Aberqi et al. Boundary Value Problems (2022) 2022:7 @ BOU nda ry Va I ue PrOblemS
https://doi.org/10.1186/513661-022-01590-5 a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

On a new fractional Sobolev space with
variable exponent on complete manifolds

Ahmed Abergi', Omar Benslimane?, Abdesslam Ouaziz? and Dusan D. Repovs®”

“Correspondence:
dusan.repovs@guest.arnes.si Abstract
3Faculty of Mathematics and

Physics, University of Ljubljana We present the theory of a new fractional Sobolev space in complete manifolds with

Jadranska 19, SI-1000, Ljubljana, variable exponent. As a result, we investigate some of our new space’s qualitative
Slovenia , o properties, such as completeness, reflexivity, separability, and density. We also show
Full list of author information is . . . .
available at the end of the article that continuous and compact embedding results are valid. We apply the conclusions

of this study to the variational analysis of a class of fractional p(z, -)-Laplacian problems
involving potentials with vanishing behavior at infinity as an application.

Keywords: Fractional p(z,-)-Laplacian; Existence of solutions; Fractional Sobolev
space with variable exponent on complete manifolds; Variational method

1 Introduction

Let (M, g) be a smooth complete compact Riemannian #-manifold. The present paper
is devoted to proving some qualitative properties of a new fractional Sobolev space with
variable exponent in complete manifolds, as well as to studying the existence of weak so-

lutions to the following problem as an application:

(=29 u(@) + V(@)|u@)|"@?u = h(z,u(z) inQ,

uly0 =0,

(P)

where Q C M is an open bounded set with a smooth boundary 49,s € (0,1),p € C(M x

M, (1; 00)) with sp(z, y) < n, we assume that p is symmetric and satisfies the following con-

ditions:
l<p™= min p(z,y) <p(zy) <p" = max p(zy), (1)
(zy)eM (z)eM”
p(@y) - %) =plz,y) Vx,y,z€ M, (2)
and we set

p(2) =plz,2), VzeM,
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also g : M — (1,00) satisfies 1 < g~ < g* < p~ < p* < +00, where g* = sup, 77 4(2),q9" =
inf, 77 q(z), and functions /, )V satisfy some suitable conditions (see Sect. 4).

This type of operator has a significant role in many fields in mathematics, e.g., calculus of
variations and partial differential equations, and it has also been used in a variety of phys-
ical and engineering contexts, e.g., fluid filtration in porous media, constrained heating,
elastoplasticity, image processing, optimal control, financial mathematics, and elsewhere,
see [8, 18, 37] and the references therein.

In recent years, wide research has been done on fractional partial differential equations
with variable growth. For example, Bahrouni and Radulescu [7] developed some qualita-
tive properties on the fractional Sobolev space W*1@?@)(Q) for s € (0,1) and Q being a
bounded domain in R” with a Lipschitz boundary. Moreover, they studied the existence

of solutions to the following problem:

Lu(z) + [u(2)| 1@ u(z) = Au(z)"@lu(z) in Q,
u=0 indQ,

where

|uz) = u@)P=(u(z) - u(y))

o |Z _ y|n+sp(z,y)

Lu(z) = p.v. dy,

A >0,and 1 <r(z) < p~ = ming,)e0x o p(2,y). Bahrouni [6] continued the study of this class
of fractional Sobolev spaces with variable exponent and the related nonlocal operator.
More precisely, he proved a variant of the comparison principle for (-A,())*. He gave a
general principle of sub-supersolution method for the following problem:

(_Ap(z))su =f(Z, u) in Q,
u=0 in R"\ Q,

(P1)

where Q is a smooth open bounded domain, #n > 3,5 € (0, 1), p,f are continuous functions,
and f satisfies the following assumption:

f@t)| <ci+olt@?, VzeR,VteR,

where r € C(R",R) and 1 < r(2) < p*(z) = nﬁ’s;(f('zz,)z),‘v’z eR”.

Kaufmann, Rossi, and Vidal [32] proved a compact embedding theorem for fractional
Sobolev spaces with variable exponents into variable exponent Lebesgue space and, as
an application, they showed the existence and uniqueness of solutions to the following

fractional p(z, y)-Laplacian equation:

Lu(z) + [u(2)|7@2u(z) = f(z) in Q,
u=0 indQ,

with f € L?D(Q),a(z) > 1.
In [31] the authors refined the fractional Sobolev spaces with variable exponents given
in [6, 7, 32] and established fundamental embeddings of this space. In addition, they gave
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a sufficient condition for the exponent p(-,-) on R” x R” for the iteration argument of De
Giorgi type and proved global boundedness of weak solutions to the problem (P;). Read-
ers may refer to [1, 4, 5, 12-14, 19, 21-23, 27, 33, 34, 36, 38, 42] and the references therein
for more ideas and techniques developed to guarantee the existence of weak solutions for a
class of nonlocal fractional problems with variable exponents. When p(-, -) = p = constant,
we quote, for example, the relevant work of Vazquez [41], see also [2, 9-11, 15, 17, 20, 35]
and the references therein. Various techniques have been proposed in the literature in or-
der to recover the compactness in several circumstances. We refer to Tang and Cheng [40],
who proposed a new approach to restore the compactness of Palais—Smale sequences, and
to Tang and Chen [39], who introduced an original method to recover the compactness of
minimizing sequences. A related approach has been developed by Chen and Tang [16] in
the framework of Cerami sequences.

Before discussing our main results, we give a review of equations involving the fractional
p-Laplace operator on Riemannian manifolds. As far as we know, there is only the work
of Guo, Zhang, and Zhang [29] who proved the existence of solutions to the following
p-Laplacian equations with homogeneous Dirichlet boundary conditions:

(-Agu(z) =f(zulx)) inQ,
u=0 in M\ Q,

where sp < nwith s € (0,1),p € (1; 00), (—Ag); is the fractional p-Laplacian on Riemannian
manifolds, (M, g) is a compact Riemannian #-manifold, Q is an open bounded subset of M
with a smooth boundary 9 Q, and f is a Carathéodory function satisfying the Ambrosetti—
Rabinowitz-type condition.

The motivation of this paper was, on the one hand, the work of Fu and Guo [24] who
introduced the variable exponent function spaces on Riemannian manifolds in 2012, fol-
lowed by Gaczkowski and Gérka [25] who in 2013 examined the above space in the case of
compact manifolds, and Guo [28] who in 2015 discussed the properties of the Nemytsky
operator and obtained the existence of weak solutions for Dirichlet problems of nonho-
mogeneous p(m)-harmonic equations. Finally, in 2016 Gaczkowski, Gérka, and Pons [26]
studied the variable exponent function spaces on complete noncompact Riemannian man-
ifolds. Furthermore, they proved the continuous embeddings results between Sobolev and
Holder function spaces, using classic assumptions on the geometry. In addition, they es-
tablished the compact embeddings of H-invariant Sobolev spaces, where H is a compact
Lie subgroup of the manifold group of isometries, and, as an application, they showed
the existence of weak solutions to nonhomogeneous ¢(z)-Laplace equations. For further
background, we recommend that readers consult [1, 12] and the references therein. On
the other hand, we were also motivated by the work of Guo, Zhang, and Zhang [29] who
established the theory of fractional Sobolev spaces on Riemannian manifolds.

The novelty of our work is in extending Sobolev spaces with variable exponents to cover
the fractional case with complete manifolds. We prove some qualitative properties of this
new space. Next, we study the existence of solutions to some nonlocal problems involv-
ing potentials allowed for vanishing behavior at infinity. However, the main difficulty is
presented by the fact that the p(z)-Laplacian operator has a more complicated nonlinear-
ity than the p-Laplacian operator. For example, it is nonhomogeneous. To the best of our
knowledge, there is no known result along this line.
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The outline of the paper is as follows. In Sect. 2, we collect the pertinent properties and
notations of Lebesgue spaces with variable exponents and Sobolev—Orlicz spaces with
variable exponents on a complete manifold. Moreover, we show the relation between the
norm and the modular. In Sect. 3, we study the completeness, reflexivity, separability, and
density of our new space. Furthermore, we prove a continuous and compact embedding
theorem of this space into variable exponent Lebesgue spaces. In Sect. 4, we deal with a
fractional p(z)-Laplacian problem involving potentials allowed for vanishing behavior at
infinity as an application.

2 Preliminaries

In this section, we review some definitions and properties of spaces Wg’q(z)(Q), where Q
is an open subset of R”, and WO1 49 (M), which are known as the Sobolev spaces with vari-
able exponents and the Sobolev spaces with variable exponents on a complete manifold,
respectively. For more background, we refer to [1, 3, 12, 21, 26, 28, 30] and the references
therein.

2.1 Sobolev spaces with variable exponents

Suppose that @ C R” is a bounded open domain, with n > 2. Let ¢(-) : @ — (1,00) be a
measurable function. We define real numbers g* and ¢~ as follows:

q' =ess sup{q(z) 1z € Q} and g = essinf{q(z) 1z € Q}.

Definition 2.1 ([21]) We define the Lebesgue space with variable exponent L1(Q) as
follows:

L1Y(Q) = {u:Q—)R:Qq(.)(u)=/ |u(z)|q(z)dz<+oo},
Q

and endow it with the Luxemburg norm

. u
lull a0 gy = 1nf{u >0: Qq(.)<;> < 1},

if g* < +00.

Proposition 2.1 ([21]) (L1V(Q), ] - l140)(g)) is a separable Banach space, and uniformly
convex for 1 < g~ < q* < +00, hence reflexive.

Proposition 2.2 (Holder inequality, [21])

‘ /Q avdx

with == +
q(2)

1 1 ,
< (q— + (q—)) lull 00y IVl g0y Y veL(Q) x L10(Q),

=1.

1
q'(2)

Definition 2.2 ([21]) We define the variable exponent Sobolev space by

W9 (Q) = {u:ue L19(Q) and |Du| € L1P(Q)},
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end endow it with the norm

lullwrea gy = ull g0y + I1DUll g0y YU E WW(Z)(Q)

— _wlq
and set Wol'q(z)(Q) = C(‘)’O(Q)W (Q)'

2.2 Sobolev spaces with variable exponents on complete manifolds

Let (M, g) be a smooth complete compact Riemannian #-manifold. We begin by recalling
some background, more can be found in [1, 3, 26, 28, 30]. A chart of manifold M is a
couple (Q, ¢), where ¢ is a homeomorphism of the open set Q onto some open subset of
R”. Furthermore, a collection of charts (Q;, ¢;);er such that M = J,; Q; is called an atlas
on M.

Remark 2.1 ([30, page 9]) For any atlas (Q;, ¢;)ic; on M, there exists a partition of unity
(Qj, @), nj)jes subordinate to the covering (Q;);e;.

Now, we define a natural positive Radon measure.

Definition 2.3 ([30, page 9)]) Let u: M — R be continuous with compact support, and
let (Q;, ¢;)icr be an atlas on M, and set

fM w@dr) =Y [ ((@eley) m)ovi’ @z

keJ e (Qk)

where dv, = (det(g,',»))% dz is the Riemannian volume element on (M, g), g;; are the com-
ponents of the Riemannian metric g in the chart, and dz is the Lebesgue volume element
of R”.

Next, we define the Sobolev spaces LZ(‘)(M) as the completion of CZ(')(M) with respect
to the norm ||u||Lq(.>, where
k

CIY(M) = {u e C(M) such that Vj,0 < j <k,

Dhu| € L7 (M)}

and
k .
o0 = - [Dull g0
k =0

with |[D¥u| being the norm of the kth covariant derivative of u, defined in local coordinates
by

(D[ = gt - gk (D), (D)

Definition 2.4 ([3]) Let ¢ : [0, 8] — M be a curve of class C'. The length of ¢ is

B dy d
6(;)=/ g(d—i,d—ods,
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and, for a pair of points z,y € M, we define the distance d,(z,y) between z and y by
dg(z,y) = inf{Z({) :C[a, B] > M such as ¢(«) =z and ¢(B) :y}.

Definition 2.5 ([26]) A function ¢: M — R is log-Holder continuous if there exists a
constant C such that, for every pair of points {z,y} in M,

-1
|t(z) —t(y)| < C<10g(e + dg(i,y)>) .

Let P'°8(M) be the set of log-Holder continuous real functions on M, which is linked
to P'°8(R") by the following proposition:

Proposition 2.3 ([3, 26]) Given g € P°8(M), let (Q, ¢) be a chart such that
1
551‘;' <gj =28
as bilinear forms, where 8;; is the Kronecker delta symbol. Then q o o1 e Plog(¢(Q)).

Definition 2.6 ([3]) If the Ricci tensor of g, denoted by Rc(g), satisfies Re(g) > A(n — 1)g,
for some A and for all z € M, 3v > 0 such that |B;(z)|; > v, where B, (z) are balls of radius
1 centered at some point z in terms of the volume of smaller concentric balls, then we say
that the n-manifold (M, g) has property Byy;(A, v).

Proposition 2.4 ([1, Proposition 2.17]) Let u € L1@ (M), {ug}x=0 C LI@(M). Then
@) gy <1= ||u||zq<z>(M) < 040 (0) < ||u||zq(z)(M);

- +
(if) ”u”Lq(Z)(M) >1= ”u”Zq(Z)(M) = Qq(z)(u) = ”u“zq(zJ(M)’
where

Qqta) (W) = /M [u(@)|" dv, ().

We now prove the following proposition.

Proposition 2.5 If u,u; € L19(M) and k € N, then the following assertions are equiva-
lent:

(1) limy o0 [Jug — u”Lq(Z)(M) =0,

(2) limy_ 100 Qq(z)(uk —-u) =0,

(3) wk = ua.e. on M and limy_, .00 0g¢) (W) = 0g¢)(1).

Proof 1f |lux — ull ;g1 rq) — O, then

lim / luy — u|?@ dv,(2) = 0.

k—+00 J Aq

It is now easy to observe that ux — u a.e. on M. Thus lug|?® — |u|?@ on M and the
integrals of the functions |u; — u|?® are absolutely equicontinuous on M, and since

Jugl®® < 277 (Jug = w9 + u] @),
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the integrals of the |u|7@ are also absolutely equicontinuous on M, so, by the Vitali con-
vergence theorem, we obtain that

lim Qq(.)(uk) = Qq(4)(u).
k—+o00

Conversely, if uy — u on M, we can deduce that |u; — u|?@ — 0 on M, and using the
same techniques as in the above proof, and due to the fact that

Jug = % <207 (ue 49 + Ju]49),
and limy_, o0 04() (W) = 04( (), we obtain that limy_, ;o0 04¢)(ux — 1) = 0. O

Remark 2.2 The following relation will be used to compare the functionals || - || ;4¢) Ay and
Qq(~)(')i

1
-

. 1 1 1
mln{Qq(-)(u)q ,0q() (W) } < llull g0 ) gmax{gq()(u)q ,0q() (W) 4 }

Definition 2.7 ([28]) The Sobolev space W7%) (M) consists of all functions u € L@ (M)

for which D*u € L9(M) k = 1,2,...,n. The norm is defined by

n
lall g = Tullzar g + D 1P ] o -
k=1

The space Wol @) (M) is defined as the closure of C*°(M) in W@ (M).

Theorem 2.1 ([1]) Let M be a compact Riemannian manifold with a smooth boundary
or without boundary and q(z), p(z) € C(M) N L®(M). Assume that

1@ <n p)< IO frze M
Then
WhE (M) — [FD(M)

is a continuous and compact embedding.
Proposition 2.6 ([3]) If (M, g) is complete, then W@ (M) = Wol ’q(z)(/\/l).

3 Fractional Sobolev space with variable exponent on a complete manifold
On a complete manifold, we introduce in this section a new fractional Sobolev space with
variable exponent and state our mains results.

Definition 3.1 Let p: M x M — (1;00) be a continuous variable exponent and let s €
(0, 1). We define the modular

u() - uG) P

op() (W) = /MxM (deay)yren dvg(z) dvg(y).
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For s € (0, 1), we introduce the variable exponent Sobolev fractional space on a complete
manifold as follows:

WPEN (M) = {u ‘M — R:ue (M) such as

/ |u(z) — u(y) =
M

i (@alz, ) v dv,y(2) dvg(y) < 00, for some A > 0}.
X g i

Consequently,

. u
lullg,., = 1nf{k >0:0p(.,) (X) < 1} = [ulyspen -
The modular g,..) has the following properties.

3.1 Lemmas
In this part, we will go through some of our new fractional space’s qualitative lemmas.

Lemma 3.1 Let p € C(M x M, (1;00)) be a continuous variable exponent. Then for any
u e WP (M), we get
(1) [u] WsPE) (M) >1= [u]l‘;w,p(z,y)(M) = Qp(-,<)(u) = [u]l‘]w,p(z,y)(M),

" -
(2) [u] wspE) (M) = 1= [u]l‘;w,p(z,y)(M) = Qp(-w)(u) = [U]I‘J)Vs,p(z,y)(M)~

Proof (1) For all 0 € (0,1), we have
prgp(,,.)(u) < Qp(.,.)(eu) < QP_QP(.,.)(u).

i 1
So, if [u]yspenag) > 1, then 0 < T p—— < 1, thus we have

=0Op()

oW < u )< Op(.) ()
[u] ;

p . =l ’
[u] WspE) (M) w9 (M) [u] WspE) (M)
and, since Qp(.,.)(ﬁ) = 1, obtain our result. We proceed in the same way for
wsPED (M)
(2). O

Remark 3.1 It is important to note that the results of Proposition 2.5 apply to g,.,).

Lemma 3.2 If (M,g) be a smooth complete compact Riemannian n-manifold, then
WP (M) is a Banach space.

Proof Let {u,} be a Cauchy sequence in W*?@)(M). Since

) if sp(z) < m,

p@) <piz)= "9
400 otherwise,

for any z € M, it follows that for any 7 > 0, there exists Wy such that, if £,m > u,,

llue - um”[jﬂ(l)(M) <llue— um”w&p(z,y)(M) =n. 3)
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Since LP@ (M) is complete (Lemma 2.5 in [28]), there exists u € L?® (M) such that u; — u
strongly in L?®? (M) as £ — +00. Consequently, we may find a subsequence {uy,} of {u;}
in W@ (M) such that u;, — ua.e on M.

Then, by the Fatou’s lemma and (3) with n = 1, we obtain

0p(.) (1)
_ / lu(z) — u(y) [P

MxM (dg(zr y))n+sp(z,y)

/ |u53 (Z) - ult (V) |p(z,y)
Mxm  (dglz,p))rrr@y)

dvg(z) dvg(y)

< lim inf
t—+00

dvy(z) dvg(y)

1o (g, (2) — wy, (2) = (g, () — wy, (2)) @)
=2 1 tEIJrnoo 1nf|:/M xM . (dg(z, y))n+sp(z,y) : dVg(Z) dvg(y)
|4 (2) = sy Q)P
' /M xM M(dg(z, y))I:’HP(zyy) dvg(2) dvg(y)j|

+_1 . .
<21 tim it gy, (0, = ) + € )]

<2P*-1[1im inf([lu +lu
< Jim (Ilue, )+ llug

p* r
Wy [ Wsp@y) (M Wy I Wsp(E)( M))

p* r
+ (“uln ”Ws,p(z,y)(M) + ”ul/-l st,p(z.y)(/\/[)):l

pt-1 r* P
<224 Ny 1 ) oo 1% e M)) < +00.

Hence, u € W*?@)(M). On the other hand, let £ > y,.. Then, according to (3) and from
Fatou’s lemma, we get

et
2

*

Op(-y(ug —u) < tEI}loo infop(.,)(ue —ug,) < =n".
Thus lim_, 1o Qp(.,) (e — 1) = 0. Thanks to Remark 3.1, lim,_, . [[ug — Ul yspenaqgy = 0.
That is, uy — u strongly on W*?@) (M) as £ — +00. a

Lemma 3.3 Let (M,g) be a smooth complete compact Riemannian n-manifold, and
p(z,9) € C(M x M, (1,00)) with sp(z,) < n, for z,y € M. Then W@ (M) is a separable
and reflexive space.

3 SvP(ZJ/) . . _ _
Proof Consider u,;e W, (M) satisfying ||u||W3,p(z,y>(M) = ||v||WS,p(z,y)(M) =1and |Ju-
Z; = ) y .
VIIWSO,;,( Dpg = & Where e € (0,2)
Case p(z,y) > 2. By inequality (28) in [2], we have that

p(zy) p(zy)

u+v
2

u-v
2

on,p(z,y)( M) Wé,p(z,y) M)

1 f;; _ p(z,y)
< (5) /M M dvg(z) dvg(y)

x M (dg(Z,y))"””(z'y)

+

1 & — p(2,9)
+ <§> /M Mdvg(z)dvg(y)

e (gl )77

Page 9 of 20



Aberqi et al. Boundary Value Problems (2022) 2022:7

_ (2.9)
L / Jute) aOI ) ) v )
MxM

2 (dg(z, y))"*s”(”)
1 —v(y) [P
Z = 4 d
T2 /Mx/vt (dg(z, y))m+sr@) Ve(2) dvg)
1
1 upzy il VP(ZJ’) -1
” ”Wspzy) 2” ”W(s),p(z,y)(M)
So, || 45~ lli(ﬁ)zy = — (£/2)P#). Taking 8 = §(¢) such that 1 - (¢/2)"* = (1-§)"#), we
obtain || “; ||W(5)p(zy < 1-9).
Case1<p(z,y) <2. Lettmg P(zy) = Zy) =) 17> We have

25) ~ lu(z) u(y)| P @y)\ plzy)-1 y) 1
||u||p sPyZy)(M) = [/MXM<(W> ) dvg Z)dvg(y)] .

As a result of the Minkowski inequality (see Theorem 2.13 in [15]) and inequality (27) in

[2], we obtain that
w4y |FE u—ylFe
2 VVS”’<Z'y) (M 2 W(S),p(z,y) (M

(u(z) —u(y)) + (v(z) = v(y))
Z(dg(z,y))"“’” "

)ﬂ@ﬁ

STt

' (29)p(29)-1
u(z) —u - Zy> 1
+<< (2) - u(y)) ) } dvg(z)dvg(y}
2(dg(z,y))“”
) P(zy)
p(zy pzy,
— =1.
( Il o) + v ||Wzy)(M)))
Hence,
a+v P (zy) ¥ @y
<l-—-.
2 Wso,p(z,y) ™) ¥/ (z9)

Taking § = 8(¢) such that 1 — (&/ 2y @) = (1 - §)P'@), from the Milman—Pettis theorem we
obtain that Wy” (= )(M) is reflexive.
Now, we show that W;” = )(./\/l) is a separable space. Define the operator

T: Ws,p(z,y)(M) N Li’(z)(./\/l) x Lp(z’y)(./\/l x M),

u(z) —u(y) )

ur> T(u) = (u(z), =
dg(Zry)p(Ty)ﬂ

Then
« T is well defined.

« T isan isometry.
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Indeed, for u € W,” @) (M), we obtain

u(z) —u(y)

i
dy(z,y) P " H LPE) (Mx M)

” T(u) ”Lﬁ(z)(/\/t)xmzw(/\/tx/\/() = llull o gy +

= ”uHWS‘p(Z‘y)(M)’

So, T(Wé'p(z’y)(/\/l)) is a closed subspace of L?@ (M) x L?#)(M x M). Thanks to Propo-
sition 3.17 in [15], we get that T(Wg’p (= )(./\/l)) is separable, therefore Wg’p (@ )(./\/l) is also
separable. O

Lemma 3.4 Suppose that (M, g) satisfies property B,o/(A,v) with finite volume, and (2)
holds. Then C(M) is dense in WP@)(M).

Proof Consider the following real-valued function:

1 ift <o,
f@)=431-¢ ifo<t<l,
0 ifr>1.

Let ¢ € C®(M) N WE)(M), and let y be a fixed point of M such that ¢,(a) =
@(a)f (dg(y, @))), where dj is the Riemannian distance associated to g and v € N. We can
easily see that ¢, () € W*@)(M) for v € N. Then, since M is a compact Riemannian

.....

smooth partition of unity subordinate to the covering Q. We can see that /1 = nip, o' €

WPE) (i (Qp)).

So, by Lemma 3.2 in [7], we can extract a subsequence /; € C*(R*) such that &, —
h strongly in W@ (¢ (Qy)) as t — o0o. Thus, k; o ¢y € C®(M) and 4, o ¢y converge
strongly to nxe, in W@ (M) as t — oo. O

Remark 3.2 We can also prove the previous lemma, without assuming condition (2), by
using the following method:
For u € Cj°(M), we need to prove that

_ p(z,y)
fM lu@) —ub)I= dvy(z) dvg(y) < o

x M (dg(z, ))&

Notice that Y(z,y) € M x M, we have

|u(2) - u(y)| < 1Dullze(r1) dg(z,9), |u(2) - u)| < 2llullzoe(rm)-
Thus,

lu(z) - u(y)|p(z'y) < ||Du||’z§’8\4)(dg(z,y))p(z'y), for all (z,y) e M x M,
and

lu(e) - u@) [P < 2@ P, forall (z,9) € M x M.
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Hence,

lu(@) = um)[" < (1D gy + 1DUIE e ) (2 2))" ",

forall (z,y) e M x M,

and

|u(z) - u(y)‘p(z’y) < 2p+(||u||’£w(M) + ulfoorg),  forall (z,9) € M x M.

Hence

[uz) —u@)"®” <27 (s g + Il ) min{1, (dg(z9))" ).

Therefore, according to [30], we obtain

_ p(z.y)
/MXM |(nsu)(2) — (nsu)(y)] dvy(@) dvgly)

(dg(z,y))e(=)

< VolM)2 7 (I[ullf g + 10l )

/ min{1, (dg(z,))"*}
X
Mxm (dg(z,p))r+p@)

dvg(z) dvg(y) < o0,

where (7;) is a smooth partition of unity subordinate of the covering B, (r) for any k, and
B, (r) denotes the Euclidean ball of R” with center z; and radius 7. Then we deduce that,
for u e C5*(M),

_ p(z,y)
fM luz) ~ub)I dvy(z) dvy(y) < 0.

M (dg(z,y))rrp@)
Thus u € W@ (M),

Now, we will extend an embedding result between W'*#") (M) and W*?#) (M) to man-
ifolds.

Lemma 3.5 Suppose that the smooth complete compact Riemannian n-manifold (M, g)
has property B,,(A,v) for some (A, v),p € C(M x M,(1,+00)), and s € (0,1). Then
lullyspen gy < Cllullyrpen gy where C = Cln,s, A, v, p*, p7). In particular, WirE) (M) C
WsPE (M),

Proof For the sake of convenience, let [u] 1y (1q) = 1 and set

C= sup (dglz) "™
(zy)eMx M

Then

lu(z) - u(y)|P(Z'y)
/MXM W dve(z) dvg(y)
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- P@9) (d,(z,y))1-5PE)
i f ju(2) — u() P (dy(z,9)) o))
MxM (dg(zd’))””’(z’” C
_ p(2,)
< / M dve(2) dvy(y)
MxMm (dg(z,p))m#@
<1.
Thus; [u] Ws,p(z,y)(M) E C[M] Wl,p(z,y)(M).
Hence,
”u”Ws,p(z,y)(M) = C||u||wl,p<z,y)(M)~ g

Remark 3.3 We can also prove the previous lemma using the same technique as that of
[29, Lemma 2.6].

Theorem 3.1 Let M be a compact Riemannian manifold,p € C(M x M, (1;00)),s € (0,1)
with sp(z,y) < n and g € C(M, (1;00)). Assume that

. np(z) -
1<gq _?el}\t/l[q(z) <gq(z) < 7}1_5}5&) forallze M,

then W@ (M) — LI@(M) is a continuous and compact embedding.

Proof The demonstration of this theorem is based on an idea introduced in [1, 21, 28, 29].
Let ¢ : V. C M — R” be an arbitrary local chart on M, and G C M an open set with
that G; is homeomorphic to the open unit ball By(1) of R” and, for any /, the components
gfj of g in (g;, V}) satisfy

I
<g;i < ad;i
Ol(Sl‘]' 4 v

,,,,,

mu e WHPE)(G)) and (¢;!) * () € WP @))(Bo(1)) with u = K, mu. According to
Lemma 3.5, the Sobolev embedding theorem [1, 21, 29], we get the continuous and com-
pact embedding

WwWPE(G)) < L19(G)) for anyl=1,...,k.

Thus, we can conclude that W*?@) (M) ¢ L1¥ (M), and the embedding is continuous and
compact. g

4 Application
In this part, as an application, we give an existence result to the following problem:

(=A9)5 . u(@) + V(@)u(2)|"®2u = h(zu(z)) in Q,

ulso =0,

(P)
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where s € (0,1),p € C(M x M, (1;00)) with sp(z,y) < n,q: 90— (1,00) satisfy the follow-

ing condition:

np(z)
n—-sp(z)’

l<q =q'<p =p'< (4)
(M, g) is a smooth complete compact Riemannian n-manifold, Q@ C M is an open
bounded set with smooth boundary 49,4 : Q x R — R is a Carathéodory function satis-
fying the following assumptions:

(h1) (AR-condition) There exist 8 > p* and some I > 0 such that, for each || > I, we have
0< / H(z, @) dvy(2) < / hz,a) % dvg(z) ae.zeM,
M M B

where H(z,a) = [ h(z,v) dv is the primitive of h(z, ),
(h2) h(z,0) =0,
(h3) limyg)—o ‘:’l(;% =0 uniformly a.e. z€ M,
and (—Ag);(zf)u(z) is the fractional p(z, -)-Laplace operator which (up to normalization fac-

tors) may be defined as

s . u(z) — u(®) "= (u(z) - u(y))
(_Ag)P(Z,')u(z) =2 Ellfgr M\Be (2) (dg(Z, y))n+sp(z,y)

dvg(y),

for z € M, where Bc(z) denotes the geodesic ball of M with center z and radius € and
dg(z,y) defines a distance on M whose topology coincides with the original one. The van-
ishing potential satisfies the following assumptions:
(i) V: M — Risa continuous function, and there exist 6 > 0,y > 0 such that
V(z) >0 >0 forall ze M, and

@
/ V(@) u@)|" dvg(z) < yllull’i(vzs),p(z,ﬁw),
M

for all u € W,* =) (M).

(i) V(z) — +o00 as |z] — +00.

Definition 4.1 A measurable function u € Wg’p (= )(./\/l) is said to be a weak solution of

(P) if

/ lu(z) — u) P2 (u(z) — u®))(@(2) — ¢(9))
MxM

(dg(z, )@ Ave(2) dvy(y)

+ / V@) @)™ ux)¢(2) dvy(2)
M

= / h(z,u(2))@(2) dvy(z), forallp € Wy” @) (M),
M

Theorem 4.1 Under assumptions (h1)—(hs), (4) and (i)-(ii), if (M, g) satisfies the property

B,yi(X,v), then problem (P) possesses at least one weak solution.

Page 14 of 20
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Proof Consider the functional E : W, it )(./\/l) — R defined by
E(u) = A(u) - B(w),

where

1 |u@) - u@)l= Y@, e
Al) = /MXM p(z,9) (liigz(z,yl)l)(n{sp(zm dvg(2) dvgy) + ./M q(—; u(Z)|q( )dvg(Z)

and
B(u) = / H(z, u(z)) dvg(2).
M
|

Lemma 4.1 Assume that the assumptions (i)—(iii) hold. Then A € Cl(Wé’p(z’y)(M)) and

, 1(2) = ) PED2(u(z) - u») (@) - 9))
(A (U)’¢> B /M xM = u(y (dg(z,l;)z)wrspl;z(il) £ (p(y dVg(Z) dvg(y)
. / V@)@ u(@)p(@) dvy(2), (5)
M

forallu,¢ € Wé’p(z’y)(./\/l).

Proof Forue W, @) (M), we have

1 @ - )P V@) e
aw- [ S A d0)+ [ 28] vy

2,y) (dg(z,y))yrrE q(2)
1 - p(29) 1
<— % dvy(2) dvy(y) + — / V(@) u@)|" dvy(z)
P I Mxm (dg(Z,)’)) Py q Jm
1 + — )/ + —
p p q q
= ;("u”WsO,p(z,y)(M) + ”u”WsO,p(z,y)(M)) + E(”u”Wg,p(z,y)(M) + ”u”WsO,p(z,y)(M))

(using Lemma 3.1 and (i))
< + 00,
Hence, A is well defined.

To prove that A € CY(W,” = )(./\/l)), we consider {u;} C Wy” = )(/\/l) such that u; — u
strongly in W” ©)(M) as t — +0c. Then, we have

. lu(z) — u ()P Ju(z) — uy) P
e MMl (dg(zy) @) (dyg(z, y)rre)

] dvy(2) dvy(y) = 0. ©6)

Without losing generality, we further assume that u; — ua.e.in M as ¢ — +00. Using
(6), we get that

{ lug(2) - ut()/) |p(z’y)(ut(z) - Ut@)) }
(dg(%)’))””p(z’” t

Page 15 of 20
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is bounded in L7@” (M x M) and, according to Brezis—Lieb lemma in [23], we obtain

|ug(2) —w ()P Ju(z) - u(y) P!

)
=100 MXM( (dg(z, )™ (dg(z,y)y=eD

) dvg(z) dvg(y) = 0.

Similarly,

(2)-2

lim_ V(z)| @), (2) - [u@)] " @) dvy(z) =

t—+

Holder’s inequality now gives

”A/(ut) —-A'(u) ” (Wg,p(z,y)(M))/

= sup [{A'(u;) - A'(w),9)| > 0 ast— +oc.

WP (M, -1
peWy H‘Pllwé,p(z,y)(M)

Hence, A € C I(WSIj @) (M)). Finally, we can easily verify that the functional A is Gateaux
differentiable on Wop 29 (M) and (5) holds for all u, ¢ € Wy” @y )(/\/l) O

Lemma 4.2 The functional E satisfies the mountain pass geometry in the sense that
(i) E(0)=0.
(ii) There exist £, 0 > 0 such that E(u) > 1 l'f||u||WS,p(z,y)(M) >¢.
0
(iii) There exists u, with ||ul| WEPED (1) > ¢, such that E(u) < 0.

Proof
(i) E(0) =0 is obvious.
(ii) According to (41), (i), Proposition 2.4, Lemma 3.1, and Theorem 3.1, we have

1 u@) - uly)pe)
Etw) = /MXM Py gtz y)yven @40

+ /M V(Z)| @)|" dvy(z) - /M H(z,u(2)) dvg(2)

q(2)
1 0 1
. q T
= 08+ I = I
1 . q" - v
p_”u”Wspzy + ”u”szy —+”u”WS‘p(2‘y)(M)'

Since p* > q* > g, we deduce that E(u) > 0.
(iii) According to Lemma 3.1, (41;), (h3), and (i), we have for £ >0 and u # 0,

) lu(z) — u(y)|1”3’
E =
(tu) foM p(z,y) (d (Z,y))n+sp(zy

K qlz a6
+/ s )t |u(z)| dvg(z) /M H (z,tu(2)) dv,(z)

dvg(z) dvg(y)

Page 16 of 20
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+

¥ ’E
< ol e,

vt
+ q— ||u||W5p<zy
Since g~ < p~, for t small enough, we infer that E(tu) < 0.
This completes the demonstration of the lemma. d

Lemma 4.3 Let (M, g) be a smooth complete compact Riemannian n-manifold and p(-) €
C,(M x M). Assume that assumptions (h1)—(hs) and (i)—(ii) hold. Then the functional E
satisfies the Palais—Smale condition.

Proof Let (W) men C Wg"’(z’”(/\/t) be such that J(u,,) is bounded and J'(u,,) — 0 as m —
00. Then there exists C > 0 such that d/(u,,;, u,,,) < C|lu,,|| ) and |/(u,,)| < C. We prove
0

that (u,,,)sen is bounded in W;‘p(z’y)(/\/l).
We prove the statement by the method of contradiction. Indeed, if the assertion were

not true, up to a subsequence, ||u,,|| Wper) g > OO aS 11— 00 From (/;), we have
0

)

1, 11
C+ Cllumllwé,mz,y)(M) > E(u,) - E<E (Wn)s W) > (IF - E) ||um||p

)
space, there exists u € W,” (=) (M) such that, up to a subsequence,

This is a contradiction as [yl sy oy %0 Since W,” (= )(M) is a reflexive Banach
0

u, —~u weaklyin WSP(” (M),
u, — u a.e.in M,

u,, — u strongly in L'D(M) for 1 < y(2) <pi(2).

Since u,, — u a.e. in M, we have that

[un(z) - um(y)lp” 2(Wu(z) - um(y)) Z)—u(y)l”(z'y)‘z(U(z —u(y))
(dy(z,y)) e VeI (dy(z,y)) Fem P

a.e. (z,y) € M x M. On the other hand, Il site M) is uniformly bounded and this
implies that there exists a constant C > 0 such that

p(zy)
MxM ) +s

dg(z, y) 2 )
that is,
_ p(z,y)-2 (z
MxM dg(z,y) P& 9)p(zy)-
Therefore,

|Wn(2) = WP (W (2) —wn(p))  ulz) —u(y) I”” u(z) - U(y)
dg(Z,y)(P( ) )(p(z,y)-1) (Z,y) y s (P(Zy




Aberqi et al. Boundary Value Problems (2022) 2022:7

weakly in L @M x M) with P (zy) =

M@)S € LPE) (M x M). As a result,
dg(z.9)? p(y)

f W (2) = Uy (9) |P 2y, ‘z(um(z) Um()/))(V(Z) v(y)) Avy(2) dvy(y)
MM d (Z y)( ) 5+5) (p(z,y)- d (Z y)pzy +s g g

R G2 ue) —wOE) V0D 4 oy o)

g gV

MxM dg(z,y)””” %)

By Vitali’s theorem, we have E'(u) = 0. We define the sequence w,, = u,,, —u. Since (W) men

is uniformly bounded and u,, — u a.e. in M, thanks to Brezis—Lieb lemma in [23], we

obtain that

/ [Wn(2) — W (y) P&
M

dvg(2)d
xM dg(z,y)}’l+sp(z,y) Vg(z) Vg()/)

_ |Wm (Z) —Wm ()/) |p(z,y)
) /MXM gz yyrren D@ dv0)

_ (2,y)
+ /M M dvg(z) dvg(y) + 0(1)

M dg(z,y)nﬂp(z,y)

Therefore, a straightforward computation yields

lim E(u,)= lim

Wi (2) = Wy, (3) P&
m— 00 m~>oo_/M M | ( ) (y)| dVg(Z)dVg(y)

dg ( Z, y)n+sp(z,y)

V(z) 2
_/M H(z, u(z)) dvg(2) +/ 72)|u(z)|q( )dvg(z)

pzy n+sp(z,y)
+/MXM p(z,y)iu(z) u@)[" dg(z.y) @) dyy(z) dvg(y).

Using E'(u,,) — 0 as m — 00, we have

1 | w(2) — w(y) P
Adve(z) dve(y)
foM p(zy)  dglz,y)r+e) g (¥

- / V(@)|u@)| " dvy(z) - / h(z u(z))u(z) dvg(2)
M M

_ (z,y)
. / I |u(2) — w,(y) P vy @) dvgly).
M

«M DY) dg(z,y)rrE)

As E’(u) = 0, we have

lim
m— 00

B (z.y)
/‘ 1 (wu(2) = wu(y) 1P dVg(Z) dVg(y) =0.

MxM P(zY) dg(z, y)n+S19(z,y)

So, finally, from Lemmas 4.2 and 4.3, we conclude that our problem (P) possesses a weak

solution.

SP 29) (M), it follows that

Page 18 of 20
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