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1 Introduction and main results

N () _ .
_Zi=1 %“g_,ﬂp’(x) 23—,12) = ﬂ(x)ua(x) L+ AM(x,u) inQ,

u=0 on 0%2,

(P)

where €, unless otherwise stated, is a bounded domain in RN(N > 3) with smooth
boundary p; € C(Q),2 < pi(x) < p,(x) <p*(x),i = 1,...,N,p,(x) := max{p; (), ..., pn(x)}
for any x € Q with p(x) := N/ Zfil(l/p;(x)) and p*(x) = Np(x)/(N - p(x)) if p(x) < N and
p(x) = +00 if N > p(x), @ € C(RQ) is a nonnegative function with 1 < a(x) for all x € &,
f:Q x [0,+00) — R is a continuous function and

(H) a € L*®(2) with a(x) >0 a.e. in ;

(fi) Thereis 8 >0 such that f(x,) > (1 — t*®1)a(x) for all (x,£) € 2 x [0,8];

(f2) There exists r € C(S2) such that 1 < r(x) for any x € Q and |[f(x, £)| < a(x)(1 + |¢]"®)1)

for all (x,t) € 2 x [0, +00).
We say that u € Wol '7(x)(52) is a weak solution for (P) if

forall ¢ € W7 ().

Denoting by | - [l the norm in L>°(£2), we obtain, by means of sub-supersolutions and

ou

pi(x)-2 ou 8¢ ~
3xi

8x,' 396,‘ B Q

a(@)u ¢ + f (x, u)¢

minimization arguments, the result described below.
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Theorem 1.1 Counsider that hypotheses (H),(f1), and (f;) hold. Then problem (P) has a
solution for ||al| s small enough.

Define po.(x) = max{p*(x), p.(x)}, p_(x) = min{p;(x),...,p,(x)},x € Q and denote g~ :=
infg g and g* := supg, ¢ for a function g € C(2). Considering the Ambrosetti—Rabinowitz
type condition:

(f5) It holds that o™ > 1, @™, 7" < p_, with a* < p~ or p! < «~, and there are £, > 0 and

0 > p? such that

0<OF(x,t) <f(x,0)t, a.e. in, forallt> 1,

we have the multiplicity result below.

Theorem 1.2 Counsider that hypotheses (H), (f1)—(fs) hold. Then problem (P) has two so-
lutions for ||al| s small enough.

Consider sg > 0. The function

a(x)(1 - 2@, 0<t<so

wix, t) =
a(e)(1-s37) + (E =50y @), >0,
satisfies (f;) and (f,) for § € (0,s0] and r € C(2) with r_ > 1 for all x € Q. Note that (f;)—(f3)
holdif 1 <a* < p  and pt <r~ witha* <p” orp? <™.

Anisotropic partial differential equations have attracted the attention of several re-
searchers in the last years due to their applicability in several areas of science. For ex-
ample, in the classical paper [1] the authors considered a model which was applied for
both image enhancement and denoising in terms of anisotropic PDEs as well as allow-
ing the preservation of significant image features. In physics, anisotropic problems arise
in models that describe the dynamics of fluids with different conductivities in different
directions. We also point out that anisotropic equations can be applied in models that de-
scribe the spread of epidemic disease in heterogeneous environments. For more details
regarding the mentioned applications, see for instance [2—4].

On the other hand, problems involving variable exponents can be also applied to con-
sider several important models. A classical application is in the study of electrorheological
fluids. The study of electrorheological fluids started when fluids that stop spontaneously,
which are known in the literature as Bingham fluids, were discovered. We also mention
the important work [5] due to W. Winslow, where the first major discovery regarding elec-
trorheological fluids was presented. A notable fact is that under the presence of an eletrical
field, parallel and string-like formations arise in this kind of fluid. Such behavior is known
as Winslow effect. As mentioned in the interesting paper [6], several experiments with such
fluids have been considered in NASA due to their applicability in space technology and
robotics.

We also mention that, from the mathematical viewpoint, anisotropic problems and
equations with variable exponents are very interesting. For example, in the reference [7],
regularity results for a system which arise in the study of electrorheological fluids are
proved. In [8], the authors generalize several results of elliptic equations for the variable
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exponents setting. In the classical manuscript [9] the author considers problems with an
anisotropic operator with variable exponents. We also quote the interesting references
[10-19] and the paper [20] which provides an overview of recent results concerning el-
liptic variational problems with nonstandard growth conditions and related to different
kinds of nonuniformly elliptic operators. For a complete treatment of problems involving
variable exponents, see [21, 22].

Problem (P) is motivated by [23], where the authors obtained versions of Theorems 1.1
and 1.2 with « = 2 for an anisotropic operator.

The rest of the manuscript is organized as follows: in Sect. 2 we present some prelim-
inaries regarding spaces with variable exponents; in Sect. 3 we obtain an auxiliary L*
estimate which will play an important role in our arguments; in Sects. 5 and 6 the proofs
of Theorems 1.1 and 1.2 are provided, respectively.

2 Preliminaries

Let @ C RN(N > 1) be a bounded domain. Given p € C,(RQ) := {p € C(Q);infq p > 1}, we
define the Lebesgue space

LPW(Q) = {u Q=R measurable;/ |u(x) |p(x) < oo}
Q
with the norm

2l py 2= inf{)\ > 0;/
Q

It holds that (LF®(Q), || - o) is a Banach space.
The results below, which can be found for example in [24], will be often used.

@ p(x) 3 1}'

Proposition 2.1 Consider p € C,(Q) and define p(u) := [, |ulP™ dx. For u,u, € L/*/(Q),
n € N, the statements below hold.
(i) Ifu+#0in LPD(Q), then |ullpw =2 < p(¥) = 1;

(i) If ullpw < 1(=1;> 1), then p(u) < 1(= 1;> 1);

(ili) If llullpy > 1, then IIMIIf;Sx) <pu) =< IIMII;fEx);

(W) If ullpe) < L, then ullly, < p() < llull%,.
Theorem 2.2 Cousider p,q € C,(2). The assertions below hold.

@ Ifﬁ + zﬁ =1in Q, then | [uvdx| < (1,17 + q%)||u||p(x)||V||q(x);

(ii) Ifq(x) < p(x) in Q and |Q| < 0o, then [P¥(Q) — LIW(Q).

In what follows we recall some results on anisotropic variable exponents which can be
found for example in [9]. Consider p; € C,(Q),i=1,...,N. Denote

2@ = (2@ ox()) € (C. @)Y
and define

pi(x) = max{pl(x),...,pN(x)} and p_(x):= min{pl(x),...,pN(x)}, xe Q. (2.1)
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The anisotropic variable exponent Sobolev space given by

— 9
WPW(Q) = {u e 170 (Q); 2L ¢ 1p)(Q), i = 1,...,N}
i

is a Banach space with respect to the norm

ou

letl g 2= Ntllp Za

. (2.2)
i=1 illpi(x)

Ifp; >1,i=1,...,N, then Wlp )(R) is reflexive, see [9, Theorem 2.2].

By Wol »E) (€2) we denote the Banach space defined by the closure of C§°(€2) in W/I’?(Q)
with respect to the norm (2.2).

Consider p(x) := N/ Zfil(l/pi(x)) and p*(x) = Np(x)(N - p(x)) if p(x) < N and p(x) = +00
if N > p(x). If p(x) < p*(x) for all x € Q, then the following Poincaré type inequality holds:

N

Il <C Y

i=1

ou

5 for all u € W™ (Q), (2.3)
Xi

pilx)

—
where C is a positive constant independent of u € Wol #™(Q). Thus, the norm

ou

N
DS P

i

1 —_—>
. ue wpr(Q)
pi(x)

is equivalent to the norm given in (2.2).
If g € C,(R2) and g(x) < poo(x) for all x € Q, where po,(x) := max{p*(x), p, (%)}, then there

exists a compact embedding Wol ’ (x)(SZ) s LIW)(Q).

3 Auxiliary results
In what follows we present an existence result for a linear problem and a weak comparison

principle which generalize Lemmas 2.1 and 2.2 of [23] respectively.

Lemma 3.1 Consider a € L*(S2). The problem

Zz lax,(|3x,|plx) ZHM)Z“ in £,
u=0 on 082,

has a unique solution in W (SZ)
Proof The continuous nonlinear map T : Wol PO Q) s (VVO1 2@ Q)Y is defined by

P72 gy g
Bx, dx;

N (| ou
(T -y [
i=1 V%

8xl
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Since p; > 1,i = ., N, we have from the inequality (see for example [25, page 97])

|i-2 (3.1)

(lx2x = 191y - y) = 2,2|x yl!

for all x,y € RN and [ > 2, where (-, -) denotes the usual inner product in RV, that

(Tu—Tv,u—v)>0 forallu,ve Wol’p(x)(Q) with u # v.

Consider (u,) C WO (Q) a sequence with ||u,|| = +00. As in the proof of [21, Theo-

rem 36], for each i € {1,...,N} and n € N, we define

o1 d

p: lf ”%x?”p,(x) E 1;
_ e d

p 52 pw > 1.

Since (a; +- - - +an)? < C(a’lj + ~+af,) forB >1anda; >0,i=1,...,N, for some constant

C, we have

N )
[l s el
0%; prrgl IR PO
3un ri
> C
- ( ) xi})
listin=p') pilx)
u, ri u,, P
>C +C
- I(Z Bxl ()) 2<Z_ ‘Bxl (%)
{ain=pi} pil® {6eti,n=p=} pilx
aun p- aun p-
+C. -C
(15, el = 5,
{itiu=p?) pit) (i =) pilx)
> CsllulP- - N, (3.2)

where Cj, Cy, C3 > 0 are constants that do not depend on # € N. Therefore

. (Tuy, uy)
lim ——— = +o0.
n—>+00 ||uy||

Thus, it follows from the Minty—Browder theorem [26, Theorem 5.16] that there is a
O

unique function u € W, (Q) such that Tu = a.

Lemma 3.2 Letu,ve WO (Q) satisfy

N 9 N ) .
SYN, (i < SN (20t g

i=1 9x; x;
u<v on 9€2,

where u < v on 32 means that (u—v)* := max{0,u—v} € W, (Q) Then u(x) < v(x) a.e.

in Q.
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Proof Using the test function ¢ = (u — v)* := max{u —v,0} € Wol'p (x)(Q), it follows that
N

Z Pi2 9y N\ [ du  dv
Q[u>v] i-1 axi 8x,» 8x,~

for x,y € RN. Thus, it follows from (3.1) that

)

for i = 1,...,N, which allows to conclude that dix’(u -V)*x)=0ae inQfori=1,...,N.
Applying (2.3) we obtain that (1 — v)*(x) = 0 a.e. in 2, which finishes the proof of the
result. O

i—2
DPi du
39@

ou

Bxi

av
8x,~

pi(x)
—(u-v)* =0
Bxi( )

4 An auxiliary L™ estimate

Consider 2 ¢ RMN(N > 2) to be an admissible and bounded domain, that is, there exists
a continuous embedding W&’l(Q) — L% (€2). The best constant of such an embedding
will be denoted by Cy, which depends on only €2 and N. Then it follows that

”u”\vé'l(g) = COHMHLJ% () (4.1)
for all u € Wol’l(Q), where ”””Wé'l(sz) := |IVull| ;1. Adapting the ideas of [27, Lemma 4.1],
we obtain an L™ estimate that will be applied in the construction of appropriate sub-
supersolutions, which is provided below.

Lemma 4.1 Consider . >0 and u; € Wol’p(x)(Q) to be the unique solution of the problem

N 9 () du pi(x)=2 duy _ .
_Zizla_m(u_ﬂpl(x) a_;z)—}‘ inQ,

u=0 on Q2.

(Py)

_ 1
Consider h:= —L=—Cy. If A > h, then u € L*(Q) with ||u|| @) < C*AP=T and |u|| 1~ <
2IQIN

C, APiL when ) < h, where C* and C, are positive constants which depend only on Q,N
and p;,i=1,...,N.

Proof Note that u; is a nonnegative function with & £ 0. Consider k > 0 and define the set

Ag:={x € Q;u(x) > k}.Let 0 < € < 1. Applying in (P;) the test function (u—k)* € Wol'p(x)(Q),

we obtain from (4.1) and Young’s inequality that

<Mk =Ry
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<MAINGy | |Vuldx

Ak
au
<A|Ak|NC0 — | dx
8
A o 10%i

<albC Z/ (I3 ax, ypitx d ARG Z (e—l)(p,x)
k X + k
’ L i)

We have that
N e (e 2L _MA N Cp &
A|Ak|%CoZ/ B < | k' OZ/ er dx
~Ja,  pil%) - ' Ja 3xz
N (x)
AQNC ou |
| | 02/ b u dx,
Ay 8xl

p- i=1

where p_ was defined in (2.1). Consider /1 := —25— and suppose that A > /. Define
212N Gy

L

(sora)
6:: 41 .
2AQIN Co

We have € <1 and

MmNCOZ/

pi(x) p_
)\.QNCG

axl

Bxl

ou pi(x
— (4.3)
Bxi

)
dx.

XN
Thus it follows from (4.2) and (4.3) that

Z/A x) 2A|Ak|NCOZ/A

- (p+)/

57/|Ak|1+ﬁ,

Bx,

where
_2Ne ' G
T

which provides that

Di 1
— | dx<y|AN.

1

-k dx=—

Ay A
From the L* estimates in [28, Lemma 5.1-Chap. 2], we obtain that

1
lullzo@) < y (N + 1)|QIN
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1
e V=4

where C* is a constant that does not depend on u;. If A < /4, then the result follows by

applying the previous arguments with

(isia)
€:= .
ARV C, -

5 Proof of Theorem 1.1
Below we describe the notion of sub-supersolution that will be considered for (P) and a

related result. . R
It will be considered that (i, %) € Wol i (x)(Q) X Wol » (x)(Q) is a sub-supersolution pair for
(P) if u and u belong to L*°(£2), 0 < u(x) < u(x) a.e. in  and

LSl e oo [
pilx
fZ Tomdy > [ty + | sy 1)

ox; 0x; —
forall ¢ € Wol‘p(x)(ﬂ) with ¢(x) > 0 a.e. in Q.

0X;

0X;

Lemma 5.1 Consider that hypotheses (H) and (f1)—(f2) hold. There is t > 0 such that
if lallro) < t, then (P) has a sub-supersolution pair (u,u) € (Wolp () N L>®(Q)) x
(Wol’p(x)(Q) N L®(Q)) with ||ulle < 8, where § is provided in (f,).

Proof From Lemmas 3.1 and 4.1, there are unique nonnegative solutions u,

ue W&’P(x)(Q) N L>(S2), respectively, for

-2 (P2 ) —ax) in €,
u=0 on 0€2,

Zz 1 9x; (| ox; |p,(x -2 Lm) =1+ a(x) in Q,
u=0 on 9%2,

1
such that ||u||e < rnax{C*||a||P’_1 C.llall5% ™"}, where C*, C, > 0 are the constants given in

Lemma 4.1. Thus, there is > 0, which depends only on C* and C,, such that || #|.c < §/2
for ||a||s < 1. From Lemma 3.2 we have 0 < u(x) < u(x) a.e. in .

Let ¢ € Wol’p(x)(Q) be such that ¢(x) > 0 a.e. in Q. Applying (f1) and (5.2) we obtain that

[

(%)-2
ou 99 _ a(x - / S, u

896,‘ Bxi

8xi

Page 8 of 13
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/ @) - / a@u 1 f (1- ) a(x)g

=0.

From (f;) we have

/2

where K := max{||ﬁ||‘;;, lz% )} + max{||ﬁ||f;‘1, l#]|7.7'}. Considering, if necessary, ¢ > 0
smaller such that K||a|« <1 for ||a|« < ¢, it follows that the right-hand side in the last
inequality is nonnegative, which provides the result. O

pilx 31%_ d(x)ﬁa(x)—lq)_/gf(x,ﬁwZ/Q(l—KHaIIoo)(l),

Bxi 39(3,' Q

0x;

Proof of Theorem 1.1 Consider the functions u,u € Wol’p(x)(Q) defined in Lemma 5.2. De-
fine

cz(x)ﬁ"‘(’c)_1 +f(x,ulx), &>ux),
w(x,t) = | a(x)*@1 + f(x, 1), u(x) <t <u(x),

a(@®) @+ f(x,u(x), t<u),

for (x,¢) € 2 x R and the problem

Z, 10x1(| i) Zdu)—w(x,u) in €,
u=0 on ds,

whose solutions are the critical points of the C! functional defined by

pi(*)

1 |9 )
./E: - -/\vuﬂnm, ue W," (@), (5.3)
axl Q
where W (x,?) := fo s)ds. Note that J is coercive and sequentially weakly lower semi-

continuous. We have that K := {u € Wg’p (R); u(x) < u(x) < ulx) a.e. in Q} is closed and

convex and hence weakly closed in WOI 2 (x)(Q). Thus, it follows that J|x attains its mini-
mum at some u € K. Reasoning as in [29, Theorem 2.4], we get J'(4o) = 0, which provides
the result. O

6 Proof of Theor_e)m 1.2

Consider u € Wol i (x)(Q) given in Lemma 5.1 and the function

a(x)t*@1 ¢ f(x,1), t > u(x),

) = -
a(@)u@) O+ f,ulx) ¢ <u),

and the auxiliary problem

~ 2 (P92 2 — p(x,u) in €,
u=0 on 0€2,



Tavares Boundary Value Problems (2022) 2022:10 Page 10 0of 13

whose solutions are given by the critical points of the C! functional

ou

8xi

pi(x) 1 —
- f H(x,u), ueW,"9(Q),
Q

N
1
8= /sz ; pi(x)

where H(x,t) := fot h(x,s)ds.

Lemma 6.1 The functional S satisfies the Palais—Smale condition.

Proof Consider (u,) C Wol’p(x)(Q) to be a sequence with S'(x,) — 0 and S(u,) — ¢ for
some ¢ € R.

We will start by considering the case p? < . Note that (f;) holds for 6 > 0 such that pi<
6 < min{a~,0}. Reasoning as in (3.2) and applying (f;)—(f3), the boundedness of u, and the

continuous embedding Wol P (x)(Q) < LY(R2), we obtain positive constants C, Cy,C3 > 0
such that
1 !
Cl + ”un” > S(un) - ;S (un)un

_ 1 1
> Gollunll”~ +/ <z - —>d(x)un°‘(x) = Gsllunll
{un>u} 6 a(x)

> Collun P = Csllunll,

which provides the boundedness of (u,) in Wol PO Q).
In the case a* < p~ we can apply (f2), (f3), Proposition 2.1, the boundedness of u, and the

continuous embedding W,” ®)(Q) < L1(R) to obtain that

1
Cl + ”un” = S(un) - gs/(un)un

> Clluall”™ = Ca / PRI
Q

> Collun I~ = Camax{llsn 1y, Iulley } = Callnll,

where Cy, Cy, C3, Cy > 0 are constants. Applying the embedding Wol » (x)(Q) — LYW(Q), we
have

. . -
Cr + llunll + Callanll + Cs max{llu, |, Nl } = Collun P~

Since o* < p_, we obtain that (u,) is bounded in Wol’p(x)(Q).

Thus, up to a subsequence, we get

—_—>

Uy — U in W,*(Q),
uy(x) = u(x) ae. in , (6.1)

U, —> U in L"®(Q),
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for all v € C(Q) with 1 < v~ < v* < Py, and some u € Wol’p(x)(Q). Combining (6.1) and
Lebesgue’s dominated convergence theorem it follows that

/ duy [P Buy, | Ou P 0w (0w,  du
- |— — -— ] =0,
Q axi 8965 axi 8x,» 8x,» ax,-
which provides the result. d

Lemma 6.2 Counsider that (H), (f1)—(fs) hold. If ||al| . (q) is small enough, then the claims
below hold.
(i) There are constants R, A >0 with R > ||u|| such that

Su)<0<A< inf S(u).
uedBR(0)

(ii) Thereisee W(}'p"‘)(sz) \ Bor(0) with S(e) < A.

Proof From (5.1) and since p_ > 1, we have S(u) < 0. Consider u € Wol’p(x)(Q) with |lu|| > 1.

Arguingas in (3.2), applying Proposition 2.1 and the continuous embedding W, (Q) <
L*@(Q), we obtain that

L(u) = Ky ||~ = Kp || = Klalloo (e + ") - Ky

for positive constants Ki, Ky, K3, Ky > 0. If necessary, decrease |||~ in such a way that
llz£]l < 1, which is possible by considering the test functions ¢ = u in (5.1) and applying
Lemma 4.1. Consider A > 0 and fix R > 1 such that K;R’- — K»R — Ky > 2. Considering
ll2]ls small enough satisfying Kz ||a|le(R*" + R"™") < 1, it follows that L(z) > A for all u €

—

Wol'p(x)(Q) with ||z|| = R, which finishes the proof of (i).

With respect to (ii), note that (f3) implies the existence of constants Cy,C;, C3,Cy > 0
and ¢ > 0 such that S(tu) < C1##+ — Cot® — Cst? + Cy < 0 with ||£u| > 2R. O
Proof of Theorem 1.2 Consider u,u € Wol’p(x)(Q) given in Lemma 5.1 and u; € Wol‘p(x)(Q)
the solution of (P) obtained in Theorem 1.1, which provides the minimum of J|x, where

K := {u € Wol‘%(ﬂ);g(x) < u(x) <u(x)a.e. in Q}

and J is the functional defined in (5.3). From Lemmas 6.1 and 6.2 we obtain that the hy-
potheses of the mountain pass theorem [30, Theorem 2.1] are satisfied by S. Therefore

ci= inlﬁ rn[(a)l)lc]S(y(t)), where I := {y € C([0,1], Wol’p(x)(Q));y(O) =u,y(l)=e},
vel te€l0,

—

is a critical value of S, that is, S'(#;) = 0 and L(u») = ¢ for some u, € Wol'p(x)(Q). Note that

J(u) = S(u) foru e {w e Wol'p(x)(Q);O < w(x) < u(x) a.e. in Q}. Thus, S(u1) = inf,cx J(u). If

—

uy(x) > u(x) a.e.in Q, it follows that problem (P) has two weak solutions u;, u; € Wl ()
with S(u;) < S(u) <0< A < c:=85(uy), where A >0 was provided in Lemma 6.2.

Page 11 0f 13
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We claim that u;(x) > u(x) a.e. in Q. In fact, by considering the function (u — uy)* €

Wol'p(x)(ﬂ), we get
N i
| > MM - [ h )=’
Q il axi Bxi

L(a(x)u(x T f (o)) (- un)*
N

2/921:

i

u

Bxi

P2 50 3 (u — un)*

8.?6,' Bxi

Thus, it follows from (3.1) that

J

fori=1,...,N, which implies that a%(g— uz)*(x) =0a.e.inQfori=1,...,N. From Propo-

pi(x)
u—1uy)t =0
3% —(u—us)

sition 2.1 and (2.3) we have (& — u)*(x) = 0 a.e. in Q, which proves the claim. O
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