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1 Introduction

This paper is concerned with the compressible viscous quantum magnetohydrodynamic
(vQMHD) model which has the following form (see, e.g., [7]):

P +div(pu) =0,

di —uAu-(u+M)Vdiva + VP(p) = 22 pv (2L
(pu); +div(pu @ u) - pAu— (u + 2)Vdiva+ VP(p) - 5 pV(=7F) (L1)

= (curl B) x B,
B; — vAB = curl(u x B), divB =0,

where (x,£) € R? x [0,00). Here p, u, and B represent the fluid density, velocity, and mag-
netic field, respectively. P(p) = p” with y > 1 denotes the pressure. . is the Planck constant,
and v is the magnetic diffusivity.  and X are two viscosity constants satisfying the physical
restrictions

uw>0 and 2u+31>0.

The expression %ﬁ indicates a quantum potential, i.e., Bohm potential, satisfying

A Vp|?V VpA Vp-V?
2pV<—ﬁ) = div(,oV2 logp) =AVp+ | '0|2 p_YPap TP p,
JP o o p
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which was considered for the thermodynamic equilibrium by Wigner [25]. The quantum
hydrodynamic models are viewed as a quantum correction to the classical hydrodynamic
equations. Manfredi and Haas [17] introduced a quantum hydrodynamic model for plas-
mas, and then this model was extended to a quantum magnetohydrodynamic model by
Hass [7, 8] from a Wigner—Maxwell system. In dense astrophysical plasmas, such as at-
mospheres of neutron stars or interiors of massive white dwarfs, the quantum magne-
tohydrodynamic model plays an important role [18], where the dimensionless magnetic
diffusivity v > 0 was considered. Later, Yang and Ju [30] induced the electric field E by
moving conductive flow in the magnetic field, i.e.,

h? A
E:VVXB—uxB+—pV<—ﬁ>
2 JP

and introduced vVQMHD system (1.1). Although the electric field E does not appear in
system (1.1) as in the compressible magnetohydrodynamic models, it is indeed induced
according to the above relation. The main purpose of this paper is to study the Cauchy
problem of system (1.1) supplemented with initial data

(p:uv B)(xr t)|t:0 = (pO(x)¢u0(x)vB0(x)) - (170’ O) as |x| — OQ. (12)

In the last decade, there have been many results on the well-posedness of the vVQMHD
system. Yang and Ju [30] studied the global weak solution in a three-dimensional torus
by the Faedo—Galerkin method and weak compactness techniques. Then, Li et al. [15] in-
vestigated the large time behavior of the global weak solution. In [20, 21], the global well-
posedness of classical solutions of compressible isentropic and nonisentropic vVQMHD
system under the condition that H' k_norm (k > 3) of initial data is small in a three-
dimensional whole space was proved by Pu and Xu. They established the optimal time
decay rates for the global solution as well. Later, Xie et al. [29] showed faster time conver-
gence rates for the solutions with the initial data belonging to L'. In [31], Yang proved that
the classical solutions of the vVQMHD equations converge to those of the incompressible
magnetohydrodynamic equations with a sharp convergence rate as the Mach number goes
to zero. Recently, Xiand her collaborators [26, 27] established the optimal time decay rates
for higher-order spatial derivatives of solutions by using the Fourier splitting method. In
[32], Yang et al. investigated the existence of the time-periodic solution combined with the
topological degree theory. In addition, for related models of the vVQMHD system, there is
a rich body of literature concerned with the compressible fluid model of Korteweg type.
We refer to [1-4, 12—-14, 16, 19, 22, 24, 28] and the references therein for instance.

To our knowledge, the known results on the global smooth solutions of vQMHD equa-
tions need conditions as the initial perturbation is small in H* (k > 3). Motivated by the
study of compressible Navier—Stokes equations [10, 11], we discuss the global existence
and large time behavior of the solution for the three-dimensional compressible VQMHD
system with small initial energy. The condition of small initial energy in our paper is equiv-
alent to the smallness for L?-norm of the initial data. Our results improve previous works
in [26, 27], in which the existence of global solutions is obtained for H¥ (k > 3)-norm of the
initial data. On the other hand, due to the strongly nonlinear degeneracy of the quantum
Bohm potential and the nonlinear coupling of the velocity field and the magnetic field, it
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is more difficult to estimate high-order terms. In order to overcome these difficulties, we

establish suitable a priori assumption (2.4) and introduce the continuity argument.
Throughout this paper, we use H*(R?) (s € N) to denote the usual Sobolev spaces with

norm || - ||z and L7 (R3) (1 < p < 00) to denote the L? spaces with norm || - ||z». For given

initial data (0o, ug, Bo), we define the initial energy Eo:
1 2 Lo
Ep = 5,00|uo| +§|Bo| +G(po) | dx,
where G(p) = p flp w ds. For constants p > p >0, it is clear that

c1(p, 5)(p — 1% < Glp) < calp, p)(p - 1),

if p < p < p. Here positive constants c;(p, o) and ¢3(p, p) are dependent on p and p.

Now, we state our main result.

Theorem 1.1 For given M > 0 (not necessarily small) and p > p > 0, suppose that the
initial data (po, g, Bo) satisfy

25005,5, (po—l,uo,Bo)eH4xH3xH3,

- , \ (1.3)
V200l ;2 + IVuoll72 + 1 Bollfa < M.
Then there exists a unique global solution (p, u, B) satisfying
1
—p<p<2p, p-1eL®(0,T;HY), Vp eL*(0,T; H*),
2= (1.4)
u,Bel®(0,T;H?),  Vu,VBel*(0,T;H%),
and enjoying the following large time behavior
. 2 2 2
}g%(”ﬂ —1lza + lulifs + IBls) =0 forany q € (2,6], (1.5)

provided Eq < 3, where § is a positive constant depending on p, p, i, A, v, h, v, and My, but
independent of t.

Remark 1.1 If the initial data has more regularity (oo — 1,19, By) € H> x H* x H* in The-

orem 1.1, employing arguments similar to Sect. 4 (particular Lemma 4.5) in [10] and

Lemma 2.1 in [27], one can further prove that the solution (p, u, B) belongs to
p-1€L®(0,T;H%), uel™(0,T;H*), BeL™(0,T;H*).

Thus, together with equations in (2.2) and using the following standard embedding:

L>(0,T;H')NH' (0, T;H ') — C(0,T;L7) foranyq € [2,6),

this solution is classical. For more details, one can see [10].
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Remark 1.2 It is worth to point out that in previous works [26, 27] the smallness of
llpo — Lllgs + lltoll e + 1| Boll ¢ was required, which means the initial data can only have
small oscillations. Notice that in this paper we generalize the result in [26] to the case of
large oscillations. Indeed, we only require the smallness of the initial energy E,, which is
equivalent to the smallness of the L2-norm of (oy — 1, 19, Bo). Based on the difference of
initial data, in [26, 27], the authors can establish higher derivative estimates directly, since
some terms with H* (k < 4) norms could be bounded by an appropriate small § and be
viewed as coeflicients of other terms. It leads to the fact that the argument in [26, 27] can-
not be used in this paper, since we do not have any smallness of higher derivative terms in
assumptions. Therefore, in order to overcome difficulties from the higher derivative terms
and nonlinear coupling, our strategy is to establish new and more precise estimates from

lower to higher derivative to improve the regularity constantly.

The rest of the paper is organized as follows. In Sect. 2, we prove the local well-posedness
of the solution and derive a priori estimates. In Sect. 3, the proof of Theorem 1.1 is pro-
vided.

2 A priori estimates

First of all, let us give the local existence of the solution for problem (1.1).

Lemma 2.1 Assume that the initial data (po, 0o, Bo) satisfy (po — 1,00, Bo) € H* x H> x H?
with 0 < £ = po. Then there exists a time T* > 0 such that in 0 < t < T* Cauchy problem
(1.1)-(1.2) possesses a unique solution (p,u, B) satisfying

p—1eL>(0,T*H*)NL*(0, T H),

w,BeL®(0,T5H%),  Vu,VBel?(0,TH).

Proof Following the fixed point argument (for instance, Theorem 2.1 in [5] and Theo-
rem 2.1 in [23]), using the technique in [9] to deal with the higher-order derivatives of
density and the energy method to estimate the magnetic field B (see Lemma 2.3 in [6]),
the local existence and uniqueness are quite standard. For completeness, we outline the

proof here. Let us begin with the following auxiliary system:

or +div(pir) = 0,

(pu); + div(pzz @ u) — pAu— (u + A)Vdiva + VP(p) — %sz(AT‘f)
= (curl B) x B,

B, — vAB = curl( x B), divB =0,

(2.1)

with initial condition (1.2). Here, # € R+ is a known function with z(x, 0) = uy(x) and

T*
sup llzl%s + / V2l dt sR},
0

0<t<T*

RT* = {Z

where R > 1 and T* > 0 will be chosen later.
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It is obvious that (2.1); is a linear transport equation with regular 7. The existence and
uniqueness are well known. As did Lemma 2.2 in [6], let

dx(X,t)
dt

=u(x(X,t),t) and x(X,0)=X,

then we have

dpx(X,t),t) ~

—odivi,
7 pdivii
that is,
t
o(x, t) = poexp (—/ divz}ds>.
0
Therefore,

t t
P, ) < po exp( / I div it ds) < o exp( f Clliillyo ds).
0 0

Thus, if T* > 0 is suitably small, we can get the bound of p. On the other hand, (2.1)s is

a linear parabolic equation with respect to the function B. Following the standard energy

argument for linear parabolic equation, we have the existence of a unique solution B and

the desired estimates. With the estimates for (p, B) at hand and using the classical theory

of linear parabolic equation again, we can get the existence and uniqueness of u by (2.1),,

which implies that we obtain the existence and uniqueness for the linearized system (2.1).
Next, we can define a map A on Ry« to the solution of (2.1), as

A(i) = .

Taking advantage of the energy argument, one can get some desired estimates for (p, u, B),
which yields that u belongs to Ry« for some large positive constant R and an appropri-
ately small T*. Finally, Schauder’s fixed point theorem gives us the local well-posedness of
Cauchy problem (1.1)—(1.2). O

Now, we are ready to show a priori estimates on the solutions. Firstly, we need to rewrite
system (1.1)—(1.2) as follows:

pr +div(pu) =0,
put—MAu—(u+k)Vdivu+VP—%ZAsz—pu~Vu+F1, (22)
B, — vAB = curl(u x B), divB =0,

where

~ h_2(IVpI2Vp AL VoV?p

F = ) P ; p ) + (curl B) x B,

with the prescribed initial condition

(p:uv B)(xr t)|t:0 = (pO(x)¢u0(x)vB0(x)) - (170’ O) as |x| — OQ. (23)



Yang et al. Boundary Value Problems (2022) 2022:18 Page 6 of 17

Define

Awy:mp/ﬂv%f+wm?umﬂm;
0<t<T
In what follows, the generic constants C > 0 and C; > 0 (i = 1,2,3) and a suitably small
constant §; > 0 are dependent on some known constants p, p, i1, A, ¥, h, and v, but inde-
pendent of ¢, respectively. Particularly, we write C(M) to emphasize that C may depend
on M, where M = (1 + C3)M;.

Next, let us establish necessary lower-order estimates for the global solution (p,u, B)
independent of time. We assume that (o, u, B) is a solution of system (2.2)—(2.3) on R3 x
(0, T) for positive time T > 0. Here, we set Ey < 1 without loss of generality.

Proposition 2.1 Under the assumptions of Theorem 1.1, assume that the solution (p,u, B)

satisfies

A(T) <2M, ~p<p=2p, (2.4)

3 3.
AﬂﬁsEM; P=pP=P (2.5)

provided Eq < §, where § is a positive constant depending on p, p, w, A, y, v, and M but
independent of t.

In order to prove Proposition 2.1, we firstly investigate the following lemmas. Then, we
finish the proof of Proposition 2.1 after Lemma 2.5.

Lemma 2.2 Let (p,u, B)(x,t) be the solution of problem (2.2)—(2.3). Then it holds that

1 h?
sup /(—plul2 +G(p)+ —IVpl* + VIBIQ) dx
0=<t<T 2 8p

. (2.6)
+/ /YMVuF+u+uﬂquF+wv3Pdet§ay
0

Proof Multiplying (2.2);—(2.2); by G'(p), pu and B respectively, summing the resulting
equations up and integrating them by parts, we obtain (2.6). O

Lemma 2.3 Under the assumptions of Proposition 2.1, it holds that

o (2.7)

N w

p=<p<

N =

1 350
for (x,t) € R® x (0, T), provided Ey < min{( 1C(1%/I§)4’ (ép—l)‘*}.

Proof By (2.4), (2.6), and the Sobolev inequality, we obtain

1 3 1
llo=1llze < Cllp =115 V?p] > < CMDE,
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which implies
1 1
1-CM)E; <p<1+CM)E;.

_1 35
When E, < min{( 2&%)4, ( éfM; )4}, we get (2.7). O

Lemma 2.4 Under the assumptions of Proposition 2.1, it holds that
T T )
| iveizars [19%]7 < cone, 238)
0 0

) 2
provided Ey < (%(M))‘L'

Proof Multiplying (2.2), by %V p and using (2.2);, then integrating the resulting equation
over R?, one has

_ h* 2
/J/Py 2IV/OI26196+/Z/0 '|V2p| dx

d

=—E/u-V,odx+/divu-div(pu)dx

1 .
+/;Vp~(MAu+(M+A)Vd1vu)dx—/Vp~u'Vudx (2.9)

1 w2 1 )
+/—V,0~F1dx+—/ — |Vp- Vo -Vpdx
o 4 02
d 5
=—E/u-v,0dx+i=21]i.

In view of (2.4), (2.6), and (2.7), and using Hoélder, Young, and Sobolev inequalities, we
obtain

Ji+ 2+ J5 < CIVull 2Vl sl + ClVull;, + C| V2ol 2 Val 2
ﬁz

< —

16

Ja+Js <CIVPlalVola | V2o 2 + IVl + Vol Bl VB 12)

V2] 7> + C@D(IVul?,,

1
< CDEL (V203> + IVBI%).

2

Substituting the estimates of J; (i = 1,...,5) into (2.9), for Ey < (%(1\4))4’ it leads to

2 d
IVolz+ V2ol =-C— / w-Vpdx+ CD(IVull}, + [VB]7,). (2.10)

Integrating (2.10) from 0 to T, combining with (2.6) and (2.7), we obtain the desired result
(2.8). The proof of this lemma is complete. d

Page 7 of 17
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Lemma 2.5 Under the assumptions of Proposition 2.1, it holds that

T T T
/ | V203, dt < C(M)(1+/ |V2ul 7 dt) +C/ IVB- B> dt, (2.11)
0 0 0

o

. 2
provided Ey < (———2———
16(02+12 (p) 4)C(M)

Proof Multiplying (2.2), by —%AV 0, integrating by parts over R3, we have

R 1
— / Z|AVp|*dx
4 ) p

d
:E/AV,O-udx+/AVdiv(pu)~udx+/AVp-(yp”’ZVp)dx
(2.12)

1 1
+/AV,o.(u~Vu—;(uAu+(u+A)Vdivu))dx—/;AV,OJ-"ldx

4
AVp -udx + ZL

i=1

T dt

Utilizing (2.4), (2.6), (2.7), Holder, Sobolev, and Young inequalities, then integrating by

parts, we have

Li-= /AVdiv(pu)~udx:/Vdiv(,ou)~Audx
- /V2p~uAudx+2/Vp-VuAudx+/p|v2u\2dx
<Clipllz= | VQH”iz + ClIVpllslVullgs | Va2 + Cllullze | V2ol 2 | Va2
< V2l + CUVIL T2 92ul f + UV [ V2] 2 920 ] ] V20
<con(|vllz + [V?ul2),
L= /AVp-(ypV"ZVp)dx

<y(p" 2+ p" ) IAVol2 Vol

™

21
< <AVl + 2 (872 + p7 ) =11V ol 72

2¢e

\}

1
Ly= /AVp . (u Va-—(pAu+(u+ A)Vdivu)) dx
)

2u + 1) .
<AVl llull | Vals + ——=[AVpll2(lAul2 + | Vdiva]2)
1 Qu +A)?
scnunjznVun HvzuannAwan+—||AVp||L2 p—nvz ul’,

M 2+ 1)
< SCE 180l + [v2al}) + S1aV o1 + P2 v,
24

Page 8 of 17



Yang et al. Boundary Value Problems (2022) 2022:18

Page 9 of 17

and

Ly

1
—/ —AV,o-Fldx
14

1 B (|Vp|*V VpA VpV?
—/—AV,O-(—(| ,0|2 pLrIP2L_¥P p>+(curlB)xB)dx
P 4 P P P
2

h? 1
< CEIIAVpIIBIIVpIIiG + CEHAV:OHEZHV/)Hﬁ + ;”AV/)HLZHVB B2

1
= C—IIAW)IIL2 V205, +C IIAVPIILzHVpII 2”V2:0”L22

+ ; ||AV,0||L2 VB - B2

-mH

K2 h
SC(M)E”AVP”LZHVZPHH+C(M) E4||AVp||L2+ ||AVp||Lz||VB-B||Lz

_1

2 h 4
—||AVp||L2+C GHV o2+ C( )

154 1AVl + _||AV,0||L2

Therefore, it can be obtained that

L2+L3 +L4

3 _1
1 h2pi 1 o 21
(zH( +— >C(M)Ea*)||AVp||§z +y2(p" 2+ p77%) =1Vl
,04 o 2e

CM) 1 (2u+A)? 2 1
+C(M)_||v2 1% + <pi B+ >||V2u||L2+ﬁIIVB~BII§z

< gnAVpniz +CD(IVpl2s + | V2u]3,) + CIVB-B|%,

provided

IN=3

h2p2 4
e=— and E;< ( — ) .
32 16(p% + 12 (pp)1)C(M)

Substituting the estimates of L; (i = 1,..

h2
§/|AVp|2dx

d
= / AVp -udx+ CM)(IVpl7a + ||V2u||i2) +C|VB-B|%,.

.,4) into (2.12), we obtain

(2.13)

Integrating the above inequality over (0, T'), by (2.4), (2.6), and (2.8), we get (2.11). O
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Lemma 2.6 Under the assumptions of Proposition 2.1, it holds that
d B|* B-VB|% <0 (2.14)
E” 2 +vIB-VB|}, <0, .

provided Ey < ( CfX/I))Z'

Proof Multiplying (2.2); by |B|?B, integrating the resulting equation over R?, combining
with (2.4), we have

1d 1
2 ;/Bllzs +3vIIB- VBI, < CIIB- VB2 [[BI*| s lulls < CM)EG B - VBIL,.

Therefore, letting Ey < (%)2, we obtain (2.14). O

Proof of Proposition 2.1 Multiplying (2.2), by — % A(pu), using (2.2); and integrating it over

R3, we have

14 | Vu|? +E—ZHV2,0||2 +/1Au~(uAu+(u+)»)Vdivu)dx
2 dt 27 g A 0
:/ut-(A(pu)—Au) dx

1
- / —(nAu+ (u+2)Vdivu) - (Apu+2Vp - Vu)dx
0

2 (2.15)
+ h— <1 - l)VA,O - A(pu)dx + /(u -Vu) - A(pu) dx
4 P

1 1
+/—VPA(,ou)dx—/—F1~A(,0u)dx
o P

6

Taking advantage of (2.4) and (2.6), we give the estimates about ||u;||;2 and ||A(pu)]|;2 as
follows:

lucll2 < C(| V2 o + | V20| 2 + IVol2 + 1B - VB 12), (2.16)

[A(ow)|,. < C(|V?u 2 + IVells I Vallzs + [[ull | V0| 2) .17
=C| V2, +CD|V2p] -

Recalling (2.4), (2.7), (2.15), and (2.16) and utilizing H6lder, Young, and Sobolev inequali-

ties, we obtain
Ky = Cllull2(llp = Uiz [Vl o + 1Vl Valls + [[alls [ V2 16)
1
< CODEZ Iull2(|V2u o + | V3] )

1
< CME; (| V2u] 7, + | V3o 5 + 1V 01% + 1B - VBJ%,),
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K < C|[V2u| o (IVulis IV olls + lull [ V20 )

n AT 2o
= (& + cOonEd )|Vl + con| V2ol
and

K3+ Ky + Ks + Kg
<C(llo -1 | V20| 2 + lullz 1 Vuls) (| Va2 + COD)|[ V0 2)
+C(IIB- VBIl2 + IV oll3s + IV olls | Ve 6) (| V2 2 + CD) | VPp] 2)
< CIPIL VPl 5[] 2 + Il Vil [0 )
< (| V*u] 2 + COD[ V20 )

+C(IB- VBl + [ Vo] ) (| V?u] . + COD| V2P ] )

j2 i 2 -1
< (5 + C(M)E(f) |V?ul| 5 + CIB- VB2, + CME |Vl 7,1
Substituting the estimates of K; (i = 1,...,6) into (2.15), by (2.6) and (2.8), one has

d
2 (1V0l + [V20[ 1) + 2G| VPl o18)
2.18
1 _1
< GlIB - VB|% + CME] | V20|, + CADE,* IV l2,1.

Multiplying (2.14) by 22, then substituting the resulting equation and (2.18) into (2.11),

v

combining with (2.8), we obtain

T
Bl + V)%, + | V20| + G / | V2ul;, at
0

1 2
< COMEZ + CslBollfs + [ Vuoll2, + [ V20072 2.19)
3
= E(CS +1)M;.
Thus we complete the proof of Proposition 2.1. O

Lemma 2.7 Under the assumptions of Theorem 1.1, it holds that

T
2
IVB|?, + / (IB:l17, + | V?B|,) dt < C(M)Eq + C||VBo| |32, (2.20)
0

T
|v?B|, +/ (IVB.I1%, + | V°B||},) dt < CM)(1 + [ VBol2,). (2.21)
0
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Proof Squaring both sides of (2.2)3, then integrating the resulting equation over R3, by
(2.4) and (2.6), we have

d
v IVBIG, + IBdl + v | VB,

< C(IIVull2: Bl + I VB 26 llull s lullz2)
(2.22)
C(IIVlJllleIIVBIIL2 [V?B| .+ v213||LzIIVlJl||L2||lJl||L2)

( %) |V2B|%, + CODIVBI,.

Integrating inequality (2.22) from 0 to T', we obtain (2.20). Similarly, combining with (2.4),
(2.6), and (2.20), we obtain (2.21). Thus, we complete the proof of this lemma. O

At last, we prove the high-order estimates depending on time ¢.

Lemma 2.8 Under the assumptions of Theorem 1.1, it holds that

T
1901+ 1V2ul 7 + fo (194 p 1 + [V2uln) de < Cr, (2.23)

T
|VB, + / | VB, dt < Cr. (2.24)
0

Proof Similar to the proofs of Lemma 3.10, Lemma 3.11, and Lemma 4.3 in [10], we can
obtain (2.23). In fact, following Lemma 3.10 in [10], multiplying (2.2), by — A2p ”), inte-
grating by part over R? x (0, T), we have

T
sup (19 3+ [92ul}) + [ |92l de
0<t<T 0

A%(ou) 1t (2.25)

T T
< C(S/ HV‘Lp“iz dt + C(M)—f /(CurlB) xB-
0 0

T
- cs/ | V4|2 dt + CM) + 1,
0

where § is small enough and determined later. Similar to Lemma 3.11 and Lemma 4.3 in

[10], multiplying — % , integrating by part over R3 x (0, T), we get

T 2
[ 190l

T
<C sup (V0I5 + |Vl +C [ [Voulare
0<t<T 0

]

T
=C sup (Hvsp”iz + ||V2uHi2)+C/ ||V3M||i2 dt + C + L.
0<t<T 0

(2.26)
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Substituting (2.26) into (2.25) and choosing § > 0 sufficiently small gives
T
osupT(HV?’p”iz + [ V2ul?,) + / |V3ul)}, dt < C@M) + 1 + C + CL. (2.27)
<t=< 0

According to integrating by parts and the Cauchy inequality, we obtain

T A2
—f /(curlB) xB- (pw) dxdt
0 P

T
-/ /A(W)-A(pu)dxdt
0
T 2 T
SC] /VZ(M) dxdt+/ f|V2(pu)|2dxdt.
0 0

0
Utilizing (2.19), (2.20), (2.21), Holder, Young, and Sobolev inequalities, we get

Vz((CurlB) X B) 2
0

2
< ClIVols I VBBl + C[| V20 | 6 I VBIZ6IIBIZs + CIVlZ VB

dx

+C|V*B| . IBIZ~ + C| VB[ s I VB 6 VBI2
< V20| VB[ IVBIZs + C[ V2o 32 | VB[ 2 VBIE: + €[ V20 [ VB[ 1,
+C[ VB[ . IVBI} + C[[ VB[ . VB[ . VB2

<CON(IV*BI + [ V2ol + | V°BL2).

Thus, by (2.11), (2.14), (2.19), and (2.20), it is obtained that

((curlB)xB)
2 T 2 T 2
M’(/o vt [ 190 lader [ [VB )

T
< C(M)(C(M) + C||VBo|%, + / | V2ul?, at (2.28)
0

dxdt

T
+/ ||VB~B||§2dr+||VBo||},1)
0

< C(M)(C(M) + IIBollﬁz; + ||VBO||12.11)
< C(M).

In addition, using (2.4) and (2.19), we have
2 2
/ |V (,ou)| dx

5C/|V2p|2u2dx+C/|Vp|2|Vu|2dx+C/p2|V2u|dx



Yang et al. Boundary Value Problems (2022) 2022:18

< C|V20] 2 [0 | s lulifs + CIVuli2 I Vuls 1V ol 26 + C[ V]
<C[ Vo[ [V ol oIVl + CUVull2 | V2u] o[ V0] o[ V2 + €[ V20 2

<CcD)(|V%0 5 + | V205 + | V2ul3).

Hence, using (2.8), (2.20), (2.14), and (2.19), it leads to

T T
[ 1920wl asar < can [ (1920l [Vl + | vul) ae
< C(M)(C(M) + Eqg + |1 Boll}a) (2.29)
< C(M).
Therefore,

L < C(M). (2.30)

On the other hand, for I, integrating by parts, the Cauchy inequality, (2.14), (2.20), (2.26),
and (2.28), one has

T 2
—/ /(curlB) xB- va 'dedt
0
/ / <(curlB)xB> VApdade
(2.31)
<C/ /‘V2< (curl B) XB) dx dt+C/ /|V3,0| dxdt

< C(M).

Substituting (2.30) and (2.31) into (2.27), we obtain
2 2 T 2
s (192 + [7ul) + [ [Vl = coon,
<t< 0
Together with (2.26), it yields

T
/ [V %, dt < Ca).
0

Therefore, we get the desired estimate (2.23).
Using (2.4), (2.6), (2.20), (2.21), and (2.23), similar to the proof of Lemma 2.7, one can
obtain (2.24). O

3 Proof of Theorem 1.1
Lemma 3.1 Under the assumptions of Proposition 2.1, it holds that

[l
o |dt

(IIVpl2, + IVull?, + [ VB|3,) | dt < C(M). (3.1)
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Proof Combining with (2.20) and (2.21), we get

[

In view of (2.2)1, (2.5), and using Holder, Young, and Sobolev inequalities, one has

d
EHVBH; dt < C(M).

2 2
Vo2 < C/|v2p| jul? + [Vl |Vl + |pl?| V20| dx

< C(llulle | V2052 + IVl 31 Vull 1V 0 112 + 10112 | V2ul2,)

<c)(| V202, + [ V*ul2).

Noticing (2.8) and the above inequality leads to

T
| |G 9etz| e < can.
0

dl
dt

Multiplying (2.2); by V?u, integrating by parts, and using Hélder, Sobolev, and Young

inequalities, we get

d 2
’E IVull7,| < C| V|, + ClIVpolse + I VB - Bl 7.

Integrating the above inequality over 0 to 7, it follows from (2.6), (2.16), (2.13), and (2.14)

that

d
%nwniz dt < C(M).

[

Thus, we complete the proof of this lemma.

Finally, we prove Theorem 1.1.

Proof of Theorem 1.1 Applying all a priori estimates above, we arrive at

T
o =107 + lullFs + 1Bl +/ IV oIz + I Vull}s + I VBIIFs dt < Cr.
0

Now, let [0, T*) be the maximal existence interval of the solution to system (1.1)—(1.2).
Based on the local existence result (Lemma 2.1) and (3.2) and using the standard continuity
argument, we have that 7* = +00. Hence, the global existence of the solution is obtained.

Next, we investigate the large time behavior for solution. Following (2.6) and (2.8), we

have
/ (IVpll2 + [Val7, + | VB|7,) dt < C(M).
0
Together with (3.1) and (3.3), it gives

tl_i}go(llvplliz +[IVull, + I VBI}) = 0.
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Combining this with
llp = LI + i + BlIF < CM)

and using the Sobolev inequality, we prove (1.5). Thus, we complete the proof of Theo-
rem 1.1. g
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