
o ®; and G, = L8NOD2cst g

(1-y1 sinf+yy cose)J1+(g’)2 1+(@)?
By applying estimate (27) to the system consisting of (65), (66)"2, and (67)"* and applying

estimate (44) to the system consisting of (66)3, (67)3, and (68), we have

A 3, A
by V — (A - V)i dn =0y + K Oy (( 7;) = V) on yp; dn = 0, +tanfd,, on ys; Gi =

||2+a +|V| +| |(3+a) +| |3+a
QLM psZQ’M’ ’01s+1FM’ ps+1>:M’

(1+a)

(1+a)
= C(|f|s 2,9,M; T |a|s 1L,0,M; |b|s 12 M;

+IVlag, + lotlar, + lo2ll2,x,)- (70)

Let {U;};c; be a finite covering of S_ZO 4 which is chosen from the set {U;};cn. If we assume
that each element of {U/;};c1, () satisfies U; N M = ¢, then the norms | - |Sl;2°‘ "y and | - |é+°‘
are equivalent for i € I;, since any point in €; (i € ;) is away from M by a positive distance.
Thus, by summing estimates (60)—(62) and (70) for all i € I and then using (55), we can

obtain the estimate

(2+a) v (3+a) (3+a)
|V|s 9041\/1 +] p's 2,Q0M T |101|s+1 I",M + |P2|s+1,>:0,4,M

) 1 (1+a,
= C(|f|§g2l,ls)2,M + |a|£j1?[12,M |b|s ;az/fM) (71)

In a similar manner, we take estimates (60) and (62) and use (56) in the domain (X, 1-3)
to obtain the estimate
(2+a) (3+a)
|V|Q,\1 5 |VP|Q wios) H1o2ls6.1s)

1
< C(If155. + BISE + IVli2ee.n + lo2ll256.1)

= C{iflgh + BI5E)
) 1 l+a,
+ (101 g + Il + D)) (72)
where 0 < § < 1 is a constant. Multiplying both sides of (72) by e ** and taking the supre—

mum for A < —4, and then noting that the norms |e~ “x3v|9 ) and Sup; .4 € M|v|Q 21-5) are
equivalent, we have

(2+a,) o, L) (3+a,)
|V|Q3 + |Vp|93+a +1p2 |23+5
(a,1t) (1+a) (1+a,u
< C(If1 2500 + 12l 1rur + |b|s 1 zm) (73)

Thus, from (71) and (73), we reach the desired result.

6 Nonlinear problem
In this section, we prove Theorem 1.
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Assume that W = 0 and v = v; = v5 = 0. Then, from (1)}, (3), and (7), it follows that

p=p=const, p1 = P1. and p; = P2,e-
Thus, the functions

(V:P; P1, P2, h) = (O’ﬁi pl,e; 102,27 h)

describe the rest state of problem (P). Here, / is a solution of the equation

- ! - .
5V - —YXL _ - _p inB,
N/ 14|V'h|2 (74)
. - _
Vh__ .= 22 h=0 onM,
14 V2 o1

where V' = (9y,, 8,) and v is the unit outward normal to 92 with the starting point located
on M.
It is easy to see that / is defined uniquely by a part of the sphere

_ 1 \?
xf+x§+(x3+tan9)2:< _>
cosf

with cosf = (05g — 02)/51. Note that p is uniquely determined as p = —2(o, — 02) from the

compatibility condition of problem (74).
We seek a solution of the form

u=v-¢Vv, g=p-p-¢P, 1= 1~ Ples 12 = 02— Prer Sh=h-h,
where ¢ is a smooth cut-off function satisfying
tx) =1 ifxs <-2, t(x)=0 ifxs>-1. (75)

In terms of the new unknowns in the above formulation, conditions (13)? and (16) can

be written as
V'h
V1+|V'h?

1
—G1 )y [v/ah : /0 (1-1)BY(V'h+1V'8h) drV’(Sh]

oV - A(x/)V'cSh =ynV. —g+2vn-D(u)n

j=12
= F(u,q,r,8h) inB (76)
and
03 — Po t+ P2 1

A(X)V'8h- vy =

ry+ ry
(P0 — pr,e —1)(P0 — P1e) Po— Pre—T1

1
- yV'h- /0 (1 -7)B?(V'h +tV'8h) dtV'sh

j=1,2

= g(rlr ra, (Sh)r (77)
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where A(x') and BY(£’) are matrices whose (k,/)th components are 9, Frler -y, and

0z ¢ Fj(&"), respectively, and Fi(¢') = &/y/1 + |&']” (& = (51,42)-
We now prove the following theorem, which will be applied to the problem consisting
of (76) and (77).

Theorem 5 Let 0 <a <1, s ¢ Z, and 0 <s < 3 + a. Assume that h € C3*%(B), f €
C¥Y(B,M), and g € C(M), and that h, f, and g are axially symmetric with respect to the
x3-axis. Further, assume that the compatibility condition

/dex’z/Mgdl (78)

is satisfied. Then the problem

V' -A)V'u=f inB,

(79)
AX)Vu-v=g onM
has an axisymmetric solution satisfying the estimate
3 1
el < CU I (80)

for a constant C > 0 that is independent of the data. This solution is uniquely determined
if u(P) = 0 is satisfied for a point P € M.

Proof When s > 1, the above result is readily obtained with the aid of a standard theory of
second-order elliptic partial differential equations. Therefore, we consider only the case
O<s<1.

As the higher-order derivatives of the solution are estimated using Schauder’s method,

we derive only the following estimate:
juls™ < CU) S ar (81)
In the polar coordinate system, problem (79) is written as

%(#u/)/ =f onl=(0,1),
W(l)=H(g(1),  u(1)=0,

(82)

where H = {1 + (3—5)2}3/2.

The following function u satisfies the above problem:

r r 1 &
un= [ Fas [Cer@aes [ ([T s )ereere. 3

From this expression, we have the estimate

ul® < cif). (84)
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The first term on the right-hand side is estimated as follows:

9, /a"dﬂ

sﬂA%wmﬁﬁfsu—w*ﬁscmﬁ%-
0

The second term is estimated in the same way.
Next, we derive the estimate

|V < c-rptn . (85)
The relation u”(r) 5’ fo Ef(§)d& + H(r)f (r) can be used to obtain
1 r
wol=c( [ godra-nnl) (86)

The first term on the right-hand side is estimated as

)dé‘

(o
Sa-nnti [(ede < ca-npl, )

=

~

Now, let us estimate [i// ]gs). For this purpose, we use the following two relations:

Wr+t)—u(r)

Hr+t (r) [
(B EO) [Mererae s 1O [ erterae (89
and
W(@r+t)-u(r)=u’(t)r for a number ¢t between r and r + 7. (89)

WhenO<r,r+7 <3 L from (85), |u"(t)| < C{f) 5“10}1 holds. Therefore, from (89), we have
the estimate

| (r+7)—u/(r)| < Cts(f)&f?,l. (90)

When % <r,r+7 <1, with the aid of (88), we have (90). Finally, when 0 < r < % <r+t<l,
noting the inequality

’u/(r+ 7)— u’(r)‘ <|u

we have (90).
Thus, we obtain estimate (81). O
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The remaining equations are given by

—vAu+ Vg = f(u), V.u=g inQy,
2vIID(u)n + y Vg = 0, u-n=0,

—k1 Va1 + xir1 + Vg -u=hi(w,r1)  on Ty,
2vTID(u)n + L Vsry + llu=b, u-n-=b;, 1)
—kaVEry + Xara + %V; cu=hy(u,r) onlx,

(-1 Vsprr) - €1 = my(ry, ),

(%“ —kyVzry) - ey =my(r,r2) onM,

u—0, rh—0 (x3 — —00),

where Qs;, = @, and Ty, = Ty (22, and Ty, are defined in Sect. 2); Vg, is the gradient oper-
ator on sy, k1 = x ¥, x1 = 1/(T101,¢), X2 = 1/(T202e), k2 =y, and

f(u) =—(u+¢V-V)u+¢V)+vA(V)-V(P),

g=-V-¢v,
b = -2vIID(¢V)n - BII(CV — W),
bg :—{V-n,

hy(u,ry) = %Véh 11 Vsury — ;l‘evah -ru,
hy(u,ry) = %Vz -1V (92)
—5p- Ve -1V + W) = 3V5 - ((V+ W),

my(r1,r2) = m{( P2e = 202,.0B)W - €
—k171 Venry - €1 + ra(3 W — k2 Vzr) - €2},
my(r1,12) = _@m;%{(%ple —PLeXB)W - €

—k171 Venry - €1 + ra(3 W — k2 Vzr) - €2},
Let X, and Y, 5, be function spaces defined by

= {0he B M5, < 2Ke)

s+1
and

(w, Vg, r1,72) € C2H " (Qs1, M) x c“’“(szsh,M)

3 @
Yesn= | xC3{(Top, M) x C7H(X, M)||u|ss;§[hljv1 + |V‘1|s 295;,1\4 )

(3+a) (3+a,p)

+|r1|s+1 CspM + |r2|s+1 M — <€

where € and K are positive constants.
It is easy to show that the following lemmas hold. Note that an additive constant of

q is determined from the compatibility condition of the problem consisting of (76) and

(1+a) (lul (2+a,p) (3+a)

(77). Thus, the following estimate holds for g: |q|s LM = sy + T 1|s+1 Ty +

(3+a,) (3+a) (3+a) (3+a)
|r2|s+1 .M + |8h|s+1 BM(|8h|s+l ,B.M + |r1|s+1 Csp» M))
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Lemma 9 Assume that (0,Vq,r1,r2) € Ye 5. Then, for 8h € X, the following inequality
holds:

iiie),M < C(e + (K +K2)62), (93)

’]:(u, q,71,8h)
where C is a positive constant that is independent of € and K.

Lemma 10 Assume that 0 < W < 1 and §h € X.. Then, for (u,r1,73), (W, r},15) € Ye s, the
following inequalities hold.:

[£w)] 5, a0 o) [0,

(i), o) [y < C(e? + W), (94)
19155 DL s G < W, (95)
)| 57, 4 = €€ %6)
[fw) ~ £(w) |7, = Cle, W)u—w/ [ (97)
) i () [5

= C@(Ju—w| e + I =R a0 98)
ot 72) = o () [0,

< Cle, W)=t + [ra =15 00, (99)

my(r1,72) _mz(ri,r§)|§\s/[)

1 (r1, 72) = ma (1), 75) ’;S;

(3+a)

s+1,0gM T |r2 - réi(gm'm ) (100)

<Cle, W)(|r -y s+LEM

where C is a positive constant that is independent of € and W, and C(€) and C(e, W) denote
positive constants possessing the properties C(€) — 0ase — 0and C(e, W) — Oase, W —
0, respectively.

With the aid of the estimates in Lemma 10 and Theorem 2, we have the following lemma.

The proof is almost the same as that of Lemma 7 in [11], and is thus omitted.

Lemma 11 There exist € >0 and W > 0 such that, for any §h € X, there exists a unique
solution (0, Vq,r1,7r3) € Ye sy, for problem (91).

As the regularity of the solution (u, Vg,r1,r;) is determined by the size of the contact
angle, it depends on 84. To treat the solutions to problem (91) for various §# € X, in a
common function space, we now assume that the order s satisfies s = s’ = min(io, 7/6) -8 >
0, where 8 > 0 is a constant and A, is the constant defined in the same way as Ag in (24)
with 6 = 6.

Now, let us introduce a mapping ®s, defined by

Qg4 =7, x3=y3+ x(0)h(y),

Page 26 of 33
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where /1 € X, and x (y) is a smooth function such that

1 ifh(y) - 3Ke <ys < h(y) + 3Ke,
0 ifys <h(y)-6Ke,  y3>h(y)+6Ke.

For sufficiently small € > 0, &gy, is injective and maps 2, onto €245, and the Jacobian ma-
trices Js, and Jsjy of the mappings ®s;, and gy satisfy the estimate

(3+a)

(2+a,u)
|*75h_~75h/|’9 m=C s+lB,M

(101)

for a positive constant C that is independent of §/ and §/'.
We write problem (91) simply as

L(Sh(u’q! r, I"z) = R(u: r, I"z),
andlet (u,g,r,72) and (0, ¢’, 7}, ) be solutions to the problems L, (u, g, 11, r2) = R(u, 1, r3)
and Ly (W, ¢/, 71, r5) = R(w', ry, ry) for given §h and 8/ € X..

We rewrite these solutions as equations defined in €2;, with the aid of the mappings @,
and @y, and then subtract one from the other to obtain the following equations:

—vA(ﬁ—tT’) + V(c}—qN/)

<0

= (V2= 92) (- ) + (V2 - V?)
+(V=V)(G-q) - (V- V)g + @) - F(w)
=F (4,u,4,4,5h, 8H'), (102)
V-(@-u)=(V-V) (a-u)-(V-V)-o
+§-g=F(a,w,8h38K) ingQy, (103)
WID(& - W)n +y V; (7 - 7))
= 20{TID(& - @)n - [ID(& - 0)d - (FID()h - [ID()h)}
+ (Vi = Van) (1 - ;i) —y (Vs = Va7,
= F3 (8,0, 7,7, 8h,8H), (104)
(f-w) n=(a-u)-(n-h)-u-(h-n)
=F,(d,w,8h,8K), (105)
—a V(= 17) + 3 (F = 7)) + V- (- W)
= —k1(V} - Vi) (7 - ’Z) a1 (Vi = V§h/)~i
+ (V= Vi) - (G =) = (Vg = Vi) - W
+ I (8, 7)) — iy (@,7;) = F5 (4,0, 74,77, 8h,8K)  onT;, (106)
2vnD(ﬁ—E/)n+gvz(?2—r~g)+,3(ﬁ—£/) -0, (107)

(@-w)-n=0, (108)
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V3 (=) + 0ol ) + 5 Ve (4~ )

= ho(8,75) = ha (W, 73) = Fs(@,0, 75,75)  on %, (109)
{(@-w) -V -r)} &

=(@-w)- (& —&)-u (& &)

—K1{V;‘,(;”1 —l”Ni) - e —%h(ﬂ —771) & — (%h% - € —%h’;ﬂ 'él)}

+ 7;’11(;'1;;"2) — I’;’ll(;i,;;) = F7(ﬁ,l?,;'1, }‘Z, ;"2,;;,8]’!,5}1/), (110)
{%(ﬁ—l?)—Ksz(?z—;;)} - €
Zﬁiz(;‘l,;‘z)—}’hz(}’z,%)EFg(;‘l,;i,?z,VZ) on M. (111)

In the above equations, f and f denote the functions f o ®g;, and f o Dy, respectively; &
and Vj, are defined for the surface y; = ljz(y’ ) in the same way as e; and Vg, respectively,
are defined; IT is the operator defined by Mf =f - (ﬁ -£)i; V and Vy, are the operators
defined by V = (J5) 1V and Vs, = V — (2 - V)fi; D(&) denotes a tensor with elements
(1/2) Zizl(A}-k Ui+ Aicdy, 1) (i,] = 1,2,3), where Aj; is the (i,/)th element of (* 7y,)~ L and
the operators I1, V, and Vy,; and the tensor D(u ), which arise as a result of the change of
variables x = @4/ (y), are defined in the same way.

For the terms on the right-hand sides of (102)—(111), we obtain the estimates given in
the following lemma.

Lemma 12 For §h, $i' € X., (0, Vq,r1,12) € Ye s, and (W, Vq', 11, 15) € Ye 5, the following
inequalities hold:

B2 (8,W,3,4,6h,81) ")

< Cle W)([&= 0| 5" +[Va- V|1 o+ [6h =50 |70, (112)
[Ex (8,0, 8m,80)[ V)

< Cle, W)([a-w[25" + [8h =81 [(37), (113)
[Bs (8w, 31, 4, 8, 8H) [

= @([ o+ [ = 7i[Gr 0, + [oh =00 |0, (114)
|y (6,0, 8h, 1) ?;“M

= Cle) ([l + [0 - 801175) (115)
|F5 (8,0, 74,77, 81,81 ¢

< COOfa =T+ Py~ AL+ 18030010 0) (116)
[Fo(, w7 ) [T

< Cle, W)([a-w| g+ [72 = R[0T ), (117)




Kusaka Boundary Value Problems (2022) 2022:1 Page 29 of 33

|F7(ﬁ; &; ?1) ;i) ;'2, ;’72, Sh; 8h,) )

= cte W55+ =
+|fa =15 ?Ifé‘M |8h 8 | ) (118)
[Fs (1,7 P 5) 5,
< CleW)(|F =R 13 1P =13l ), (119)

where C(€) and C(e, W) denote positive constants possessing the same property as the cor-

responding expressions in Lemma 10.

With the aid of the above estimates, applying Theorem 2 to the problem given in (102)—
(111) yields the following estimate for sufficiently small € and W

|ﬁ—u(,2;w;\4 |Vg - V‘ILW;QM |71 - r1|33++frhM
+| szs?:f;)M Cle, W)|sh - ah/L?:fBM (120)

We now turn to the problem given by (76)—(77). For notational simplicity, we represent
the problem as L£(84) = R(u, g, r1,12,8h).
Let the mapping F map each 84 € X, to the solution 8h of the problem

L(8h) = R(w,q,r1,72,8h),

where (u,q,71,72) € Y s is a solution to problem (91) defined for §4 given above.
Then, with the aid of Theorem 5 and estimate (93), we have

10 < Cole + (K + K2)€2) (121

Thus, if we choose C; as K and choose € such that (K + K?)e < 1/2, we obtain |8h| /S:f‘BM <
(3/2)Ke. This implies that F maps X, into itself.
Next, we consider the problem

£(8~h - 87?) = R(w,q,r1,72,8h) - R(W,q, 1}, 15, 8h’), (122)

where (W', 4,7}, 13) € Y i is the solution to problem (91) with é4 = §//'.
Then, with the aid of estimate (120), we have

’5}1 Sh/’?JriXBM ’-F 11:%7”1:5}1) -F( q 7’1,5}1) stBM
< Cle, W)[sh— 8K |57, . (123)

Thus, if we choose € and W such that C(e, W) < 1, the estimate indicates that F is a con-
traction in X.. Thus, by the contraction mapping principle, we have proved the existence

of a solution to our problem.
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Finally, we prove that the solution constructed above belongs to the classes stated in
Theorem 1. For that purpose, it is convenient to rewrite problem (91) in cylindrical coor-
dinates:

—v(37 + 02y + 0,9 = V(2 0,1, — %) + fo(w) = F,,
—v(37 + 02 u, + 0.4 = L0,u, + fo(n) = F,,
Opldy + Q;u, = —"C +g inQ,

2vD(w)n - 7 = -y Vg - T, u-n=0

K1 d r dri
- £ L) + xar
ra/ 14 ()2 d’(\/1+(h/)2 @)

=-Vs,-u+hi(a,r;) onT,

2vD(wn - 7 = —(Bu+ LV -b) -1, u-n-=bs,

(124)

d*r 1
—K2 77 + Xor2=—3 Vs -u+th(wry) onk,

K1 dry
—L_%1l - _u-e; +my(r,r
1+ (1)2 9 (ri,2),
drp =1 M
K2 g2 =—ju-ey +my(r,r) atM.

Here, 2,1, n, 7, and e; are defined in the same way as in (64) for s = h+ 8h.
Afterlocalizing the above problem near the contact point M in the same manner as used
to obtain (65)—(68), we have the following equations for the functions w = (wy, w;) = fﬁ,

T =0q,81=CP,and sy = {Py:

—VAw; + 0y = Hy(@,g) + L1(@, ),

—VAWy + 0y, = Ha(@,g) + Lo(8, g),

V-w=Hj(a) + L3(t) indy,,

2vD(w)n - T = Hy(@) + Lya(, 77),

w - n = H;(@) + Ls(@),

—/q'f—ns%l + x151 = H(71) + Ls(@,71) on yy, (125)
2vD(w)n - T = Hy(Q) + L7 (G, 75),

w - n = Hg(a) + Lg(a),

—k COS> 9/5—%2 + X282 = Ho(72) + Lo(@,72)  on yy,,

d ~ A A A
—K1d—;11 = Hio(71) + L1o(W, 71, 72),

d N A A A _ _
—k €08 O 7.2 = Hi1(F2) + L11 (8, 71,72)  at M= yp N v,

Here, H; (i = 1,...,11) are the terms involving the highest-order derivatives of u, g, 1,
and rp, while L; (i =1,...,11) comprises the remaining terms. For example, H; and L; are
specifically expressed as follows:

Hi(4,q) = —v{A' Ziyj,kﬂz(&j(sik - ﬂijﬂik)ar;jankﬂl
#0080 = @19,

Li@g) = Zi’j’kzl'z{(aijaik N ai/ﬂi/<)(f41am‘arikét + 877}'287]/(121
+ 3y 810, ) — (3, @) (f1 0y,  + E Dy 1)} +§ Y, 5 (81 — a1)9y,C
~20VE - Vi —vin V2 + 40,8 +
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where #; = —(u, — 1)sinf — u,cos6, F; = —(F, — 1)sinf — F,cos 6, a; denotes the (i,)th
component of (“.A)~!, in which A is the Jacobian matrix of the mapping ®, and §;; denotes
the Kronecker delta.

We note that 8;8; — a;jax (the coefficients of the highest-order derivatives of u) vanish
at the origin and that §;;0y — ajai € Csz,*‘"(dg ,»M), from which we obtain

1856 — aga] < Clnl*.

With the aid of this inequality, it is easily found that (5;8; — aijaik)aiymﬁl € &S‘S,_Z(dg o M);
therefore, H, + L; € C, ,(ds;,M). In a similar manner (we also use the fact that @ €
&i*a(dgd,M) to estimate Hs(@1) = £ - (n — 1)), we see that the terms H; + L; (i = 2,...,11)
are smoother by the order of s’ than the highest-order derivatives of the solutions involved
in each H;. Therefore, the solution (w, Vr,s1,52) becomes smoother by the same order:

(W, VJT,Ssz) S C%;a(ded)M) X C(sz/_z(d()d,M) X Cg;il(VQO!M) X C;;%(Ved,M)-
As a result, we have

(W, V4, q,r1,72) € Cor ™ (2, M) x Cot' (2, M) x Ch3% (Q0,1, M)

x C3* (T, M) x CUH(2, M).

25'+1 25'+1

Then, from equations (76)—(77), we have § € Cgs*,‘jr‘l (B, M). By repeating this procedure, we

reach the desired result.

7 Conclusion

A free boundary problem describing a steadily advancing meniscus in an infinite circular
tube has been investigated. The problem was formulated using the interface formation
model, and it was proved that an axisymmetric solution exists in weighted Holder spaces
when the velocity of the meniscus is low. The problem was closed by adding a condition
stating that the pressure must be finite at the contact line. Our analysis shows that this
treatment determines the contact angle as part of the solution and removes the singularity
caused by the motion of the contact line (with the exception of the case in which the
contact angle is 77/2). It was also shown that the singularity of the solution is caused by the
presence of a corner of the domain, and the regularity of the solution near the contact line
is determined by the size of the contact angle. For a technical reason, this paper neglected
the term representing the mass exchange between the bulk and the interface arising in the
normal component of the velocity on the interface. Shikhmurzaev [24] has suggested that
the corner of the domain causes no singularity if this term is not neglected—a rigorous
verification of this point will be considered in future work.
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