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1 Introduction
Let Z and R denote the sets of integers and real numbers, respectively. Define Z(a, b) =
{a,a+1,...,b} fora<b.

We consider the following partial discrete Dirichlet problem (A*):

—[A1(pp(A1wlk = 1,1))) + Ao(¢p(Aawlk, I - 1)))] + h(k, Dpg(w(k, 1))
=M ((k D, w(k, D), (k1) € Z(1,¢) x Z(1,d),

with boundary conditions

w(k,0) =w(k,d+1)=0, keZ(0,c+1),
(1.1)
w(0,)=w(c+1,1)=0, [e€Z(0,d+1),

where ¢ and d are given positive integers, A is a positive real parameter, A; and A, are
the forward difference operators defined by Ayw(k,[) = w(k + 1,1) —w(k, ) and A,w(k,[) =
w(k, 1+ 1) —w(k, 1), A2w(k,1) = Ay(Ayw(k, D), Adw(k, 1) = Ay(Ayw(k, 1)), ¢, (u) = |u]"2u for
ueR,1<qg<p<+o0o, hk,1) >0 forall (k,]) € Z(1,c) x Z(1,d), and f((k,1), ) € C(R,R)
for all (k,1) € Z(1,¢) x Z(1,d).

Difference equations have gained extensive uses in various domains, like biomathemat-
ics, as shown [1-3]. Admittedly, for the boundary value problem of difference equations,
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there are the following important research tools: fixed point methods, upper and lower so-
lution techniques, and invariant sets of descending flow [4-9]. In 2003, Yu and Guo [10]
firstly studied a class of difference equation by critical point theory. Since then, by means
of critical point theory, numerous scholars have committed to the research on difference
equations and obtained many results, such as the results on periodic solutions [10-12],
homoclinic solutions [13-21], and boundary value problems [22-33].

Candito and D’Agui [29] in 2010 investigated the following discrete Neumann problem:

~A(gp(Aw(l - 1)) + g()ppy(w(D)) = Af L, w(D)), 1€ Z(1,M),
Aw(0) = Aw(M) =0,

(1.2)

and several sufficient conditions concerning the existence of three solutions of (1.2) were
acquired.

Subsequently, they [30] in 2011 considered the discrete Dirichlet problem

AX(w(l - 1)) = M (w(D) + ng(, w(D), e Z(1,M),
w(0)=w(M+1)=0

(1.3)

and proved that it has at least three positive solutions.
Heidarkhani and Moghadam [31] in 2014 considered the discrete Dirichlet problem

—A@p(Aw(l = 1)) + (D) (w(D)) = Af (L, w(D) + png(L w(D), 1€ Z(1,M),

(1.4)
w0)=w(M+1)=0
and proved that it has at least three solutions.
Mugnai and Papageorgiou [34] in 2014 studied the discrete Dirichlet problem
-A(pp(Aw)) — nA(Pg(Aw)) = f(Lw) inQ, L5

w=0 on 092,

where 1<g<2<p<oo, t>0,and f: Q2 x R — R satisfies Carathéodory’s conditions,
and proved the existence of multiple solutions of (1.5).
Nastasi et al. [32] in 2017 focused on the discrete Dirichlet problem

~A(gp(Aw(l - 1))) = Alpg(Aw(l - 1)) + a(Dp(w(l)) + B(D) g (w(D))
=xg,w(l), [eZ(1,M), (1.6)
w(0) =w(M +1) =0,

where ¢,(u) = |u|"2u for u € R, and proved that it has at least two positive solutions.
Xiong and Zhou [33] in 2021 considered the discrete Dirichlet problem

Alp()pp(Aw(l = 1)) + Af(Lw(]) =0, e Z(1,M),
w0)=wM+1)=0

(1.7)
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and obtained the existence of three solutions of (1.7) under appropriate nonlinearity as-
sumptions.

It should be noted that the above-mentioned difference equations have only one variable.
However, difference equations involving two or more variables have rarely been studied
and are called partial difference equations. In recent years, the partial difference equations
have been extensively employed in various domains. However, it should be mentioned that
the boundary value problem of the partial difference equation is a challenging problem
attracting many mathematical researchers [35, 36].

Heidarkhani and Imbesi [35] in 2015 considered the partial discrete Dirichlet problem

Atw(k = 1,0) + Ajw(k, L = 1) + Af ((k, 1), w(k, ) =0, (k,]) € Z(1,¢) x Z(1,d),  (1.8)

with boundary conditions (1.1) and proved the existence of at least three solutions of (1.8).
Lately, Du and Zhou [36] in 2020 studied the partial discrete Dirichlet problem (s*):

A1(pp(Awlk = 1,1))) + Ao(¢p(Aawlk, I - 1))) + Af ((k, 1), w(k, 1)) = O,
(k1) € Z(1,¢) x Z(1,d),

with boundary conditions (1.1) and proved the existence of multiple solutions of (s*).
Compared with the results of the partial difference equations with p-Laplacian, those
with (p,q)-Laplacian have rarely been studied. Thus in this paper, we demonstrate the
existence of three solutions to a partial difference equation with (p, g)-Laplacian operator
by using different methods. Furthermore, based on the strong maximum principle, we
prove that the three solutions are positive under appropriate nonlinearity assumptions.
The main tool of this paper is as follows.
(A) Let (X, || |I) be a real finite-dimensional Banach space, and let ®, ¥ : X — R be two

continuously Gateaux-differentiable functionals with coercive ® and such that
igf@ =®(0) = Ww(0) =0.

Lemma 1.1 (Theorem 4.1 of [37]) Assume that (A) holds and there exist r >0 and x € X
with r < ®(x) such that
(dl) SUP (x)<r W (x) < v (x)

r Dx)’ ~
(ay) Foreach ) € A, := (%, W), the function ® — AW is coercive.

Then, for each A € A,, the functional ® — AV has at least three distinct critical points in X.

The rest of this paper is organized as follows. In Sect. 2, we establish the variational
framework associated with (A%). In Sect. 3, we present our main results. Finally, in Sect. 4,

we present an example illustrating our main results.

2 Preliminaries
In this section, we establish the variational framework associated with (A*). We consider

the cd-dimensional Banach space
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V={w:7Z(0,c+1) x Z(0,d +1) - R : w(k,0) =
w(c+1,0)=0,l € Z(0,d + 1)}, endowed with the norm

1

d c+l ¢ d+l »

wll = <ZZ]A1wk L)+ | Agwik,1-1)] ) , weV.
=1 k=1 k=1 [=1

We also define the other norm ||w|| = max{|w(k,[)
Define

1(k,)eZ(1,¢) x Z(1,d)} in V.

D(w) = @1(w) + P2 (w)

and

U(w) = ZZF ((k, 1), w(k, 1)

=1 k=1
for w e V, where @1(w) = 18, @, (w) = TELEIAIMDT ang p (4, ,m) = [ (kD)
1) dt for ((k,1),w) € Z(1,c) x Z(l d) x R.
Let

L(w) = ®d(w) — AV (w)

for w € V. Obviously, ®, ¥ € C}(V,R), that is, ®;, ®,, and ¥ are continuously Fréchet
differentiable in V, and

D} (w)(s) = lim ©1(w + £5) = D1(w)

t
d c+l
= ZZ¢p(A1W(k - 1,0)Arsk-1,0)
=1 k=1
¢ d+l
3" tp(Mawlh, I - 1)) Ass(k, 1~ 1)
k=1 I=1

= Z Z A1gp(Arwik —1,1))s(k, 1)

=1 k=1

¢ d
=0 Mgy (Aawlk, 1 - 1))s(k, D),

k=1 I=1

d ¢
=ZZh (k, Dpq (wik, 1) sk, ),

=1

and

) i YO0 £9) W) 4. ¢
W (w)(s) = lim —————— = DY flk

wi(k,1))s(k, )
=1 k=1

forw,se V.

=w(k,d+1) =0,k € Z(0,c+1) and w(0,]) =

Page 4 of 13
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Therefore for all w,s € V,

d ¢

(@ —2W) W)(s) ==Y > [Mrd(Awlk — 1,0)) + Aoghy, (Agw(k, I - 1))
=1 k=1 (2.1)

— ik, Dby (wik, ) + Af ((k, 1), wik, D)) sk, ).

Obviously, w is a critical point of the functional ® — AW in V if and only if it is a solution
of problem (A%). Therefore we reduce the existence of solutions of (A*) to the existence
of the critical points of ® — AW on V.

Lemma 2.1 (Lemma 2.1 of [38]) Suppose that there exists w: 7.(0,c + 1) X Z(0,d +1) = R
such that

w(k,[)>0 or
—A1(¢>p (Alw(k -1, l))) - Ag(q&p(Azw(k, [- 1))) + h(k, l)¢q(w(k, l)) >0

(2.2)

for all (k,1) € Z(1,¢) x Z(1,d), w(k,0) = w(k,d + 1) = 0 for k € Z(0,c + 1), and w(0,]) =
w(c+1,l)=0forl e Z(0,d +1).
Then either w(k,1) > 0 for all (k,l) € Z(1,¢) x Z(1,d), or w=0.

Lemma 2.2 (Proposition 1 of [38]) We have the following inequality:

IWlloo < max{( ple+d+2y )”q(nwll" L X X bk, l)IW(k,l)I")”"
oo = )17 1 ’

42 + h(c+d +2)P- p q
plerds2p™ N Cwl YL S ks Dlwk DI\ P
42 + hy(c+d +2)p1 P q ’

where h, = min{h(k,!): (k,l) € Z(1,¢) x Z(1,d)}.

3 Main results
Now we state the following theorem.

Theorem 3.1 Let f((k,]),w) be a continuous function with respect to w for all (k,1) €
Z(1,c) x Z(1,d). Suppose that there exist two positive constants ¢, and d, such that

2c+2 4p 2)p1
c+2d &+ ﬁdq +h(c+d+2) min{c?, &)
p plc+d+2)r1
and the following conditions are satisfied:
(H) f((k, D), é) >0 forall (k,1) € Z(1,¢c) x Z(1,d) and & € [-c1,c1],

(Hy) YL Yi FkD.dy) > plerd+2)P~! > AP 1m‘x\rz\<61 E(&d).m)
2c+2d)dp hdq 4P 4 hy (c+d+2)p-1 min{cy L“D ’

F(D,8) _ 4 sWo<r Yty Yy F(KDwkD)
(H3) limsupig_, o HE cd(@+i(c+d+2)P Ty min(cT, &}

Then for each A € A, problem (A*) possesses at least three nontrivial solutions, where

_( (2e2) g 4 g (4 + h(c+d + 2P min{c], &) )
S S F((kD),dy) plc+d+2)p! SUP )< 2ott Diet (K, 1), wik, D) '
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Proof Let ®(w), ¥(w), and [, (w) for w € V be as defined in Sect. 2. Take X = V. Obviously,
® and W are two continuously Gateaux-differentiable functionals.
First, we prove that ®(w) is coercive, that is, lim,y— 400 ®(w) = +00:

d(w) = Oy (w) + Do(w)

_ Il e ik DIk, D

» q (3.1)
)2
I
p
By the definition of ® and ¥ we have
inf ® = (0) = W(0) = .
Thus condition (A) holds.
Assume that w € V and
d
oy 2 17, T Y o Diwk, DI _
p q
Ifr= %cﬁ, then ¢; > 1, and by Lemma 2.2 we have
1wl < plerd+2pt \V
W|lso < max r'4,
42 + hy(c+d +2)p1
plerd+2pt N\
r
42 + h(c+d +2)p1
= max{cl,c‘f/p} =c.
Ifr= %cf, then 0 < ¢; <1, and by Lemma 2.2 we have
plc+d+2)p7! Vg Y
< q
IWleo = max{ (4ﬁ ihcrdropt) T
plc+d+ 2yt Up Up
r
42 + h(c+d +2)p1
= max{c‘f/q,cl} =c.
Therefore (we V:d(w) <r} C{we V:|w|s <c1},and
d c
Supd>(w)§r \IJ(W) < Supr”oogcl Zl:l Zk:l F((kr l)’ W(k: l))
r - r
d
< poy Z/i:l max|,<¢, F((k,1),n) (3.2)
r

plerde S S maie (D)
47 + ho(c+d + 2)p-1 min{c?, &} '
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Define the sequence {w} in V by

dy if (k1) € Z(1,¢c) x Z(1,d),
w(k,[)=30 ifk=0and/eZ(0,d+1)ork=c+1and!eZ(0,d+1),
0 if/l=0andke€Z(0,c+1)orl=d+1andk € Z(0,c+1).

By the assumed conditions we have

2c + 2
(W) = ( ° d)d‘f+ hasy,
q

p
V) _ Y Y F(K D) (3.3)
W) (2 hgy |

According to (H3), (3.2), and (3.3), we have

Sup@(w)sr\y(w) < \IJ(V_V)
r d(w)’

and thus condition (4;) of Lemma 1.1 holds.

Next, we prove that the functional ® — AW is coercive. By (Hs) there exists e such that

_F((kD,E) A supggy<r Sy Yiy F((k D), w(k, D))
lim sup <e< -
|&|—+00 |%‘|p Cd(4‘p + h*(C +d+ 2)p_1)m1n{czll; C?}

for (k,1) € Z(1,c) x Z(1,d).
Therefore there is a positive constant s such that
F((kD),8) <elel +s.

According to [36, Proposition 1], we have

(c+d+2)P1
Iwlls, < T||W||p~ (34)

(@2 +hy (c+d+2)P~ Y min{c] )

Since A <
Pletrd+2P L supgpuy<r Y0, Y5, F((kDwikil

3 for all w € V, by (3.4) we have

d ¢ d ¢

WY S F( D, wik D) <2 (e[ wik, D +5)

d
§AZ (e||w||";O +s)

- ecdr(c+d + 2!

P + Ascd 3.5
< m [wll” + Asc (3.5)

Page 7 of 13
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ecd(4” + h,(c +d + 2)P" ) min{c?, &}
P4‘” SUP g (w)<r i e F(k 1), wik, 1)
scd(4 + hy(c +d + 2)P~Y)min{c?, ]}
p(c+d+2)1’ L supgyy <er 1o E((k, D), w(k, l))

l[wi”

where | W] s = max{|w(k,])|: (k,1) € Z(1,c) x Z(1,d)}.
Combining (3.1) with (3.5), we have

Wl _ecd@ +hy(c+d+ 20" min{c, &)

O(w) - AV (w) > R lwl?
p p417 SUPG(wy<r D1o1 2p1 E((k, 1), w(k, 1)) 56)
scd(4 + hy(c +d + 2PV min{c’, "} '
(c+d+2)l’lsupq, <,Z,12k1 ((k, 1), (k,l))’
that is,
S(w) - 2w () > [ L _ecd® o hilcd 2V minich o) } Iwl?
P paP supg )<, Yo > pe ik, D), wik, 1)) 57)

~ scd(4 + hy(c +d + 2)P"Y)min{c?, ]}
ple+d+ 2P supgq, o, Yy iy F((k D), wik, 1)’

Thus we obtain lim,| - +0c P(W) — AW (w) = +00, that is, I, is coercive. Therefore condition
(a3) of Lemma 1.1 is verified.

Thus we have proved that all assumptions of Lemma 1.1 are satisfied, so that the func-
tional ®(w) — AW (w) possesses at least three distinct critical points. Since w = 0 is not a
solution of problem (A%), it possesses at least three nontrivial solutions. Therefore the
proof of Theorem 3.1 is completed. g

From Theorem 3.1 we have the following:

Corollary 3.2 Let f((k,]),w) be a continuous function with respect to w for every (k,l) €
Z(1,¢) x Z(1,d). Suppose that there exist two positive constants ¢, and dy such that

2+ 2d h 4+ h(c+d+2P1 |
( p )df+—di’>r: plc+d+2)p1 min{c, ¢i}.

Suppose that the following conditions are satisfied:
(HY) f((k1),& >0f0rall (k, 1) e Z(1, c)xZ(l d) and & €[0,¢1],

(H ) Y Y8 F(kD.d) plerd+2)P1 i Yo maxpefo,ep) F((kD)m)
(220, [ b 4J’+h*(c+d+2)1’*1 min(cﬁ’,cﬁ’} ’
(Fis) limsup, E((kD)5) % suPow) < iy Ty FKDwkD)
—+00

&P cd(4P +hy (c+d+2)P~1) min{ 1 c’f
Then for every A € A, problem (A*) possesses at least three positive solutions.

Proof We consider the auxiliary problem (A*"):

—[A1(Bp(A1wlk —1,0)) + A (p(Aawlk, I = 1)))] + Ak, D)y (w(k, 1))
=M ((k,D,w* (k,0), (k1) € Z(1,¢) x Z(1,d),

with boundary conditions (1.1).
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Let
F* ((k, l),w) = /Wf((k, l),r*) dr, (k1) eZ(,c) x Z(1,d),
0
where 7% = max{0, t}.

f((kJ):W) ifW>0,
f((k,1),0) ifw=<o,

f+((k,l),W) = I

for (k,1) € Z(1,c) x Z(1,d). Then condition (H;) of Theorem 3.1 holds since

. F*((k,D),w) F((k, 1), w)
lim sup —— = lim sup ——
wW—+00 |W|p Ww— 400 wpP

and
F+ ) ’ . ’ ) . ) )

im E&Dw) o Sk D,0w L f(KD,0)

Ww—>—00 |w|P Ww—>—00 |w|p W—>—00 |W|p—1
Note that

d ¢ d ¢

F+ kyl ) = F k,l ) 0.
22 pmax F () =) ), max F(lon) >

Therefore we have

E'((kD,w) ¥ 50 Y e (kD) wik, )
wtoo WP cd(4? + h,(c +d + 2)P") min{c?, &}

So all the conditions of Theorem 3.1 are satisfied. As a result, problem (A*") possesses at
least three nontrivial solutions. Suppose w = w(k, [) is a nontrivial solution. Then for any

(k,1) € Z(1,¢) x Z(1,d), there exists w(k,[) > 0, or

—[A1(dp(A1wlk —1,0)) + Aa(¢p(Aawlk, [ - 1)))] + ik, g (w(k, 1))
= M ((k,2), w* (k, 1))
= Af ((k,1),0)
> 0.

From Lemma 2.1 we can conclude that w > 0 for (k,{) € Z(1,¢) x Z(1,d). Problem (A*")
possesses at least three positive solutions. Since problem (A*") shares the same solutions
with problem (A*), the latter possesses at least three positive solutions. Therefore the

proof of Corollary 3.2 is completed.

As a particular case of problem (A*), we consider the following problem (A”¢):

—[A1(Bp(A1wlk = 1,0))) + Aa(p(Aowlk, I = 1)))] + Ak, D) (w(k, 1))
= vk, Dg(w(k, D), (k1) € Z(1,¢) x Z(1,d),

Page9of 13
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with boundary conditions (1.1), where v> 0:Z(1,¢) x Z(1,d) — R, and g : [0, +00) — R is
a continuous function.
Define

c

vk, D), G(¢) = /tg(s) ds, M =max{v(k,1), (k1) € Z(1,c) x Z(1,d)} > 0
0

d
vy
=1

k=1

Corollary 3.3 Suppose that there exist two positive constants c; and dy such that

2¢ +2d h _ Y hlc+d+2)”
S I R N +hule+d 207 min{c!,c}
P plc+d+2)r1

and

c

d
Z max F (k, 1), n) VG(cy).

0,
1 ke n€(0,c1]

Suppose that the following conditions are satisfied:

>0 foreach § € 0,c1],
(H}) g(6)>0 h& €[0,c]
(H) Gd) o _plerds2p! Glep)
2 (2”72"’)dlf+§dq 4P 4 hy (c+d+2)P~1 mm{c‘lf )’

1
. GlE) 4PV supg () <y G(w)
(H3) imsup_, o 25" <y o, ymin{c], )}

Then for any ) € Ay, problem (M%) possesses at least three positive solutions, where

i (%)df + gd? (42 + hy(c +d +2)P"Y)ymin{c?, ]}
e G(dy) ©ople+d+ 2wt SUP g ()<, G(W)

4 An example
We give an example illustrating our main results.

Example 4.1 Consider problem (A") wherec=d=¢g=2,p =3,

h(k, 1) = /7(’ (k,0) € 2(1,2) x Z(1,2),

vik,[)=k+1, (k1) eZ(1,2) x Z(1,2),

and
9,1 5
10w” + scosw, O0<w<2m,
g(W): 2 2
10x5° _9 5
9T sinw,  w> 3.

We caninfer that =Y} > 5, h(k, ) = 41, h, = min{h(k, 1) : (k,]) € Z(1,2) x Z(1,2)} = 3,
V=Y7 32 vkl)=12, M =4,and

w1°+%sinw, 0o<w<
Gw) = _10x5°
10X 79 cosw + On 041, w>

[ 1[5
N

TT.

[\S11%,

2
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Let ¢; = 2 and d; = 3. The we have that h(k,[) = %, and then h= 41, h,=2. Lettingc=d =
p=q=c1 =2,and d; = 3, we have

2c+2d h 4+ h(c+d+2)P1
et &+ —d?=92.25> thlerd+ 2P min{c{, ]} ~ 3.037.
p q plc+d+2)p1

Obviously, g(w) > 0 for all w € [0, 2], so that condition (H;) of Corollary 3.3 is satisfied.
Then we obtain

plc+d+2)p! G(a1) 1024.455
X — ~ ~ 337.324 (4.1)
4 +h(c+d+2P1  min{c!, ¢} 3.037
and
G(dy) 59,049.0705
~ ~ 640.098. (4.2)

(2c;2d )dlf + %d? - 92.25

Therefore, by (4.1) and (4.2) condition (H3) of Corollary 3.3 is satisfied.
We continue by checking condition (H}) of Corollary 3.3. Obviously, V > 0, M > 0,
SUPgu)<r G(W) >0, and cd(4” + h,(c +d + 2)» Yymin{c?, '} >0,

9 10
G 105" 9 cos g + om0y L
lim sup G = limsup 2 i 210 2 -0, (4.3)
E—>+00 g:p E—>+00 ";:
and
42V supg,) <, G(w)

(4.4)

0.
Mcd (4 + hy(c +d + 2)P~1)min{c?, ]} g

Combining (4.3) with (4.4), we obtain that condition (Hj) of Corollary 3.3 is satisfied.
To sum up, all the conditions of Corollary 3.3 can be satisfied.

Since supg,)<, G(w) < maxjy <., G(w), we have

(42 + hy(c +d +2)P"Y)ymin{c?, ]} - (4 + hy(c +d +2)P"Y)ymin{c?, ]}
plc+d +2)P7 supg,) o, Gw) = plc+d+2)P~  max)y <, G(w) ’

We approach

G2y + 2dl (42 + hy(c+d + 2P min{cl, &)
G(d)) " ple+d+2)P1supg, <, G(w)

th ((%)df + gd? 4 + hy(c+d+ 2)P‘l)min{c’f,c’f}>
wi , .
G(d1) plc+d+2)P" I maxy <., G(w)

Then for every A € (0.002,0.003), problem (A"¥) possesses at least three positive solutions.
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