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1 Introduction
In this work, we study the following viscoelastic von Karman equation with damping, de-
lay, and source terms of variable exponents:

t
Uy + Ny — / k(£ = $)A%u(s) ds + oeue |20, + ﬁ|ut(t -1T) |m(‘)_2ut(t -1T)
0

=[u, x@)] + y1ulPY?u  in Q x (0,00), (1.1)
A?x(u) = -[u,u] in Q2 x (0,00), (1.2)
W= 20,y =" "o onagx (0,00 (1.3)

v v
w0 =up, w(0)=u; ing, (1.4)
wx,t— 1) =jo(x,t—7) inQx (0,7), (1.5)

where € is a bounded domain in R? complementing a smooth boundary 9, v is the unit
normal vector outward to 02, @ > 0, 8 € R, y > 0, T > Ois time delay, uo, 41, and j are given
initial data, and the von Karman bracket [-,-] is defined as [v, V] = Vy;x; Vagxy + Vagg Vayag —
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2Vx1xy Viyxy» Where (x1,%2) = x € Q. The relaxation function k and the exponents m(-) and
p(-) will be specified later. This type of von Karman equations arises in many applications
to the modeling of engineering and physical phenomena such as shells, nonlinear elastic
plates, bifurcation theory, and so on.

In the absence of damping, delay, and source effects(e = 8 = y = 0) in (1.1), many authors
[5, 22, 25, 26, 28, 30] have developed decay results by weakening the conditions of the
relaxation function k. Munoz Rivera and Menzala [22] showed an exponential decay result
when k satisfies

k/(t) = —{k(t), § >0, (16)

and a polynomial decay result when

K(t) <-ck™a(), £>0,g>2. (1.7)
The authors of [25, 30] improved those results under the condition

K(t) < -z (k) (1.8)

where ¢ fulfills ¢(¢) > 0 and ¢’(¢) < 0 on [0, 00). Cavalcanti et al. [5] established a general
decay result for a wider class of relaxation functions satisfying

K (t) < K (k(t)), (1.9)

where K is an increasing convex function on an interval [0, ¢) and satisfies K(0) = 0. Re-
cently, Park [26] established a more general decay result under the very general condition

K'(£) < —¢ (6)K (k(2)), (1.10)

where K is an increasing convex function satisfying certain conditions, invoked by the pi-
oneering work of Mustafa [23]. In [23], the author introduced condition (1.10) and estab-
lished an explicit and general decay result for a viscoelastic wave equation when & satisfies
(1.10).

On one hand, the study of elliptic, parabolic, and hyperbolic problems with nonlineari-
ties of variable exponent type has been attracting much interest [1, 2, 19, 21, 31]. The non-
linearities of such type describe various physical applications, for example, electrorheo-
logical fluids [29], nonlinear elastics [33], non-Newtonian fluids [3], and image precessing
[1]. In recent years, some authors studied the following wave equation with such nonlin-

earities:
t
Uy — AU+ / k(¢ — s)Au(s) ds + ot |20, = y |uP® 2y, (1.11)
0

In case k = 0 in (1.11), Messaoudi et al. [21] proved the local existence of solution and
showed a blow-up result of the solution with negative initial energy when the exponents
m(x) > 2 and p(x) > 2 satisfy some hypotheses. Later, in [12], the authors proved the
global existence of solution for the same equation by giving some conditions on initial
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data. Moreover, they showed that the solution decays exponentially when m(x) = 2 and
polynomially when m(x) > 2 and m1, > 2, where m; = esssup,.q, 7(x), by using an inte-
gral inequality introduced by Komornik [17]. In case k # 0 in (1.11), Park and Kang [27]
obtained similar results of [21] for the solution with certain positive initial energy. Most
recent, Messaoudi et al. [20] established very general decay results when m(x) > 1 and
the relaxation function k satisfies (1.10). Their results generalize and extend the previous
results for problem (1.11).

Inspired by these works, in this article, we consider the viscoelastic von Karman system
(1.1)-(1.5) with damping, source, and time delay effects of variable-exponent type. Time
delay appears in the phenomena depending on some past occurrences as well as on the
present state, and may cause instability. We refer to [7, 32] for more applications of time
delay and [11, 16, 24] for various decay results of delayed equations. In the absence of
memory and time delay(k = 8 = 0) in (1.1), Ha and Park [13] proved the global existence
of solution and showed exponential or polynomial decay results depending on m, > 2. At
this point, it is worth to say that there are no works on the global existence of solution and
general decay of the solution for viscoelastic von Karman equations with variable exponent
damping and source terms. Due to the presence of source effect, we have some difficulty
in deriving desired general decay results. We overcome this by giving some conditions on
initial data. Moreover, as far as we know, the global existence and decay of solutions for
viscoelastic von Karman equations with delay of variable exponent type have not been
considered before. Thus, we intend to discuss the issues for problem (1.1)—(1.5).

Here are the contents of this paper. We give preliminaries in Sect. 2. We show a global
existence result in Sect. 3. We establish general decay results for both cases 1 < m; < 2 and

my > 2, where m; = essinf,cq m(x).

2 Preliminaries
In this section, we present notations, review necessary materials, give assumptions, and

state a local existence result.

We denote by | - ||y the norm of a norm space Y. To simplify notations, we denote
II- sy as || - |ls for 1 <s < co. We use the letter B to denote the embedding constant
satisfying

[vlls <Bs|Avlly fors € [2,00],v € Hy(RQ). (2.1)

Here, we recall Lebesgue and Sobolev spaces of variable exponents (see e.g. [8, 9, 18]). Let
D be a bounded domain of R”, n > 1, and r: Q — [1,00] be a measurable function. The

Lebesque space
L'O(D) = {v : D — R|v is measurable in D,f ‘,uv(x)|r(x) dx < oo for some u > O}
D

is a Banach space with respect to the Luxembourg-type norm

Wl :inf{u o
D

r(x)

v(x)
%

dx < 1}.
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It is said that r(-) satisfies the log-Holder continuity condition if

b
log |x — x|

|r(x) - r(®)] <

for all x,x € D with |x — X| < by, where b; >0and 0 < b, < 1.

Throughout this paper, we let

rp:=essinfr(x) and ry:=esssupr(x).
xeD xeD

We remind the following property of von Karman bracket.

Lemma 2.1 ([6]) Let vi,vs,v3 € H*(Q). If at least one of them is an element of H3(S2), then

f[Vl,Vz]Vsdx=f[V1,V3]V2dx-
Q Q

We give the following assumptions.
(A1) The exponents p(-) and m(-) are continuous functions on  satisfying (2.2) and

2<p1 < plx) <py <00, (2.3)

1<m; <mx) < my < o0. (2.4)

(A,) The coefficients « and 8 have the relation

o

Bl < —— (2.5)

(A3) k: R* — R*" is a continuously differentiable function and satisfies
o0
k(0)>0, 1 —/ k(s)ds=k; >0,
0

and

K(t) < —((t)K(k(t)) forall £ > 0, (2.6)

where K : (0, 00) — (0, 00) is a continuously differentiable function, which is either a linear
function or a strictly increasing and strictly convex C2-function on (0, ¢], & < k(0), K(0) =
K'(0) =0, and ¢ is positive, differentiable, and nonincreasing.

Remark 2.1 1. For examples of the function k satisfying (A3), we refer to [23].

2. Since K is a strictly increasing and strictly convex C2-function on (0, €] satisfying
K(0) = K’(0) = 0, there exists an extension K of K, which is a strictly increasing and strictly
convex C? function on (0, 00). We mention [23] for details.

As in [24], we introduce a function y as

y(x, p,t) =us(x, t — pt) for (x,p,£) € 2 x(0,1) x (0, T).
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Then, problem (1.1)—(1.5) reads as

t
utt+A2u—/ k(£ — $)A%u(s) ds + a|uy |- ut+ﬁ’y x, 1, t‘ y(x,l,t)
0

= [u,x(u)] +yulY %y in Q x (0,00),
A?x () = -[u,u] inQ x (0,00),
Tyt(x) P t) +yp(x: ,O,t) =0 for (xr prt) €Qx (Or 1) X (or T)»

d 0
u:_u:(), X(u): X(M)
av

u(0)=uo,  w(0)=ur in€Q,

=0 ond x (0,00),

¥, 0,0) = jo(x, —pT) :=y0 inQ x (0,1),
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(2.7)
(2.8)

(2.9)
(2.10)

(2.11)

(2.12)

By virtue of the arguments of [4, 15, 27], we have the following local existence result.

Theorem 2.1 (Local existence) Under (A1), (A3), and (As), problem (2.7)—(2.12) has a

unique local solution (u,y) satisfying

ueL™(0, T;Hy(Q)), u, € L(0, T; L)) N L™ (2 x (0, 7)),

y € L®(0, T; L (22 x (0,1)))
Sfor every (uo, u1,%0) € H2(Q2) x L2(R) x L")(Q x (0,1)).

3 Global existence

In this section, we derive the global existence of solution to problem (2.7)—(2.12). In the

proof of global existence and decay results, we will use the following lemma several times.

Lemma 3.1 Let r be a continuous function on Qwith2 <r <r(x) <ry<oo. Then, for

v € H2(R), it holds
/ I dx < (B AVIIZ 2 + B2 AvIIZ ) | Av)2.

Proof Using (2.1), we have

/|v|’(")dx=f |v|’(")dx+/ [y
Q {xeQ:lv(x)|<1} {xeQ:lv(x)|>1}

5/ [v|" dx+/ V| dx
{xeQ:|v(x)|<1} {xeQ:|v(x)| =1}

r
< VI + 1IvI2 < BRIlAVIG + B2l Av]y .

We define the energy E of the solution to (2.7)-(2.12) as

1 1 ¢ 1 1
E@) = 5||ut||§ + 5(1 -/ k(s)ds)||Au||§ + Z—L”Ax(u)”i + 5 (kDAu)
0

ét / / ! m(x) |M|p
+ — (x, 0, 8) dp dx -
2 ), y(x, p,0)|" dpdx—y (x)

(3.1)

(3.2)
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where
*KOAu)(2) = / k-9 | Au(e) - Au(s)|; ds
0

and

2|B|(my - 1) . o —1B1)

1225 my
Let
1 ¢ , 1 y »
J)==(1 —/ k(s)ds || Aull; + —(kOAu) — —/ |ulP*™ dx (3.4)
2 0 2 P1Jq
and
t
I(t) = (1 - / k(s) ds) | Au|? + (kOAu) -y / |uP®) dx. (3.5)
0 Q
Then we see
11 ‘ s 1
Jo)y=(=--— 1 —/ k(s)ds || Aull; + (kKOAwu) ¢ + —I(2) (3.6)
2 m 0 p1
and
1 1 T ! m(x
E@ 20+ 3 Il + 7| ax); + %/ / ly(x, 00 0)|" dp dx. (3.7)
e Jo
Lemma 3.2 Let (A1), (A3), and (As3) hold. Then there exists Cy > 0 satisfying
E@) < —CO(/ g | dx+/ y(,1,6)™ )dx) + = (KOAu) - Q“Aung
Q Q 2 2
<0. (3.8)
Proof From (2.7), (2.8), (2.10), we have
1 , 1 ¢ s 1 2
%{5”’%”2 + §<1 —/0 k(s)ds) I Aully + 5 |Ax @],
1 P }
+ —(kOAu) - / dx
2 7)o p)
= —a/ 1| dx — ,3/ ut|y(x, 1,t)|m(x)_2y(x, 1,t)dx
Q Q
1 k(t
+ E(k’DAu) - %nAull%. (3.9)

Using (2.9) and the equality y(x, 0, t) = u,(x, t), we get

0 ! m(x
E(,/Q/o {y(x,p,t)‘ ()d,odx)

1
= / f m@)|y, p,8)]" "y, p, )y, p, 1) dp dx
QJO
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:——[ / x)|y(x,,0;f)| x’pit)yp(x,p,f)dpdx

:__// (3@ p,0)|") dp dx

mx, 1
=——/‘y(x,1,t)’ ()dx+—f 1| dix. (3.10)
T Ja T Ja

Using Young’s inequality with myzx&’)l + ﬁ =1 and the fact that the function f(s) = % is

increasing for s > 0, we find

—/3/ Mt|y(x,l,t)|m(x)_2y(x,1,t) dx
Q

7 -1 (s
SIﬂI/ 'b:;'x dx+|ﬁ|/m$2x) 96,1, dx

_l /| ) M /Q Iy 1,0 dx. (3.11)

Combining (3.9), (3.10), and (3.11), we obtain

E’(t)f—( -5 Ij}l)/| A" dx (é —'m(r:fz_1))f9|y(x,1,t)|m(x)dx

+ E(k’DA u) - QHA ull2.

From this, (3.3), and (A3), we finish the proof. O

Lemma 3.3 Let (A1), (A2), (A3) hold. If

p1-2 po—2
291 E(0) >—1f . Bm( 29, E(0) )T ki

ki(p1 - 2) ki(p1 - 2) = (3.12)

100)>0 and Bm(
14

then
I(t)>0 forallt>0. (3.13)
Proof Suppose that there exists 0 < £y < T with I(¢y) < 0. Let T}, be the first time satisfying
I(T,,) = 0. (3.14)

Then I(¢) > 0 for ¢ € [0, T},]. Thus, from (3.6), (3.7), and (3.8), we observe

t
Kl Aul < (1— f k(s)ds)nAun%

e b <
_2 pl_

= SE©) (3.15)
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for t € [0, T,,]. Using (3.1), (3.15), and (3.12), we see

-2 2
y / ulP® dae <y (B2 | Auel5 2 + BE2 | Auel5?72) || Al
Q

r1-2 -2

i) () e
< Kl Aul? < (1 - tk(s)ds) Aul2 (316)
for ¢ € [0, T},], which implies
It)>0 forte[0,T,].
This contradicts (3.14). O

Remark 3.1 Let the conditions of Lemma 3.3 hold. From the result of Lemma 3.3 and the
same argument of (3.15), we also find

WIEWE) _ 2iE©)

2
aud]; < kilp1 =2) ~ ki(pr -

(3.17)

From Lemma 3.2 and Lemma 3.3, we have the global existence result.

Theorem 3.1 (Global existence) Assume that (A1), (A2), (As3), and (3.12) hold. Then the
solution (u,y) to problem (2.7)—(2.12) is global.

Proof 1t suffices to show that [u.[|3 + [[Aull3 + |Ax@)]3 + [, fol ly(x, p,8)|"® dp dx is
bounded independent of ¢. From (3.7), (3.6), (3.13), (3.8), we have

1 ! i
min{4S }(||ut||2+HAx ||2 f/ y(x, p,2)| “dpdx)

< Shld+ 2l ax@2+ 5 f/|y(x,p, " dp dx

< E(t) < E0).

From this and (3.17), we have

! i 1 2
||ut||§+||Au||§+||Ax<u)||§+/ /|y(x,p,t)| ()dxd05< ' e )E(m
0 Q (Pl

where ¢ = mm{1 i d

4 General decay results

In this section, we derive general decay results for both cases when m; > 2 and when

1 < m; < 2 by following the ideas in [20] and [23] with some necessary modification.
First, we let

k(s )

k(s) forO<n<1,

ky(¢) = nk(t) - k'(¢) and C,= /0

then, by the arguments of [14, 23], we have the following lemma.
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Lemma 4.1 Let (A3) be satisfied. Then, for v € L% _([0,00), L*(R2)), it holds

loc

0

/Q ( / k- 5)(W(8) - v(s)) ds>2 dx < C, (k, Ov)(®). (4.1)
Now, we define
L(t) = NE(@®) + Ny ©(8) + Np W (2) + Y (),
where N >0,N;>0,i=1,2,
o(t) = fg s, dx,
W)= - /O k(t - s) /Q (w®) - (s)), dx ds,

and

1
T(t):rf/ e Pt ’J’(x,p,t)‘m(x)dpdx.
e Jo

Lemma 4.2 Assume that (A1), (A3), (As), and (3.12) hold. Then L(t) is equivalent to E(t).

Proof From (3.6), (3.13), and (3.7), we have

|L(¢) - NE(2)|
N; + N N, B? NoB2(1 - k
NNy 0By e RBR)
2 2
! )
+1’// lyx, p,6)|" dp dx
QJO
N, + N NoB2(1 -k
NNy B R o
2 2
N, B2 .
PP {](t)——](t) (kDAu)}+r// ‘yx,,o, ‘ ()dpdx
kl(Pl b1 2p1
N, + N NoB2(1 -k
< Ny g B i S

1
+'C/f ’y(x,,o,t)’m(x)dpdx
e Jo

N+ N, 5 <2N213§(1 —kl)pl N:1B3p; )
< u||5 + J(t
5 llzeell5 2 =2) k;(m (1)

1
+'C/f |y(x,,o,t)’m(x)dpdx
e Jo

2NzB§(1—kl)p1 NiBip; 2
2(p1-2) kl(Pl 2) &

< maX{Nl +N2, }E(t)

2N, B3 (1-kp)p1 N132p1 2
e R T £}, we finish the proof. O

Taking N > max{N; + N,

Page 9 of 29
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Lemma 4.3 The function Y satisfies
! ®
Y'(¢) 5/ ot | dx—re"’/ f ly(x, 0,0)|™ dp dx. (4.2)
Q 2 Jo
Proof Using (2.9) and y(x, 0,t) = u;(x, ), we get

(1)

1
T / / e m(x) |y, 0, 8) "y, p, i, p, £) dp dx
eJo
P d e
—// e_’”—‘y(x,,o,t)| dp dx
QJo ap
_f e’ |y(x, 1,t)|m(x)dx+/|y(x,0,t)|m(x) dx
Q Q
! ®
—r// e’pfiy(x,p,t)|mxdpdx
eJo

1
5/ Iut|"‘(")dx—te_f// ’y(x,p,t)’m(x)dpdx. 0
Q e Jo

Lemma 4.4 Let g(t) = [ k(s) ds. The following function

AQ) = / gt —9)| Aus) | ds
0
satisfies
N () <2(1=k)||Aul); - %(kDAu). (4.3)

Proof Noting g'(t) = —k(£) and using Young’s inequality, we see

N(@) = g0l Aul; - /Otk(t—S)IIAu(S) |5 ds
= (/Oook(s) ds) | Aull3 - (kBAu) - /Otk(t—s)”Au(t) |5 ds
—2/9/0 k(t — s) Au(t)(Auls) — Au(t)) dsdx
s(Kwk@dgnAm@—%wDAm+2([TMﬂ¢QnAm@

<201~ k)l Al - 5 (TIAw). 0

From here, ¢ and C; denote generic constants, ¢; > 0 denotes a generic constant de-
)1 - We note that cs(x) is bounded on 2 for

8 7)1 (1m(ze)) Pi3)-1

fixed § > 0, that is, |c5(x)| < ¢s for all x € Q.

pending on § > 0, and ¢s(x) =

4.1 General decay for the case m; > 2

In this subsection, we derive a general decay result for the case m; > 2.

Page 10 of 29
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Lemma 4.5 Assume that (A1), (A2), (A3), and (3.12) hold. If m; > 2, then ® satisfies

ki ,
(8 < uell; = - I Aull; - HAx(u)szf P dx
Q

C
+ o UaDAw) +aCy / jue " dsc + 11 Cy / [y 1,6 dx.
2k; o o

Proof Using (2.7)—(2.12), we get
@'(8) = Il — (1— f k(s)ds)nAun%— |Ax@)];+v / P dx
0 Q
+/Otk(t—s)/Q(Au(s)—Au(t))Au(t)dxds

_a/ u|ut|”‘(")’2u,dx—ﬂ/ u’y(x,1,t)|m(x)72y(x,1,t)dx.
Q Q

Using Young’s inequality and (4.1), we have

/tk(t - s)/ (Au(s) - Au(t))Au(t) dxds
0 Q
2

< %HAL{H% n 2ikl L(/:k(t_s)(Au(s) - Au(t)) ds) dx

ki C
o lAulls +

< -
2k;

(kyOAw).
From (4.5) and (4.6), one sees
’ 2 kl 2 2 p(x) C’I
D'(8) < llaelly - EllAullz -|ax@|;+y | 1ul® dx+ 2—,q(knDAM)
Q

—a/ u|ut|’"(’“)_2utdx—ﬂf u|y(x,l,t)}m(x)fzy(x,l,t)dx.
Q Q

I I

m(x)

Using Young’s inequality with % + 2@-1 _ 1 (3.1), and (3.17), we find
-1 50181/ |u|m(x)dx+ot/ c,gl(x)|ut|”’(x)dx
Q Q
< a8iCr)ll Aull} +a / Cs, (%) 1| dx
Q

my=2 mo—2
for §; > 0, where Cg(g) = By ,fl’&fg))lT + By fl’(’;fg)))zT.

Similarly, using (2.5), we have
~h < 1B1:Ceo | Aull; + 16] / e, ()| yx, 1,0)] "
Q
= O((SlCE(O)“AM”% + 8| / Cs, (x)b,(x’ l,t)|m(x) dx.
Q

Combining (4.7), (4.8), (4.9) and taking §; = , we obtain (4.4).

ky
8aC, E(0)

(4.4)

(4.6)

(4.7)

(4.8)

(4.9)

Page 11 of 29
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Lemma 4.6 Assume that (A1), (A2), (A3), and (3.12) hold. If m; > 2, then WV satisfies

t
U'(t) < —(/ k(s)ds—3> llte||3 + 8C3)| Aull3 + (M + C,,)(k,,DAu)
0

"0 dx  (4.10)

+5CakOAN) + o [ o™+ 151 [ st 1,0
Q Q

forany § > 0.

Proof Using (2.7)—(2.12), we have

w(t) = —(/Otk(s)ds>||ut||% —/Qut/Otk’(t—s)(u(t) —u(s)) dsdx
+ (1—/0 k(s)ds)/ﬂAu/O k(t—s)(Au(t)—Au(s)) dsdx
t 2
+/Q</0 k(t—s)(Au(t)—Au(s)) ds) dx

_f [, x ()] /tk(t—s)(u(t)—u(s)) dsdx

Q 0

—_ px)-2 tl _ _ dsd
V/Q|M| u/o k(t — 5) (u(t) — uls)) dsdx

+a /s; |1 |2y, ‘/: k(t - s)(u(t) - u(s)) dsdx

+ ,3/ |y(x, 1,2) Wx)—zy(x, 1,1 /tk(t — 8)(u(t) - u(s)) dsdx
Q 0

¢ 5
- _(/0 k(s)dS) leael+ Y J:
i=1

+a /;2 a2y, /Ot k(t - s)(u(t) - u(s)) dsdx

Jo

+ B / 1,8 Py, 1,2) / tk(t—s)(u(t)—u(s)) dsdx. (4.11)
Q 0

J7
Using Young’s inequality, K’ = nk — k,, (4.1) we get

t 2
Ul < 8llull3 + %H/O K (& = ) (u(t) — us)) ds

2

)

/t k(t - s)(u(t) - u(s)) ds
0

2
+n°
2

< llul+ %(H/Otkn(t—w(u(t) — u(s)) ds

1 t
< 8||ut||§ + Y { </0 ky(s) ds) (kpOur) + nZCn(k,,Du)}

B3(n(1 —2/;1) +k(0)) (k, M) + BiC, (k,OAw), (4.12)

< 8lluells + o
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C
2| < 8llAul3 + Zg(knDA”)’ (4.13)
and
3] < Cp(kyOAm). (4.14)

Using (3.17), we infer

/t k(t - s)(u(t) - u(s)) ds
0

Val < cllullizg] x )| yom g
2

[T

< cBsll Au|)3(C, (k, O Aw))

2p1E(0 1
< B, (%) I Auls (€, (O Aw)

< sllAul?+ chn(knmu), (4.15)
here we used the Karman bracket property (see p. 270 in [10])
v, val|| < clvillzaglIvallwaco)  for vi € HA(Q),v2 € W2(Q)
and
| x@] waeo(q) = C”””]-ﬂ

Using (3.1), (3.17), (4.1), we deduce

t 2
il <y [ P vase 2 [ ( | k(t—s)(u(t)—u(s))ds> d

VBzcn

< y8Crll Aull3 + (k,0Aw)), (4.16)

5 2p1 -4 2 M
where Cr) = Boo) ) (ZUEQ) 4 | g2 (b0 5

Using the similar calculatlon of (4.8) and Holder’s mequality, we get

m(x)
e San dx+0tf c5 (%) || dlx
Q Q

t m(x)-1 t
5 k(s) d. k(t - - '”“‘)d)d
<a«a /9(/0 (s) s) (/0 (¢ s)’u(t) u(s)‘ s ) dx
+a/ cs () || dx
Q

50{8(1—k;)”‘11/(/tk(t—s)|u(t)—u(s)|m(x)ds> dx+a/ﬂc5(x)|ut|m(")dx
0

Q

/t k(t - s)(u(t) - u(s)) ds
0

t
§a8(1—k1)'"1_165(0)/ k(t—s)”Au(t)—Au(s)Hids+a/ s ()| 1) dx
0 Q

= ad(1 - k)" Cro)(kOAU) + / cs (%) 1™ dx, (4.17)
Q

~ 8p1E(0) \"1=2 8p1E(0) | 72=2
where CE(O)zB%(kIP(;IEZ))) T+ By} kﬁ;1£2))) 7.
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Similarly, we also have
|71 < 18181 = k)™~ 1Cr o (kOAu) + |ﬁ|/ cs(x) ’y x,1,t }m(x dx. (4.18)

Applying the estimates of J; to (4.11), we obtain (4.10). O

Lemma 4.7 Assume that (A1), (A3), (A3), and (3.12) hold. Moreover, we assume that

p1-2 p2-2
2p1E(0) )T ( 2p1E(0) )T k;
(22 pro ( 22T fally 419

“(kz(pl ) e\ie-n) (4:19)

If my > 2, then there exists A > 0 such that
1
L'(t) < —AE(t) - 3(1 — k))|| Aul|3 + E(kDAu) fort >k (e). (4.20)

Proof From (A3), there exists t, > 0 with k(t,) = ¢, that is, £, = k"!(¢). We put fo s)ds =
k. Using (3.8), (4.4), (4.10), (4.2), and k" = nk — k,,, we have

L'(t) < —{Nz(/tk(s)ds—(S) —N1}||Mt||§ - {N;kl 5C3}||Au||§
0

N
-N; HA)((M) ||§ +N1y/ |ul?® dx + (777 +N28C5>(I<DAM)
Q

N NG N Ny NG
_{__ : 4+——cn<—1+ 284+N2>}<k,7mu)

4 é 4 2k;

_/(NCO—NWQ—Nzaca(x)—1)|ut|m(x)dx
Q
_/(NCO—N1|13|C1—N2|l3|c(s(x))|y(x,1,t)|m(x)dx
Q
1
—Te” f / (@, p, £)|"™ dp dx
eJo
A
< —ME(t) - {Nz(k —-8)-N; — }”utnz
Nik A t N
_{ LIL ! —Ny86Cs — 5(1—/ k(s)ds)}llAuH%— (Nl _ Z)”AX(”)“;
0

A Nn
+ y<N1 - —) / |ul?® dx + (— + NL8Cs + —)(kDAu)
p2) Ja 2

N N2C4 N Nl N2C4
i b e (ol N, ) b, 0n
{4 5 4 "<2k1+ 5 2)}(” %)

- / (NCo — N1aCy — Nyarcs (%) — 1) || dx
Q

- / (NCo - Ni|BIC1 — Na|Bles(@)) |y, 1,8)] " dx

_( -t )»Sr)/'/ |y(x,p, x)d,odx (4.21)

Page 14 of 29
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for A >0 and t > t,. Using estimate (3.16) and taking § = 4NkTIQ—,’ we get

/ k; A
L(t)f—)»E(t)—{N2k3—4—c5—N1—§}||ut||%

k 2 E0) \ T 2 E0) \ %

1 P1 P1
- |N1y = -y B | ——= B2 ——
[1{4 y(”l(/q(m—») ’ m(k,(pl—z)) >}
kCs A
—;—C?’—E]nAun%

5
A 2 Nn k A
N 4N;CiCs N N1 4N}CyCs
=2 L oS 2 N ) L DA
{4 k; * 4 "(2/(1 " k; +Na )y “)
—(NCO—NlaCI—N2a05—1)/ |ut|”’(")dx
Q
- (NGo - NilBICy - NalBles) [ [yt 10" i
Q
A ! m
—(re‘f—%>f/ |y(x,,o,t)| (x)dpdx for t > t,. (4.22)
aJo

From (4.19), we know

k 2pE©) T 2E©) \
1_y<35}<kz<p1—2)> +B§3<kl<p1—z>> )>°'
Firstly, we take N; > % large enough to get
k 2piE©) \T 2piEO) \ T\ kCs
Nl{Z‘y(BﬁQq(m—z)) +B§5<kl<pl—2)> >}‘4_c5
> 4(1 - k), (4.23)

and then choose N; > 0 satisfying

ki
Nyks — —— —N; > 1. 4.24
2Me = Cs 1> ( )
Noting ”,(I;Z(S) < k(s) and making use of the Lebesgue dominated convergence theorem, we
have
o] 2
) . nk=(s)
lim nC, = lim ds=0.
n—0* n n n—0*+ 0 k'Y(S)

Thus, there exists 0 < ng < 1 satisfying

1

N, GG
2k; ki

for n < no. (4.25)

nC, <
N)

Page 15 of 29
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Secondly, we take N > 0 large enough again to get

1 N  4N3ZC4Cs
— , — 25, 4.26
an <o 2 % > (4.26)
NC() —NlozCl —Nz()lCa -1> 0, (4-27)
and
NCy - N1|B|C1 — Na|Bles > 0. (4.28)

Thirdly, selecting n = ﬁ < no, we get

Nn k 1 k 3
LR 2 (4.29)
2 4 8 4 8

and

N N1 4N2C,C N 1
—-C, LR N, ) s - — =0, (4.30)
4 2/(1 k[ 4 1677

here we used (4.25). From (4.22), (4.23), (4.24), (4.26), (4.27), (4.28), (4.29), and (4.30), we
get

L'(t) < -AE(t) - {1 - %}nutn% - {4(1 —kp) - %}nAun%

A A ! e
+<§+—)(kDAu)—<re_r—E>ff |y(x, 0, 0)] ()d,odx
8 2 2 aJo

for ¢ > t,. Finally, selecting A > 0 satisfying

1 2te™
A <min{2(1 -k, -, e s
4" &t
we obtain (4.20). O

Lemma 4.8 Assume that (A1), (A,), (A3), and (4.19) hold and let m; > 2. Then
[o¢]
0< / E(s)ds < 00. (4.31)
0
Proof From (4.20) and (4.3), we see
(L(t) + A(t)) < -AE(t) fort=>t,, (4.32)

and

L(z) + A(t:)

t 1 t
0</ E(S)dSE_X/ (L’(s)+A’(s))ds§f<oo, vVt > t,,
te te
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which gives

0</OOOE(s)ds:AtSE(s)ds+/tng(s)ds<w. -

Theorem 4.1 Assume that (A1), (A3), (A3), and (4.19) hold and let m; > 2. Then there
exist ¢;,w; >0, i = 1,2, such that, for t > k'(g),

t
E(t) <ciexp (—a)1 / Z(s) ds) in the case K is linear (4.33)
k=1(e)

and

t
E(t) < K™ (a)z f Z(s) ds) in the case K is nonlinear ,
k

~ & 1
K(s) =/S K0 dr. (4.34)

Proof From Lemma 4.5, Lemma 4.6, and Lemma 4.7, the proof is similar to that of [23].
But, for the completeness, we give the proof. Since k and ¢ are continuous in £, we have

a < (K (k(t)) <ap forte[0,¢,]
for some a;,ay > 0, and

K(£) <~ (OK (k@) < —a < —%k(t) for t € [0,2.]. (4.35)

From (4.20), (4.35), (3.8), we get

L'(t) < -AE(t) - %()B(k/[mu) + %ftk(s) ||Au(t) — Au(t-s) szs
< —AE(t) - %(:)E/(t) + % /tk(s) ”Au(t) - Au(t—s)“jds fort > t,. (4.36)
Let
R(¢) = L(t) + @E(t),
a
then R ~ E and
R(t) < -AE(t) + % /tk(s)” Au(t) — Au(t —s) ||§ ds fort>t,. (4.37)

Case 1: K is linear, that is, K(s) = as _for some a > 0. Put

Rut) = ¢ (OR@) + éE(w.
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From (4.37), (2.6), and (3.8), we have
, I 2, 1,
R(E) < —AL()E() + 5 / Z(s)k(s) ||Au(t) — Au(t -s) ||2ds + ;E (t)
< -AZ(B)E(t) - i /tk’(s)” Au(t) — Au(t —s)||2 ds + iE/(t)
< -A(OE®R), t=>t..

This and the relation R (¢) ~ E(t) prove (4.33).
Case 2: K is nonlinear. For t > t,, we put

T, (t) =a3/ | Au(t) - Ault - 5)|; ds
and
Ty(8) = - / K (s)| Aut) - Ault - )| ds.

From (3.17), (3.8), (4.31), we get

/t||Au(t)—Au(t—s)||§ds§ 2/t||Au(t)H§+ | Aute—s)| ds

t

4p (E(®) +E(t-s))ds

S -
ki(pr —2) Je,

= ki(p1 - 2) (-/ta E(S)ds+/0 E(s)) ds) < .

Thus, there exists 0 < a3 < 1 satisfying
@) <1 fort>t,.
From (3.8), we know

Ty(t) < —(KOAU)(2) < ~2E(8).

(4.38)

(4.39)

(4.40)

(4.41)

Using (A3), (4.40), the relation K(ot) < oK(t) for 0 < ¢ < 1 and ¢ € [0,00), and Jensen’s

inequality, we find

1 ! ,
[y(t) = _blgr—l(lf)/ts [1(OK (s)as “Au(t)— Au(t—s)Hids

2 Fl(t)g(s)K(k(s))ag||Au(t)—Au(t—s)H;ds

(t
¢(t)
= a1 (t)

> @KQB / )] Au(t) - Au(e -9 ||§dS>f =t

1<(F1(t)k(s))a3 | Au(e) - Au(t - s) ||§d5

(4.42)

Page 18 of 29
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So, we have

[ k)| Aut) - Ault - 9)|ds < aif‘l(%rz(t))
te 3

¢(t)

Applying this to (4.37), we get

R(t) < -AE(t) +

LI_(_l (ﬂBFZ(t)
2a3 ()

) for t > t,. (4.43)

We know that the convex function K satisfies

st <K (s)+K(t) fors,t>0 (4.44)
and

K'(s) = s(I?)_l(s) - I?((F)_l(s)) fors >0, (4.45)
where K is the conjugate function of K.

Let 0 < < min{e, 2a3AE(0)} and £(¢) = %. Using I?’(s) >0, E//(s) >0, E'(t) <0,K(0) =
K'(0) = 0, (4.43), (4.44), and (4.45), we infer

()

Ty (t)

2¢(¢)
Ty (2)
2¢(¢)

(K (LED)R(E) < 2K (uE(®)E(t) + %F (EO)F <a3Fz(t)>
3

< K (HEW)EWD + 5 K (K (1E()) +
3

< K (LEW®)EQ®) + %5@)?@5@)) ¥
3

Lo (2)
2¢(t)

= —awEWOK (LEW) + (4.46)

where a4 = AE(0) — 5% > 0. Setting

2a3
Ra(t) = £ (K (EW®)R() + E(t),

from (4.46) and (4.41), we get

I'y(2)

Ry(t) < —ast ERK' (LE(®)) + +E'(t) < —asl (DKo (E()) fort>t, (447)
where Ky(s) = sK'(us). Since R (t) ~ E(t), there exist as, ag > 0 satisfying

asRo(t) < E(t) < asRa(t).

Finally, we let

_ asRa(t)

L(t) £0)

(4.48)
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then
L) <&@ <1. (4.49)
Since K| is an increasing function on (0, 1], from (4.48), (4.47), and (4.49), we deduce

L) <~ (VKo (E(D) < w28 (OKo(LW) for £ > 1,

where w, = I:?(?)i ,and
t t o L nlle) 1
/ @yl (s)ds < — / (S s) - / ds
te I(() ,C I</ ,LL,C ) WL(t) SI(/(S)

& 1 -
< ds=K(unL(t)),
< / o G 4 K )

here K is the function given in (4.34). Because K is strictly decreasing on (0, €], we obtain

t
L(t) < lf(_l <w2/ Z(s) ds> for t > t,. 0
1% te

4.2 General decay for the case 1 <m; <2

In this subsection, we derive a general decay result for the case 1 < m; < 2. We let
Qi ={xeQ:mx) <2}, ={xeQ:m@x) >2}

and
Q; = {x €Q;: |ut(x,t)| < 1}, Qf = {x €eQ;: |ut(x,t)| > 1}

fori=1,2.

Lemma 4.9 Assume that (A1), (A3), (A3), and (3.12) hold. If 1 < m; < 2, then ® satisfies

k C
O'(t) < lluel2 = AUl | Ax @) + yf u® dx + L (k,0Aw)
4 Q 2k;

mi1-1
+aC6{/ |2, dx + (/ AR dx) }
Q Q
my1—1
+|ﬂ|C6{/|y(x,1,t)‘m(x)dx+ (/ |y(x,1,t)’mu)dx) } (4.50)
Q Q

Proof We re-estimate I; and Iy in (4.7) for the case 1 < m; < 2. Using Young’s inequality,

for 8, > 0, we have

a
—oe/ i |2y, dx < ady lu*dx + — ARG (4.51)
Q1 Q1 482 931
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Noting 2m; — 2 < 2m(x) — 2 < m(x) < 2 for x € Q; and using Holder’s inequality with (2 —
my) + (mp — 1) =1, we get

4y P92 iy < f a2 e + f 4"
o : o

) mp—1
sl%l"”‘(/ |ut|2dx) +/ A
oy Qf

1

mp—1
<[ ( f " dx) + / " dlx
Q7 Qf

1

my—1
56{(/ |ut|m(")dx> +/ |ut|’"(x)dx}. (4.52)
Q Q

Applying (4.52) to (4.51), we see

—ozf i |2y, dx
Q

mi1-1
<asBj||Aul} + % { (/ |1, |"¢) dx> +/ |1, | dx}. (4.53)
2 | \Ja Q

As the estimates of (4.8), for 83 > 0, we find

_o(f u|ut|Vn(x)72utdx§ b3 |u|m(x)dx+af Cﬁg(x)mtlm(x) dx
Q9 o

Q)

< ad3Crll Aul} +a f Cs5 () |1 | dix, (4.54)
Q

i . )
where Cro) = B ()7 + Bl (20015) "5

m_=ess inf m(x) >2 and m, =ess sup m(x) > 2.
x€Q0 xeQy

, we have

Combining (4.53) and (4.54) and taking 8, = —. and §3 =

k;
160{C E(0)

k mp—1
- < §1||Au||§+acﬁ{(/ Iutl’”(’“)dx) +/ Iutlm(x)dx}. (4.55)
Q Q

Similarly, we have

mp—1
L < —||Au||2+|ﬁ|C6{</ ly, 1,0 d > /|y(x,1 6™ dx} (4.56)

Adapting (4.55) and (4.56) to (4.7), we obtain (4.50). O

16B

Lemma 4.10 Assume that (A1), (Az), (As), and (3.12) hold. If 1 < my < 2, then \V satisfies

t
W(e) < —( / k(s)ds—a>||ut||§ +8C3l Aull; + (M +Cn>(knDAu)
0

an my—-1
+8C7(kDAu)+T{C5/ i | dix + </ |ut|'”(")dx> }
Q Q
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mi1-1
. |,3(|SC8 {ca/ |y(x, 1,t)|m(x) dx + (/ |y(x, 1,t)|m(x) dx> } (4.57)
Q Q

forany § > 0.

Proof We re-estimate Js and J; in (4.11) for the case 1 < m; < 2. Let § > 0. Using (4.52), we

have

o ot |2, /(;t k(t—s) (u(t) - u(s)) dsdx

91
t 2 a
<as / / k(t— ) (u(t) - u(s)) ds| dx+— | |u*"@2dx
a1 1Jo 43 Jo,
ac mi=1
5a5(1—k,)B§(kDAu)+—{</ |ut|m(x)dx> +/ |ut|’”(")dx}. (4.58)

Since m(x) > 2 on 23, we can apply the same argument of (4.17) on 2 instead of Q to

obtain

o ot |2, /Ot k(t—-s) (u(t) - u(s)) dsdx

Q)

gaau—kl)ml-l/Q </o k(t—s)|u(t)—u(s)|m(x)ds>dx+a/9 cs (@) "™ dx

< ad(1 - k)™ Croy (kO Au) + % / Scs ()| dx. (4.59)
Q

Combining (4.58) and (4.59) and noting that §cs(x) is bounded on €2, we have
sl < a8{(1—k)B3 + (1 - k)™ Cro) } (kD Au)
C mi1-1
+ e { (/ AR dx> + 05/ |14 | dx}. (4.60)
) Q Q
Similarly, we find

71 < 1B18{(1 — k)B2 + (1 — k)™ Cro) (kD An)

C mx, m171 mix,
+ 1Bl 8{(/ |y(x,1,t)| ()dx) +c§/|y(x,1,t)| ()dx}. (4.61)
) Q Q
Substituting (4.12), (4.13), (4.14), (4.15), (4.16), (4.60), and (4.61) into (4.11), we obtain
(4.57). |

Lemma 4.11 Assume that (A1), (A3), (As), and (4.19) hold. If 1 < m; < 2, there exists 1. >0
such that

L'(t) < —AE(t) - 3(1 — ky) | Aull? + %(kDAu) + Cg(—ls’(t))"“‘1 fort>kl(e). (4.62)

Page 22 of 29
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Proof From (3.8), (4.2), (4.50), and (4.57), the proof is similar to that of (4.20) by replacing
the constants C;, Cs, and ¢s(x) by Cs, C7, and CS(SCS , respectively, adding

Noa G -l
(NlaC6+ ZZ 8)(/ |ut|m(x)dx>
Q

mi1-1
+ <N1|ﬂ|c6 + Nz'ﬁ'cg) (f e 1,6) " dx) ,
Q

8
taking § = 41\1]; 1C7 in (4.21), and using the relation
mi1-1 my—-1 / my—-1
(/ |ut|m(")dx) +</ |y(x,1,t)’ ()dx) 52(— ( )) ,
Q Q Co
which is seen from (3.8). |

Lemma 4.12 Assume that (A1), (A2), (As), and (4.19) hold and let 1 < my < 2. Then

ty
/ E(s)ds < Cyo(ty —t1)*™  foranyty, > t; > 0. (4.63)

3]

Proof By virtue of (4.62), estimate (4.32) is replaced by
(L) + A®)) < —AE(@®) + Co(=E'(£))™ " fort>1t,. (4.64)
Using (3.8), (4.64), and Young’s inequality with (7 — 1) + (2 — m;1) = 1, we observe

(ER QL0 + A0) + arE©)

1 2m L oomy—1 ,
< —AE™7T(t) + CoE™L () (—E'(2)) +a7E (t)

myp-2
A

@A ptt () 4 (my - DC) (5>m(—y(t)) +arE'(t)

1
< AEMT(f) +

mp-2
1 A1 mENE
< -AEm-T(t) + EE”‘H (£) + Cy" ! (E) ' (—E’(t)) +a7E (t)

A1
- -SEmT (), (4.65)
T A2
where a; = Cy"! (%)”’1*1 , which yields
L1 2 2m
[ @ s = H{ET (L) + A6) + arE ) - as
te

for all £ > £,. So, we get

[e%e) 1 te 1
0</ Em(s)dsff E™-1(s)ds + ag < 00.
0 0
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From this and Holder inequality with (2 — m1;) + (m; — 1) = 1, we obtain
ty ty 1 mi-1
| Eods<-apm ( | e ds) < Cuolts — 1)
t t1

forany t, > ¢t; > 0. O

Theorem 4.2 Assume that (A1), (A;), (A3), and (4.19) hold and let 1 < m; < 2. Then there
exist ¢;,w; >0, i = 3,4, and ty > k™1(¢) satisfying
(2) if K is linear,

1-my

E(t) <c3 (a)3 /‘k:( ) Z(s) ds) m, t>k7(e), (4.66)

(i0) if K is nonlinear,

2-my t -1
1;"(t)5c4():_1<1(8))2"’”1%1<co4<(z:—kl(e))m f ;(s)ds> ) t>to,

0

where
N 1
K(s) =sm-TK'(s).

Proof Owing to (4.62), estimates (4.36) and (4.37) are replaced by

k ‘ -
L'(t) < -AE(t) - fl—(l))E’(t) + % /t k(s) | Aut) - Ault —s)|; ds + Co(-E' ()™
and
, 1/t 2 J -1
R(6)<-2E®)+ 7 / k(s) | Au(t) - Aule - s)| > ds + Co(=E'(2) (4.67)

for t > ¢, respectively.
Case 1: K is linear, that is, K(s) = as for some a > 0. Due to (4.67), estimate (4.38) is
replaced by

R (8) < - (DE@) + Coc (1) (-E @)™, t>t,. (4.68)
We set

Rs(t) = E L (O/RA(0) + asE (D)

_1 my-2
where ag = Cgmr1 (%)ﬁ £(0), which satisfies R3(£) ~ E(t). Using (4.68) and the same ar-
gument of (4.65), we have

RY(t) < ~AL(DEMT (1) + Cot (1)EMT O(-E' )™ " + asE'(2)
<-L@WERT@, tzt,

which ensures (4.66).
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Case 2: K is nonlinear. We let

a(t) = — 0 1/||Au(t)—Au(t—s)nids, t>t.

(t—te)>

Using (4.39) and (4.63), we get

1 ¢ )
g [ 80 aute-9)a

4p1 t t—te
< o D (/ts E(s)ds +/0 E(s)) ds)

8p.1C
S&<OO,
ki(p1 -2)

£>t,.

Thus, there exists 0 < a1 < 1 satisfying

I'3(t) <1 fort>t,. (4.69)

Using (4.69) and the same argument of (4.42), we can replace estimate (4.42) by

-t @l Ault) = Au(t -s)l3
PO e S T e
(t—t)*™ aroll Ault) - Aut=9)ll3

aols(t) (t—t,)m

_ (E—r)P e [

| 06K (k)

arollAu(t) - Au(t - s)|3 s

ayol'3(¢) te K(FS(t)k(S)) (t—t)¥m
. (t— ts)z"”li(t)ﬁ</t arok(s)|| Au(t) — Au(t - s)|I3 ds), -
a te (t—t,)*m

which reads

¢ 2 (t—t)"™ 1 aiola(¢)
f k(s) ” Au(t) — Au(t —s) szs < K <(t - t£)2"”1§’(t)>'

te aio

From this and (4.67), we get

R(t) < -AE(t) + (-t 7! (( a1l (¢)

/ mi—1
20 ) FOCEO)™ 2k 470

Let 0 < i < min{e, 2a;oAE(0)} and £(¢) = %. Using (4.70) and the same argument of (4.46),

we obtain

— nE () !
(K ((t— oy )R(t)>

= (__1EW = (__HE®) N
<-AK (W>E(t) +CoK (m) (-E'(®))

-t pE@) - ayol'y(£)
Y e K <(t— L) )K ((t . mz—mlz(t))
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o nEW ol BE® N\, i

E—t) ™ s —( nE®) Ty ()
Y g K (K ((t—tg)*ml )) T2 ()

—(  ME®) 5 (2) —(  uE) -1
<-a1E()K ((t ~ tg)2*m1 ) + % © + CoK (m) (—E (t)) (4.71)

for ¢t > t,, where a;; = AE(0) — 22‘10 . Letting

— ( nE(t)
(

Rat) = €O (20 R0+ )

from (4.71) and (4.41), we get

, a —/ uE(t)
Ry(@) < —%g(t)f(t)K (m)

+Cot (DK (ﬂ) (—E’(t))”“’1 (4.72)

(£ —te)>m
for ¢t > t,. Define

L) = E (0Ra(t) + anE(@),

1

— m-2__,
where ay = Cgml_1 Z(0)( 2‘;1&)) ) ﬁl( (1&(0)). Using (4.72) and the same argument of (4.65),

we see

£ < —ﬂ;(t)ﬁmh(t)ﬁ(ﬂ)

E(0) (t—t)>m
2oy o=l nE(t) ,
+ Col (£)Em-1 (t)(—E (t)) K (m +apk'(t)
ail 11— /.Lg(t)
<- HEMT(OK [ 2
=55 0P OR ()
: et £t)
mo1( an ™! o\ nE(t
O(-E({#)K | —————
"o (2E(O>) (O-E®) ((t— @)Ml)
+apE(t), t>t,. (4.73)
Thanks to lim;_, o m =0, there exists ¢y > £, such that
71 1, V 4.74
nEm <1, Vt>ty, (4.74)

which ensures R4 (£) ~ E(t) ~ L(¢t) for t > ty. Moreover, from (4.73) and (4.74), we deduce

a1

£w=- 2E(0)

¢(t>Eﬁ(t>1</( ne® )

(t - te)z_ml

m1—2

+C ¢ (0) ( 221(1))) " K'(LE(0))(=E(£)) + anE (2)
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_ (ﬂ) ot
2E(0> (t—to2m )’ >
and hence
t
/g(s)gmfl(s)K’(ﬂ)ds 2O, st
to (s —t)>™m an
Since

= oy [ HED '
22 =

Emfl(t)zc(ﬂ) / s < ZEQ i), es s

(t —t;)2m ai

multiplying this by ( , we have

(tt)2m1) T

o pEW \mT [ uE)
E (0)<7(t—t8)2—m1) K(@ o m)/ £(s)ds

<2E<o>£(to)( n )

o an (£ —t;)2m

N 1
for ¢ > ty. So, letting K(s) = s"1-1 K’ (s), we have

oo HE® 2E(0) wo \m [t -1
g (°)K<(t—ts>2—m1>5 an w“((t—ts)z-ml) (/to“s)ds)

for t > ¢y, which gives

—my 2-my t -1
S(t)gik*(m((t—tg)mw / ;(s)ds> )
M to

for t > ty and some wy > 0. g

5 Conclusion

In this paper, we considered a viscoelastic von Karman equation with damping, source,
and time delay terms of variable exponent type. Under assumptions (A1), (43), (A3), and
(3.12), we showed that the local solution of problem (2.7)—(2.11) is global. Moreover, we
established very general decay results of the solution for both cases 1 < essinf,cq m(x) < 2
and essinfycq m(x) > 2 by giving additional condition (4.19) on initial data.
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