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1 Introduction
During the last decade, many works have focused on the numerical analysis of second-
order parabolic and hyperbolic partial differential equations such as the heat and wave
equations [1-8].

The time and space approximation for the wave equation has been studied in [9] us-
ing the finite element method. We present a new study of this problem using the spectral
method associated with backward Euler discretization scheme. The spectral method is
known for its high precision [10, 11]. For the space discretization, the discrete spaces are
constructed from spaces of polynomials of high degree. Then the discrete problem is ob-
tained using the Galerkin method combined with numerical integration.

The outline of the paper is as follows. In Sect. 2, we study the continuous problem
and present some energy estimate properties. In Sect. 3, we are interested to the time-
semidiscrete problem. We discretize the second time derivative by using a second differ-
ence quotient of the solution on a nonuniform temporal grid. Then we obtain an optimal
a priori error estimate. In Sect. 4, we study the fully discrete problem and establish an

optimal a priori error estimate. Finally, in Sect. 5, we present a numerical study.

2 The continuous problem
Consider an open bounded connected domain & C R? (d = 2 or 3) with Lipschitz con-
tinuous boundary I', and let T be a positive real number. Let H*(S2), s > 0, be the Sobolev

spaces associated with the norm || - ||so and seminorm | - |s.o. The space H}(S2) is the clo-

© The Author(s) 2022. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-022-01601-5
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-022-01601-5&domain=pdf
mailto:nchorfi@ksu.edu.sa

Abdelwahed and Chorfi Boundary Value Problems (2022) 2022:15

sure in the space H'(R2) of infinitely differentiable functions with compact support in 2,
and H1(Q) is its dual space. We denote by (-,-) and || - ||, respectively, the scalar prod-

uct and associated norm in L%(2). By H 3 (0€2) we denote the trace space of functions in

HYQ). Let y C 3%, Ho%o(y) be the space of functions in H? (y) such that their extension
by zero to 02/y belongs to H? (092).

In the following, we define

o u(x,t) on 2x10, T as

u:10,T[— X

t— u(t) = u(-t),

where X is a separable Banach space.
« ©J(0, T; X) represents the set of functions of time of class 47 with values in X. It is a

Banach space with norm

j
lullzio,rx) = Oi‘:ETZH atl”Hx’
=t=T" 12y

where 8/u is the time partial derivative of u of order /.
o L7(0,T;X) = {v mesurable on ]0, T[ such that fOT |[v(£) |l dt < oo} is the Banach space

with norm

1
(fOT [v(e)|% dt)?  for 1 <p<+oo,
Vllizeo,15) =

supg,<7 [IV(®)llx  for p=+oo.

o H0,T;X) = {v e L0, T;X);0*v € L>(0, T; X); k < s} is the Hilbert space with scalar
product

S

2
(u,v) = ((u, V)LZ(O,T;X) + Z(ak”’ 8k")Lz(o,T;x)) ’

k=0

« W0, T, X) is the space of functions in L(0, T, X) such that all their derivatives up
to the order m belong to L1(0, T, X).

Consider the wave equation problem

Pu—Au=0 inQx]0,7T],
u=0 onI'x]0, T,
u(-,0) = ug in ,
o:u(-,0)=vy in,

where the wave u is the unknown defined on Q2x ]0, T'[, and (o, o) are the data functions
defined on .
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This problem can be written in a more general form,

@ —(5,)®=F inQx]0,T[,
u=0 onI'x]0,T7, (2)
d(-,0) = D, in ©,

where ® = ( 5 ),F= (g)’ and ®g = (Z(?)

v=0tu

Lemma 1 If(f,g) € L'(0, T; Hy () x LY(0, T; L*(2)) and (uo, vo) € Hy(Q) x L*(Q), then
mW+WNWsmewww%ﬂA0mﬂmmm&osmT. 3)

Proof 1 Taking the inner product of the first equation of problem (2) and (_f”) and in-
tegrating by parts the second term, we obtain

1d 1d

——(118ul*) + = — (I Vul*) < .

Zdt(” ou]|?) + 2dt(” ull?) < If1l + llg|

By integrating this inequality between 0 and ¢ we get estimate (3).

Remark 1 Consider the following Laplace problem:

—-Au=h ingQ,
(4)

u=0 onT.

Let u = (A)~h be the solution of problem (4). The operator (A)™! is a self-adjoint pos-
itive definite isometry of the space H'(R2) into H} (). Thus, for & € H™1(S2), we ob-
tain ||((A)"1)%h|| = ||hllg-1(q) (see [12], Chap. 1, Thm. 12.3, for the proof). Then, for
(f,g) € L}0, T,L*()) x L*(0, T,H }(R)), taking the inner product of the first equation

of system (2) and ( A)Lilv), we obtain the following estimate:

1 1 ¢
mw;mﬁmwyimwﬁqmﬂwﬂy+/0W+MM«®@%.
0
Finally, we have the following result proved in [12, Chap. 1].

Proposition 1 For any data (ug,vo) € Hy(RQ) x L*(Q), system (1) has a unique solution
u e N0, T;L*(R2)) N €°(0, T; H) (2)). Moreover, this solution satisfies

2 2 2 2
B2l + IVl ™ = I VoI + [lusol|”

3 Discretization on time

Consider a partition of the time interval [0, 7] into subintervals [, 1], 1 < k < [,
such that 0 = £y < t; < -+ < tg = T. We denote 8ty = tx,1 — tx, 6t = (8t1,...,8tk), and
|6¢| = max; <<k |0tk
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To formulate the time semidiscrete problem, we apply the Euler implicit method to
system (1). Then it consists in finding the sequence of functions (u* Jo<k<k in the space
HY(Q) x L2(Q) x HL(Q)"™" such that

k k_, k-1

ol ol su AU =0 inQ 1<k <K,
u*t =0 onl, 1<k<K,
(5)
U’ = ug in ,
I/ll =Uy+ (StQV() in Q.

We suppose that the data (uo, vo) € Hj(2) x L*(2). Then, if #° and 1° are known, then we
easily show that z%*1, k > 1, is a solution of the following weak problem:
Find u**! € H}(Q) such that for all v € H}(R),

/”k+1(x)v(x)dx+8t,3/ Vu* 1 (x) Vi(x) dx
Q Q

:/ (uk+ Otk (uk—ukl))(x)v(x)dx.
Q Str-1

Proposition2 If (ug, vo) € Hy(Q) x L*(2) is known, then problem (6) has a unique solution
k> 1,in Hé(Q). Moreover, the solution (”k)0§k§1< of problem (5) verifies for 0 <k <K
the following stability condition:

(6)

2

k+1 k
2
+ [ VA < Mvoll® + 20 Vaol|® + 28821 Vvo 1. (7)

u —-Uu
Oty

Proof 2 Using the Lax—Milgram theorem, we show that problem (6) has a unique solu-

tion. Then, by iteration on k, we deduce that problem (5) has a unique solution.
uk+1_uk
Sty

Taking the inner product of and the first equation in (5), we obtain

kel _ k|2 kel _ ko k _ k-1
ALl T (” il ) + (Vi Vi), ®)
Otk Stk Stra
Applying the Cauchy—Schwarz inequality leads to
uk+l _ ok 2 uk — k-1 2
e I L B B Y A 9)
Then by iteration on k we have
k+1 _ k|2 1_,012
e G e +|va |
7 Sty

Finally, we conclude by using the third and fourth equations of system (5).

Remark 2 1) We notice that for k > 1, the solution z**! of problem (6) belongs to H**'(<2),
s > % When the domain 2 is convex or of dimension 1, s > 1 is explicitly known. For
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% <s <1, from condition (7) we derive the inequality

| Y|* < Cat (Ivoll® + 201 Vaso I + 2882V vo ), (10)

where the constant C is independent of the step §¢.

This inequality is not optimal since [|**1||

is not bounded independently of the step §t.
2) Using the implicit Euler scheme for the time discretization, problem (2) is written as

follows: Find ®f = (]’f: ) such that,

(Dk;lt;cbk _ (zé)q)k+1 — Fk+1 in Q, 0 < k §I<,

ukl =0 onl, 0<k<K, (11)
PO = @, in Q,

k+
where Fk*1 = (£k+;).
For n # 0, systems (11) and (5) coincide if F¥*! = 0, k > 1. When # = 0, we propose the
following two cases where the two systems completely coincide:

i) We replace the fourth equation of system (5) by the following implicit equation:

ul =882 Au' = up +8tovy  in ,

(12)
u'=0 onT.
ii) We replace the third equation of system (11):
CI>k;1£;CI>k _ (Z é)q)k+1 — Fk+1 inQ, 1< k <K,
uk+l =0 onl, 1<k <K, (13)

) in Q.

Multiplying the first equation in (13) by (‘fkﬁk;l), we obtain the following stability

condition:

k 2
P o <2 o ) o2 S anlle ) -

Jj=1

However, if we take the inner product of the first equation of system (13) and
uk+1 . . - e .
( (ALl ), we obtain the following stability condition in terms of weaker norms:

L e e

12 12 ‘ i+1 i+1 ’ (15)
<2 g+ ] >+2(Z&,<Hg/+ s I ||>) -

j=1

To obtain the error estimate between the solutions  of (1) and ()~ o<k<k of (5), we define
k
the error YK = (ZEZ))k) such that e(u)* = u(t;) — u* and e(v)* = v(t;) — v¥. We can easily show

Page 5 of 15
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that (T)kOSksK is a solution of (13), where the two components of F*! are the following
consistency errors:
V(tk+1) — v(tx)

M) Zull) e, ey = W) VB (16)

k
o) Sty Stk

Theorem 1 Ifa solution u of problem (1) belongs to W>1(0, T; L*(Q2)) N W*1(0, T; H} (),
then

e+ v (wtee) - )

i 2 (17)
< C5t2</ (954 + ||a§w||)(s)ds> . 0<k<K,
0

where C is a positive constant independent of 5t.

Proof 3 Since (1)« is a solution of (13), where the second member is F**1. Then
applying the stability condition (14) leads to

ey + | Ve(w|®

2 2 k P ; ? (18)
< 2(Je" | + | et >+2(Zse(new [+ [Veuy ||>)

Jj=1

thanks to the Taylor theorem with integral remainder to bound the terms |e(v)|,
IVe@) |, le)?|l, and || Ve(x)°||. Then we conclude the desired estimate (17).

We can find the following error estimate in weaker norms by using the same technique
as the proof of Theorem 1 and replacing condition (14) by (15).

Corollary 1 Suppose that the solution u of system (1) belongs to W31(0, T;L*(R2)) N
W20, T; Hy (). Then the following a priori error estimate between the solution u and
the solution (u)* ;- of system (5) holds for 0 < k < K:

t 2
e sy + 9 0 =) [ = ([ (0,10, + [0l 19

where C is a positive constant independent of 5¢.

We remark that the obtained estimates (18) and (19) are optimal of order 1 in time, since
the discretization is based on the implicit Euler scheme, which is of order 1.

4 The spectral discretization

We further suppose that €2 is a rectangle for d = 2 or a parallelepiped rectangle for d = 3.
Let Py (£2) the space of polynomials of degree < N (N > 2) for each variable, and let

IP’?\,(Q) =Pn(Q) NH (). We define £;, 0 < i < N, the set of nodes, roots of the polynomial

1- xz)L}\,, where Ly is the Legendre polynomial, and g;, 0 < i < N, are the weight set of

the following Gauss—Lobatto quadrature formula on the interval ]-1, 1[:

1 N

Vi € Pan-1(1-1, 1), / nn (x) dx = Z v (&io: (20)

1 i=0
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We recall the following property (see [10, 13]):
N
Vi € Py (=510, lnwliFag_y < D ma(@der < 3lnn sy - (21)
i=0

The reference domain ]—1,1[% (d = 2,3) is transformed to the domain 2 using the affine
mapping T, and the scalar product is defined on continuous functions # and v by

(u’ V)N

e 3 Yol o T)(&i §)(v o T)(&i §eiey ifd=2, (22)
e N o o Yoneo(t 0 (&0 5, &) (v o TG 8y Gi)igjon  if d = 3.

Remark 3 For simplicity of analysis, we suppose that the spectral discretization is fixed

over time.

We suppose that u#, and v, are continuous on Q. The discrete problem is deduced from
(5) by applying the Galerkin method combined with numerical integration:

For "‘?\1 =Jn(uo) and u,{, = Jn(ug) + 8t0In(vy) in Q, (23)

where Jy is the interpolating operator from L2(2) into Py (S2), find uf\, € PY(R2) x Pn(R2) x
(P%(R))X1, 1 < k < K, such that for all vy € P%,(),

k+1 k k k-1
Uy —Uy Uy~ Uy k+1
- v, + 8tk (Vuy, —, Vv =0. 24
( (Stk (Stk—l N)N k( N N)N ( )

As in (6), uﬁ[" 11 <k <K, is the solution of the discrete weak problem

Sty
8kt

(uﬁ‘\;'l, VN)N + (St]% (Vull(\;-l, VVN)N = (uﬁ[ + (Mﬁ[ - Mﬁ;l), VN) . (25)
N

Proposition 3 Let the data (uo, vo) € H}(2) x L*(Q). Ifulo\[ and VR[ are known, then prob-
lem (25) has a unique solution uﬁ,"l, k> 1, in H}(Q). Moreover, the solution (uﬁ,)oiksK of
problem (23)—(24) satisfies for 0 < k < K the following stability condition:

Wk gk

2
e el

(26)
< (39 (Jan ) |* + 2| VIn(uo) |* + 2822 VIn (o) ).

Proof 4 We show that problem (25) has a unique solution using the Lax—Milgram theo-
rem and property (21).
To prove the stability condition (26), we define || - ||; the discrete norm deduced from

k+1_ k
the discrete scalar product (-, -)x. Now letting vy = % in (24) leads to

kel k)2 kel ok ok k-1
Uy —uy V|2 = Uy —Uy Uy Uy Vi vk
+|| Uy ”d_ ) +( Uy ”N)N'
Sty d Sty Str_1 N
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Using the Cauchy—Schwarz inequality and (21), we have

kel _ k|12 k k=12
Uy~ Uy +|’V”§1+1H2§3d< Uy —UN +HVMkHz>~
Stk 8tx-1
Then iterating over k, we obtain
k+1 _ k|2 1_,012
S| e = (|| e ).
k 0

Finally, estimate (26) is deduced from (23).

Proposition 4 Let uy, vy be continuous on Q, and let ujov, V?\, be known. The error estimate
between solutions u**',k > 1, and uk;*, k > 1, of problems (6) and (25), respectively, is

ot = | sc( nf [t [nuo—u?vn #vo -]
xiL e ()
(27)

k
+ (T1’1+T2’f+T3’j)j|>,
1

]

where
, , o
. Jo@* —wW)yndx— (X, — X\» VNN
o, vl ’
j vnePY(R) N
Y Jo V' Vg dx = (Vs Vow)n
VNE[P%{(Q) ”VN”
= sup Jo@ =y dx — (OG- /™), va)n

VNE]PR[(Q) ”VN”

and C is a positive constant independent of N.

Proof 5 Consider x5! € P, (). By the triangle inequality we have

”uk+1 _ l/t;(\;'l H < Huk+l _ X]I\(]+1 ” + HX]]\(]+1 _ uf\;l ”

k+1
N

To estimate || ulﬁl — x|, we begin by writing problems (5) and (25) for vy € P%,(<2). Then

. 8t . . .
we consider 7 = ﬁ and doing the difference term by term, we obtain

(" = X8 vn) y + 85 (V (it = X&) Vow) = (U — X8 V) + T K (i),

where

1
HKy) = 7 (/ (" — Yoy dx - (3 - X[I\([:VN)N)
k Q

+/ Vuk”Vdex—(VXIIffl,VvN)N
Q

+ / (uk - uk_l)vN dax — (jN(uk - uk_l),vN)N.
Q

Page 8 of 15
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Since .#* is linear and continuous on IP’?V(Q), by the Riesz theorem there exists 191/\‘, in
PY,($2) such that

%k(VN) = (ﬂjl\([)VN)N-

Applying the result proved in [14, Prop. 4.1] and [15], we get

k 1/2
i = x| SC(HMO—M%H +[vo—i] +Z||l’fv||2> :

j=1

where C is a positive constant independent of N.
So we conclude (27), since

) J
o] =c sup TN

v ePY () lvarll
where C is a positive constant independent of N.

To find the order of convergence as a function of N, it is necessary to estimate each of
the terms of the second member of inequality (27).

« Estimation of TY
We consider w/*! = /! — 1/ and X{\;I — X = TTYY, (w/*1). By the exactness of the Gauss—
Lobatto quadrature formula of (20), [, M (@ )vy dx and (1), (@/*1), vn)y are equal,
and thus

TV < o/~ T, (), (28)

where l'ljl\}o is the orthogonal projection operator from Hj (<) into P%(2) related to the
inner product defined by the semi norm | - |1,. (See ([13], Lemma VI1.2.5) and [10] for all
the properties of this operator.)

« Estimation of T*
Since the Gauss—Lobatto quadrature formula is exact for a polynomial of degree < 2N -1,

we have

/ Vit Vg dx — (VX]’;;I, VVN)N
Q

(29)
- [V ) Vi (VO TR ) o)
Thanks to the triangle and Cauchy—Schwarz inequalities, we have
wp Ja T (T
TN EPR () vl (30)

= (|”j4rl - H}\}gluﬂl |1,sz + |X1];;1 - Hll\}(ilxll;;l |1Q)

Thus we conclude using the properties of I"Ill\}(zl.
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« Estimation of T%
Let ¢/ =/ — w/~!. We use for this estimation ITy_; the orthogonal projection from L?(£2)
into Py_;(2). By the same argument above for the Gauss—Lobatto formula, we have

/Q 0/ (X)vn(x) dx — (In0/,vn)
= /Q (0/ = TIn-10) (X)vn (%) dx = (Int — Tn_16,vy) -
Using inequality (21) in each direction leads to
fgef(x)vN(x) dx — (In0,vx)y < [|6 = Tnea6|* +9]|67 =3x8 | ] llvnl-

Thanks to the approximation properties of operator ITy_; (see [10, Thm. 7.1]) and Jy (see
[10, Thm. 14.2]), for &/ € H*(R2); s > 1, we obtain

Jo 0 X)vn(x)dx — (&, vn)N

sup <CNZ|0|2, (31)
v ePN(Q) lvarll S
Finally, to estimate
inf ||uk+1 - x]]\(,” , ||uo - u?\, || and ||v0 - vg, , (32)

XKL e ()

we choose, respectively, x&! = TT\uk*!, u$ = TI\ up, and v, = Ty vo. Then we conclude
using properties of operators 1'[11\}0 and Iy.
So, from estimates (28), (30), (31), and (32) we obtain the following main theorem.

Theorem 2 For (uy,vo) continuous on Q, solution (u¥)o<x<x of problem (5) belongs to
H*(Q); s > 1. The error between solutions u**' and (ufjl) of problems (6) and (25), respec-
tively, satisfies

a1 — ] < c[N-S(uuk“ lLo+
]

k
(62wt =il | g + | - ™! ||sQ)>
-1

(33)

k
+N1-52uul+lus,g}
=1

where C is a positive constant independent of N.

5 Numerical results
Consider the interpolating Lagrange polynomial ¢; defined by

g eP([-1,1]), ¢(&)=8; 0<ij<N,

where §;; is the Kronecker symbol. The solution ukt! of problem (25) is written as

N-1N-1

ui M y) = 0> Uk (6 §)ei®)e ).

i=1 j=1
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Let U**! be the admissible solution vector of components uA/!(¢;, ¢;). The matrix system
deduced form of the discrete problem (25) is written

(Dk+1 + (St]%Ak+1)uk+1 — Fk, (34)

where D¥*lisa diagonal matrix of coefficients 0,05, 1 <r,s <N -1, A%+ is the matrix with

coefficients (V(pi¢)); V(¢r9s)), 1 <i,j,r,s <N —1,and F¥ is the vector with components

u];\[({r» &)+ —k(uj(\](fr: &) — M]]iz_l(frr (s))QrQs; 1<rs<N-1

St
Stx-1

We remark that the matrix D**! + 82451 is symmetric and positive definite. Then system

(34) is solved using the gradient conjugate method at each iteration.

5.1 Iterative algorithm
Step 1: Let

ujo\, =Jn(up) and u}\, = Tn(ug) + 8tgTn (o).

Step 2: Suppose uk ! and uX; are known The linear system (34) is solved by the gradient

conjugate method
(Dk+l + at]%Ak+l)uk+l — Fk.
We do the iterations until the following condition is satisfied:
kel _ gk
Jui? - Ul g <&
where £ = 1071° for all the following numeric tests.

5.2 Time convergence
We consider the domain € =]-1,1[%. Two exact solutions are tested.

The first one is
u(t,x,y) = e sin(wx) sin(ry). (35)
We choose T =1, N = 20, and 8t = 107X, k = 1,...,4. Figure 1 deals with the quantities

logg |14 — unsell 1 (g (in blue) and logq llu — uns: | 2(q) (in red) as functions of log,,(5¢).
For test 2, we study the singular solution

u(t,x,y) — t3/2(1 _ x2)5/2 (1 _ y2)5/2' (36)
Figure 2 deals with the same curves as in Fig. 1 tested for the solution (36) when N = 20,

T =0.1,and 8¢ = 5.1072,1072,5.1073,107%. The obtained results show the convergence of
the method with an order of convergence almost equal to 1.
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—&— NomL2
—&— NormH1

log(&t)

Figure 1 Time error for solution (35)

10 T

—&— NormlL2
—&— NormH1 []

log(error)

107° : —_— : —
10 107 107
log(&t)

Figure 2 Time error for solution (36)

5.3 Spectral convergence
In this test, we fix §¢ = 0.01 and take N = 5,7,9,12,14,15,17,18,20,22 and T = 1. We con-
sider

u=(1+8)(1-%7)(1-5). (37)

Figure 3 (respectively, Fig. 4) deals with log, [l — unstll 1) (in blue) and log,, [lu -
unstllr2(q) (in red) as functions of N (respectively, log;,(N)). We remark that the error
norms logq ||z — uns: || 1 () decrease exponentially until N = 10 and stagnate for N > 10.
The errors logy || 4 — uns: | 12(q) decrease until N = 10 and stagnate for N > 10. We remark
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log{error)

5 10 15 20 25
n

Figure 3 Semilogarithmic spectral error for solution (37)
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Figure 4 Logarithmic spectral error for solution (37)
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Figure 5 Spectral convergence: Continuous solution (right), discrete solution (left)
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that convergence stagnates. This is due to the fact that the time order of convergence is
less than the order of the spectral method.
Finally, the isovalues of the exact and discrete solutions (37) are presented in Fig. 5.

6 Conclusion and future work

This work concerns the numerical analysis of the implicit Euler scheme in time and the
spectral discretization in space of the second-order wave equation. We prove an optimal
error estimate in time and space. These estimates depend only on the regularity of the
solution. Although the spectral methods are known as high-order methods in space, we
remark that they have the disadvantage of losing part of this accuracy due to lower order
of temporal discretization (often of order 1 or 2). The numerical analysis and implemen-
tation of the more difficult case where the spectral discretization depends on time using
the second-order BDF method for the time discretization will be the subject of our forth-

coming work.
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