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with homogeneous boundary condition is considered. Since the set

{s:A'(s) = a(s) = 0} may have an interior point, the equation is with strong degeneracy
and the Dirichlet boundary value condition is overdetermined generally. How to find
a partial boundary value condition to match up with the equation is studied in this
paper. By choosing a suitable test function, the stability of entropy solutions is
obtained by Kruzkov bi-variables method.
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1 The boundary condition
We consider the equation

N
2—? = AA(u) + ; bi(x, ) Diu — c(x, )u — f(x,8), (x,t)eQr=2x(0,7), 1)
and assume that
Au) = /ua(s) ds, a(s)>0,a(0)=0, (2)
0

where  C RY is an appropriately smooth bounded domain, D; = a%' bi(x, t) € CH(Qy),
c(x,t),f(x,t) € C(Q7). Equation (1) has a widely applied background, for example, the re-
action diffusion problem [10] and the spread of an epidemic disease in heterogeneous
environments.

For the Cauchy problem of equation (1), the paper [2] by Vol'pert and Hudjaev was the
first one to study its solvability. Since then there have been many papers to study its well-
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posedness ceaselessly, one can refer to book [18] and references [1-6, 8,9, 11, 13-20], and
[25, 26].
If we want to consider the initial boundary value problem of equation (1), the initial

value condition

u(x,0) = up(x), xe€, (3)
is always necessary. But the Dirichlet homogeneous boundary value condition

ulx,t)=0, (xt)eXr=02x(0,7), (4)

may be overdetermined generally. In [21, 22, 24], a version of equation (1)

N

ou 0b;(u)
== AAG)+ XI: B D EQr ®)

was studied. Instead of it, a partial boundary value
u(x) t) =0, (x) t) €% X (O: T)) (6)

is enough, where X; C 092 is a relative open subset. One can refer to [21, 22, 24] for details,
in which the equation ¥; C 92 was depicted out in some special ways. Such a fact was

found firstly in [19], in which the non-Newtonian fluid equation

N
2—L: - diV(ﬂ(x)Wul"‘ZVu) - ; bi(x)Dju + c(x, t)u = f(x,¢),

(%, eQr=2x(0,7), (7)

was considered. Here p > 1, D; = 3%, 0 < a(x) € C(Q), bi(x) € C1(Q), c(x,t) and f(x, ) are
continuous functions on Q.

However, in [21] and [22], because there are two parameters including in X, the ex-
pression ¥; seems very complicated and hard to be verified, and the stability of entropy

solutions is proved under the assumptions

1
IAd|<c, — | dxdt<c. (8)
rJa,

Here d(x) = dist(x, Q) and 2, = {x € Q,d(x) < A}, A is small enough, while [24] considered
the case of @ being unbounded and satisfying some harsh terms. Moreover, all partial
boundary value conditions appearing in [19, 21, 22] and [24] are with the form as (6).
The dedications of this paper lie in that, for any given bounded domain €2, due to the
fact that the coefficient b;(x, t) depends on the time variable ¢, we find that, unlike (6), the
partial boundary value condition matching up with equation (1) must be of the following

form:

ux,t) =0, xt)eX,CcoRx(0,T), 9)
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where X, is just a submanifold of 92 x (0, T') and it cannot be a cylinder as %; x (0, T).
By choosing some technical test functions, the stability of entropy solutions is established
by Kruzkov’s bi-variables method.

2 The definition and the main results
For small > 0, let

S,(s) = /s hy(t)dr, hy(s) = %(1 - l%') .
0 +

Obviously, 41, (s) € C(R) and
lim S, (s) = sgns, limss) (s) = 0. (10)
n—0 n—0
Let
u u—-k
Ay (u, k) = / a(s)Sy (s — k) ds, L(u—-k) = / S, (s)ds.
k 0

Define that # € BV(Qr) if and only if u € L _(Qr) and

loc

T
/ / ’u(xl +h1,.. %8+ BN, 4 Bng) — u(x,t)‘ dxdt < C|h|,
o Ja

where & = (h1,hy,...,hn, Bine1). This is equivalent to that the generalized derivatives of

every function in BV(2) are regular measures on 2. Under the norm

If sy = IIfllzx + /Q \Df I,

BV(£2) is a Banach space.
A basic property of BV function is that (see [17, 18]): if f € BV(Qr), then there exists a
sequence {f,;} C C*(Qr) such that

lim // Ifu —fldxdt =0,
n—00 QT

nli)rgof/;T|Vﬁ,|dxdt://QT|Vf|.

So, we can define the trace of the functions in a BV space as in a Sobolev space i.e. the
trace of f(x) € BV(Qr) on the boundary 92 is defined as the limit of a sequence f,(x) as
follows:

f(x)lxeaQ = nlingoﬂt(x”xeaﬂ' (11)

Then it is well known that the BV function space is the weakest space such that the trace of
u € BV(Qr) can be defined as (11) and the integration by parts can be used. Also, one can
refer to [7] for the definition of the trace of u € BV(Qr) on the boundary value in another
way.
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Definition 1 A function  is said to be the entropy solution of equation (1) with the initial
value condition (3) and with the boundary value condition (9) if
1. u satisfies

w € BVIQr) NL™(Qr), - fo Jals)ds € L(Qn).

2. For any ¢ € C2(Qr), ¢ > 0, for any k € R, for any small 5 > 0, u satisfies

N
// |:I,7(u —k)g; — Z by, ) (u — K)oy, + Ay (u, k)A(p:| dxdt
Qr i=1

—//QTS;(M—/()

N
_ / / {(C(x, D+ bi, t)) u+ f(x, t):| S, (- k) dxdt
Qr

i=1

2
@dxdt

v /H Val(s)ds
0

3. The partial homogeneous boundary value condition (9) is true in the sense of trace.
4. The initial value condition (3) is true in the sense that

lim/ |u(x, t) — uo(x)’ dx=0. (13)
>0 Jo

If a(0) = 0, b;(x,t) € C(Qy), c(x,t) and f(x,t) are bounded functions, the existence of
the entropy solution in the sense of Definition 1 can be proved by a similar way as that in
[21, 26], we omit the details here.

In this paper, we study the stability of the entropy solutions of equation (1) without
condition (8). In order to display the method used in our paper, the unite n-dimensional
cube

Dy = {(x1,%0,...,2x8) 1 0<xi < L,i=1,2,...,N}

is considered firstly. By choosing special test functions, we can prove the following theo-

rem.

Theorem 2 Let u(x,t), v(x,t) be solutions of equation (1) with the initial values uy(x),
vo(x) € L°(Dy), respectively, and with the same partial boundary value condition

ulx,t) =vix,t) =0, (xt)eX,. (14)
Then
|u(x, t) — v(x, t)| dx < / |ug — vo| dx. (15)
Dy Dy
Here, if

bi(%t)ZO, i=1;27---)N1 (16)

Page 4 of 15
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then ¥, = 0. While if
bi(x,£) <0, i=1,2,...,N, (17)

is true, then
N
%, =1(t) €Dy x (0,T): Y bi(x,t)<0¢. (18)

i=1

Secondly, we generalize Theorem 2 to a general bounded domain €.
The main result of this paper is the following stability theorem.

Theorem 3 Suppose that Q is a bounded smooth domain in RN, and when x is near to
the boundary 0%, the distance function p(x) is a C function, A(s) is a Lipschitz function,
and a(0) = 0. Let u(x,t) and v(x, t) be the solutions of equation (1) with the initial values

up(x) € L°(R2) and vo(x) € L*°(2), respectively, and with the same partial boundary value

condition
yu=yv=0, (1) eX,Cax(0,T).
Then we have
[t =65 s = [ o) - o) . 19)

Here,

N
%, = {(x, £) €9 x (0,T): Y bilx, t)mi(x) < o}, (20)

i=1

where n={n;} (i=1,2,...,N) is the outer normal vector of .

We give a simple comment. For a linear degenerate parabolic equation

N
Z—Z‘ —div(a(x)Vu) = Y bix)Dau + c(x, thu = (x, 1), (21)

i=1
where a(x), b(x), c(x,t), and f(x, £) are continuous functions, if

alx)=0, xe€0dQ; alx) >0, xeg,
which implies equation (21) is only degenerate on the boundary 9<2, according to the
Fichera—Oleinik theory [12], the optimal boundary value condition matching up with

equation (21) is

ulx,t)=0, (xt)eX; x][0,T)
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with

N
Y =4{x€0Q: Zbi(x)ni(x) <0%. (22)

i=1

For the nonlinear degenerate parabolic equation (1), the most important characteristic
lies in that the set {s € R : a(s) = 0} may have interior points, and so it is a strongly de-
generate parabolic equation. In addition, when the Dirichlet boundary value condition
(4) is imposed, a(0) = 0 exactly implies that equation (1) is degenerate on the boundary
Y7 =092 x (0, T). On the other hand, when a partial boundary value condition (9) is im-
posed, we only know that (1) is degenerate on the boundary X, while on X1\ X,, whether
equation (1) is degenerate or not is uncertain. To the best knowledge of the author, this is
the first paper to study the stability of entropy solutions to equation (1) when the partial
boundary value condition is imposed on a submanifold ¥, C 7.

3 Animportant inequality

In this section, we use the Kruzkov bi-variables method to deduce an important inequality.
Such a method was used in [18, 21, 26] and many other references. We begin with some
basic denotations. For u € BV(Qr), we denote by that I';, is the set of all jump points, v is
the normal of ', at X = (x, £), u*(X) and u~(X) are the approximate limits of u at X € T,
with respect to (v,Y — X) >0 and (v, Y — X) < 0, respectively. For a continuous function
f(u), the composite mean value of f is defined as

R 1
flu) = /(; f(ru+ +(1 - r)u‘) dt.

When f(s) € CH(R), u € BV(Qr), by [17, 18], we know f(u) € BV(Q7) and

af (u) =ﬁ(u) ou

0x; 0x;”

i=1,2,...,N,N+1,

where xpr,1 = .
Just as that in [23, 26], we have the following lemma.

Lemma 4 Let u be an entropy solution of (1). Then
a(s)=0, sel(u*(xt),u (xt) ae onT" (23)

where I(«, B) denotes the closed interval with endpoints a and B, and (23) is in the sense of
Hausdorff measure Hy(I'*).

Let u(x, t), v(x, t) be two entropy solutions of equation (1.1) with the initial value condi-

tions

u(x,0) = up(x)
and

v(x,0) = vo(x),

respectively.
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From Definition 1, for any ¢ € CZ(Qr), we have
N
// |:I,7(u — V)@ — Z bi(oe, ), (e — v) @y, + Ay (14, V)Ago:| dxdt
Qr i=1

—//QTS:](M—V)

N
_ / / |:(c(x, D+ b, t)) u+f(, t)i| 08, (1 - v) dxdt
Qr i=1
>0

2
pdxdt

\Y /u Va(s)ds
0

. (24)

N
/ /Q {1,7(1/ —w)pr = Y by, DLV = 1wy, + Ay, u)Aw] dydr

i=1

—/fQTS;(V—u)

N
_ //Q |:(c(y,r) + Zbl-yi(y,r))v+f(y,t)i|(p5,,(v— u)dydz
>0,

2
edydr

\Y fv Val(s)ds
0

i=1
(25)
Let wy, be the mollifier which is defined as

op(s) = %a)(%),a)(s) € CT(R), w(s) > 0,0(s) =0 if |s| > 1,/°°w(s) ds=1.

Define I/f(x, t,y, 7:) = ¢(x: t)]h(x —J’»t - T)) where ¢(9C, t) > 01 ¢(x’ t) S CSO(QT)y and

N
ju =yt =) = oyt — 1) [ [ eonlxi = 32).
i=1

Now, we choose ¢ = ¥ in (24) and (25), then we have

fo //(; [1; (s = V) (W + Vo) + Ay, V) Ay + Ay (v u) Ay | dxcdt dy dr
N
- Z//Q //Q (bi(%, )Y, + iy, TV, )y (u — v) dx dt dy d
i=1 T T

_/AT//;TS;(M—V)<’VAMMdS

N
_ / / |:<c(x, D+ b, t)) ut fx, t)j| S, (u—v)dxdt
Qr

i=1

_//QT//QT[(C(%I)+i:biyi(y,r))v+f(y,z)}¢5n(v_u)dxdt
>0.

2
)w dxdtdydr

\Y /V Va(s)ds
0

2
+

(26)

Page 7 of 15
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Since

3 i . ,
O Vo O, Vi
ot  9dt ox;  9y;
oy 9y 099, oy 9y 99,
o= ot =
Jdt ot Ot ox; Ay, 0x;

=0, i=1,...,N;

we have

lim lim // // (bilx, )V, + biy, ©) Wy, ) I (u — v) dx dt dy dt
Qr JJQr

h—0n—0

= lim // /f (b,'(x, t) + bi(y,r))|u—v|¢xijh dxdtdydr
h=0JJor JJor

= 2/ bi(x, t)|u — vy, dxdt. (27)
Qr

Meanwhile, we have
//Q //Q [Ay () Ay + Ay (v, ) Ay | dxcdt dy d
T T
) //QT //QT {4y, V)(Dajin + 20 jhn, + D AJn) + Ay (v, W Ay} dxdt dy d
- /-/Qr //Q {45, V) Axjin + Ay, V)i, + Ay (v, W)y, | dxdt dy de
r

S oo

- [t 95,5 s i | eyt e8)
where

. 1
aw)S,(u—-v) = / d(Su+ +(1 —s)u‘)S,, (SM+ +(1-s)u - v) ds,
0

v S 1 v
/ a(s)S) (s —v)ds = / / a(0)S, (0 —su” - (1 - s)u”)do ds.
u 0 Jsut+(1-s)u~

By that
/:/(;T//(;TS;(M—V)< Vx/()umdsz+ Vy/:mds 2>1/fdxdtdydr
=/LT/LTS;(M—V)( Vx/umds - Vyfov/@ds )2wdxdtdydr

+2//Q /:/Q S, (u—-v)V, /\/_ds V/vmdSdedtdydt, (29)
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and using Lemma 4, we obtain the facts

//QT //QT Wyfvu W/a\/@ (o 8)do dsy dxdt dydt

L [

xS [av +(Q-o) —su"—(1-s)u ]dsdoV uVyvdxdtdydt

//Q //Q / / Sylovt + (-0 —su" ~ (1~ s)u" | dsdo

a(u qu\/a V)Vyvdxdtdydr

://QT//QT/OI/OIS;](V—u)fooumdsVy/OVMdsdxdtdydr

and

//QT //QT Wyfvumf;\/oﬁs;(o —8)do dsyr dxdt dydt
[

x/ \/az(o)S;](a—su+ -(1-s)u" )da ds ]hxqbdxdtdydt.
S

ut+(1-s)u~

Then we have

//QT //QT(a(u)S (u—v)— —/ a(s)S (s—u)ds—)]hxlq&dxdtdydr

+2//Q //Q S, (u~ v)V/ Va(s)ds -V /Mdswdxdtdydr

=//QTfoTUO alsu® + (1= 8)u)Sy(su” + (1 — )™ — v) ds

1 v
_/ f a(0)S, (0 —su* — (1 - s)u”) do ds
0 Jsut+(1-s)u~

1 v
+ 2/0 a(su+ +(1 —s)u‘) / e \/&Z(O')S:](G —sut-(1 —s)u‘) do ds]

9
X i dx dt dy dr
896,‘

11, /LT/OI/;M[W - a0 =)

X S%(a —sut—(1-s)u” )do ds ]hx ¢ dxdtdydr

-0

asn — 0.

(30)

(31)

(32)

Page 9 of 15
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Once more,
};iir(l)A”(u’ V) = rl)iir(l)A,](v, u) = sgn(u —v) [A(u) - A(V)],
we have
i [, (1t i + Ag16, )] = 0. (33)

Also, we clearly have

N
_%gﬁEE[LT/X;[<4mﬂ+E:hm@JOu+f@¢ﬁ¢§ﬂu—vﬁhdubdr

i=1

N
_illiir(l)rlzi—%//QT /'/QT|:<c(y,r) + Zbiyi(y,r)>v+f(y,t)i|w5,,(v—u)dxdtdydr

i=1

N
2_}113(1)//@ //QT|:<c(x,t)+Zbixi(x,t))u+f(x,t):|¢sgn(u—v)dxdtdydr

i=1

N
—}li—l;r(l)//(‘z]- //QT|:(c(y,r)+izzlbiyi(y,r))v+f(y,r):|1ﬁsgn(v—u)dxdtdydr
N
:_/y‘(d%n+§:bm@¢0¢m—wdxm. (34)
Qr

i=1

Letting n — 0, 1 — 0 in (26) and combining (27)-(34), we get

N
/ /Q [|u<x,t)—v(x,t)|¢t—2|u—v|Zbi(x,tm,,
T i=1

N
- <c(x, t) + Z by, (x, t))¢|u -V + |A(u) —A(v)|A¢:| dxdt
i=1

>0. (35)
This is the most important inequality to prove Theorem 2 and Theorem 3.

4 Proof of Theorem 2

The proof of Theorem 2 Let

i, if0<x <3,
di(x;) = 1
1w, ifg5<x <1

For small enough A, we set

sin *(d;(x;)), if 0 <di(x;) <%,
oin(xi) = [ * 2

1, if di(x) > 22

Page 10 of 15



Zhi and Zhan Boundary Value Problems (2022) 2022:27

Let 0 < n(t) € C3(t) and

N
¢, 1) = n(t) [ Jon ().

j=1
Then
N
3, (2, £) = n(6)dmypn (i) [ ] )
j=Lj
11 N A
= n(t)x cos X(di(xi))dix,' (xi),':ll_,»[?/,- op(x), 0=<di(x;) < DR

1 N 11 11
Ag(x, 1) = Xﬂ(t) l_[ @j. (%)) |:_X sin 5 (di(x:))ds, + T oos (di(xi))Adi(xi)}

jLj
N
1 1 TA
= —ﬁﬂ(t) l_[ @j.(x;) sin X(di(xi))d?xi, 0<dx;) < -
j1j4

When A is small enough, 0 < d;(x;) < % < %,

dixi (xl) = 1‘

Then (36) yields

N
—2lu—v| Y b, )y (x,0)

i=1

1 1 N N
= ~2Ju ~vIn(t) - cos - le di(x;)bi(x, t),.ll_,»[# o ().

We now substitute these formulas into (35), if b;(x, £) > 0, by (38), we have

i=1

N
// |:|u(x, t) —v(x, t)’dh - (c(x, )+ Zbixi(x, t)>¢|u - v|] dxdt
Qr i
>

> 0.

Accordingly, we have

f/ Hu(x, t)— V(x,t)|m +clu - v|]dxdt >0.
Qr

(36)

(37)

(38)

(39)

(40)

Page 11 of 15
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If b;(x,t) <0, we have

N
// |:|u(x, £) = v(x,0)| s - (c(x, £+ b, t)>¢|u - vl] dxdt
Qr i=1

T 1
—2/ / ﬂ(t)x Zb,-(x,t)llu—wdxdt
0 "A i=1

>0, (41)
where Q; = {(x € Q:d;(x;) < %”}. According to the definition of the trace of BV functions
(see [7]), when x € X1, = {02 : Zf\il bi(x,t) < 0}, u(x,t) = v(x,t) =0, let A — 0 in (41). We

also have (40).
LetO<s<t<T,and

s—t
n(t)=/ a.(0)do, &<min{r, T -s},

where «,(¢) is the kernel of mollifier with «,(£) = 0 for ¢ ¢ (¢, ¢). Then

/OT[otg(t —8)— o (t— t)]|u — Vg dt + c/‘s/;2 |lu—v|dxdt > 0.
Let ¢ — 0. Then
|u(x,r) - V(x,r)|L1(Q) < |u(x,s) - v(x,s)\Ll(Q) + c/:‘/g |u —v|dxdt.
Let s — 0, then the desired result follows by Gronwall’s inequality. O
Thus, by the Kruzkov bi-variables method, we have proved Theorem 2.

5 Proof of Theorem 3

Proof of Theorem 3 Let u(x,t) and v(x, £) be two entropy solutions of equation (1) with the
initial values

u(x,0) = up(x) and v(x,0)=vo(x).

Recalling (35), for any ¢(x, £) € C3(Qr), we have

N
//Q |:|u(x, £) = i, )|y — 2lu—v| Y bilx, t)ps,
T i=1

N
- (c(x, £+ Y by, t)>¢|u —v| +|Aw) —A(v)|A¢:| dxdt

i=1

>0, (42)



Zhi and Zhan Boundary Value Problems (2022) 2022:27

Since when x is near to the boundary 9<2, the distance function p(x) is a C? function, we
can define

P(x, 1) = n(£)@x (%), (43)

where 0 < 7(¢) € C3(¢) and

sin p(x), if0<px)< ”7)‘

1, if p(x) > ”’\.

Then we have

B, P, 2) = 1(£) 3y, 2. (%)
p(x)

= ﬂ(t)x cos T'Oxi () (44)
and
Ao(x,t) = l77(1.‘) —lsin@ 3 02 +COS&A p(x)
Y A hoLt
n(t)sm—z . —n(t)cosﬁm ) (45)
where 0 < p(x) < 5 Z2 for small A.
We define QA—{er px) < %5 721 Since
2 1
tm [ sy do oo
1%/_ —cos&|Ap|dp<oo,
we have
/‘A(u)—A(V)‘Aqﬁdx
Q
:/ [ n(t)cos&Ap——n(t)sn&]M( ) — AV)|dx
Q. A A

sfm[kn(t)cosﬁmpl——n(t) n—x)lA( ) - A(V)I]dx

<0. (46)

Notice that

N
2|u —v| Zbi(x, t) <cilu-v|.

i=1

Page 13 of 15
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We denote

N
QAI = {x (S] QA :—Zbi(x, t)pxl. > 0}

i=1

and derive that

N N
-2 lim u-—v bi(x,t)p,. dx
;M/m| DILCE
p(x)
:—Zth (t)|u V|Zb(x,t) cos—pxld
1 N
<2n(t) P_Ifé ; /m |t —v| (— ;bi(x, t)pxi) dx
1 N
<2n(t) lim — lu—v|| - bi(x,t)px, | dx
=0 A o ;

N
= —2/ =] Y bilx, )ni(x) A
Zp i=1

-0,

where 7= {n;} (i=1,2,...,N) is the outer normal vector of .

At the same time, we have

N
_// (c(x,t) + Zbixi(x,t))¢|u—v| +|A() - AW)| A¢) dxdt
Qr i=1

N
_/f (c(x,t)+Zb,-x,.(x,t)>¢|u—v|dxdt
Qr i=1

56[ ¢lu—v|dxdt.
Qr

Processing in an analogous manner as we did in the discussion of (40), letting A — 0 in

(42), we arrive at the desired result.

Thus, we have proved Theorem 3 by the Kruzkov bi-variables method. One can see

(47)

(48)

O

that the partial boundary value condition is imposed on a submanifold ¥, C 922 x (0, T).

Such a conclusion reflects how the time variable ¢ affects the well-posedness problem of

a degenerate parabolic equation. By the way, the assumption that, when x is near to the

boundary 9%, the distance function p(x) is a C? function can be weakened as follows:

there is a subdomain Q; = {x € Q: p(x) < A}, p(x) is an almost everywhere C? function on

Q;, and fQA |Ap|dx <c.
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