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noncharacteristic degenerated equation
Lu=uy — k(O Axulx, ) = f(x, 1),

where k(t) > 0. As in the case for strictly hyperbolic equations, we first establish that
u € W3 (D) and u € W3(D) under the assumptions || £ ll, () < 0o and

I grakdxf ll1, () < oo forevery t € [0, T], respectively.
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1 Introduction

A number of studies have been devoted to the mixed Cauchy problem for noncharac-
teristically degenerate second-order hyperbolic equations, starting from the work of M.L.
Krasnov [1]. Later these works were generalized for general degenerate higher-order equa-
tions by D.T. Dzhuraev [2], V.N. Vragov [3], and A.I. Kozhanov [4]. The study of bound-
ary value problems for an equation of the mixed type, started by F.G. Tricomi [5], led to
the study of new boundary value problems for hyperbolic equations in the characteristic
cone, first investigated in the works of S. Gellerstedt [6], A.V. Bitsadze [7] A.M. Nakhu-
shev [8], and T.S. Kal'menov [9-11]. In recent years, the well-posedness of the Cauchy
problem for the wave equation with strongly singular coefficients has been investigated
by M. Ruzhansky, N. Tokmagambetov [12]. More complete bibliography may be found
in the monographs of M.M. Smirnov [13], L.E. Egorov, S.G. Pyatkov, S.V. Popov [14], E.V.
Radkevich, O.A. Olejnik [15] and M. Ruzhansky, M. Sadybekov, D. Suragan [16].

In the study of the mixed Cauchy problem in a cylindrical domain, the lateral boundary
conditions are usually local boundary conditions of the Dirichlet type or periodic bound-
ary conditions.
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In [17], the boundary condition for the Newton (volume) potential was found, which
is a new integro-differential self-adjoint boundary condition for the Laplace equation. In
this paper, we study the mixed Cauchy problem for one class of noncharacteristic degen-
erate hyperbolic equations using this boundary condition. Unlike other works devoted to
this topic, where solutions of the mixed Cauchy problem with different lateral boundary
conditions of the problems under consideration are obtained in weighted spaces; in this
paper, all solutions of the mixed Cauchy problems under consideration are obtained in
classical Sobolev spaces.

Note that in [17], the Newton potential (volume potential) is given by a self-adjoint in-

tegral operator

) = [ 010k, &
where p(&) € Ly(2) and &(x, £) is a fundamental solution of the Laplace equation

—Dee(x,§)=0(x-§),  ex§)=e(%), 2)
the function u € W2(Q) satisfies the equation

—Au = p(x) 3

and the lateral boundary condition

u(x) e du
—T+/m(a—n§(x,§)'u(§)—8(x,§)'ﬂ(&))dg:a (4)

Conversely, if u € W3 () satisfies equation (3) and boundary condition (4), then u(x)
coincides with the Newton potential (1).
The aim of this paper is to study the mixed Cauchy problem with condition (4).

2 Preliminaries
Let Q C R" be a finite domain with smooth boundary Q2 c C2, D = Q x [0, T] a cylindrical
domain. In D, we consider the following mixed Cauchy problem.

Find a solution of the following equation

Lu = uy — k() Agu + b(t)z—lz +a(t)u = f(x,t), (5)

which satisfies the initial conditions

u
— =0 6
v (6)

u|t=0 = 0: =
t=0

and the lateral boundary condition

u(x, t)

Nlu]l=- 5

oe Ju
+/m<a—ns(x,é)~u(€,t)—8(x,€)~%(s,t)> dg =0, @)

O<t<T,xe€0Q,
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where k € C'**[0,T], 0 <« < 1, k(¢) > 0, £ > 0, k(0) = 0, K'(¢) > 0, and &(x, &) is the funda-
mental solution of the Laplace equation (2).
The eigenfunctions of the Newton potential satisfies the following equation

_Aem (x) = )\mem(x)r (8)
and the boundary condition

em(x)

Nle,]=- 5

de de,,
; /3 Q(@(x,s)em(s) —s(x,s)%(@) dg=0, xed. (9)

According to relations (1)—(4), the set of eigenfunctions {e,,(x)} of self-adjoint boundary
problem (8)—(9) forms a complete orthonormal system in L, (£2).

For a(t) = b(t) = 0, two-dimensional equation (5) is the Chaplygin equation, which is
applied to model the supersonic flow of liquid and gas.

In what follows, the boundary condition (7) will be called a potential boundary con-
dition. Although the boundary condition of problem (5)—(7) is cumbersome, the Green
function of this problem coincides with the fundamental solution &(x, ) of the Laplace
equation, which means that the Green function is given explicitly in an arbitrary domain.

As in the case for strictly hyperbolic equations, we first show that u € W, (D) and u €
W2(D) under the assumptions ||];—( 2y (8) < 00,£ € [0,T] and % € C““(I_)),% e C*¢(D),
respectively.

3 Mixed Cauchy problem with the condition a(t) = b(t) =0
Let us consider the problems (5)—(7) in the case a(t) = b(t) = 0. Let

Lu=uy - k(t)Au=f(x,t), k(t)>0,£>0,k(0)=0, k() >0, (10)
ou
l/ll,g:() = 0, E o = 0, (11)
_ ulx,t) ae ou ~
VPR /a Q(%ms) u(Est) - e, E) 3—%@,::)) d =0, 12)

(x,2) € 02 x [0, T1].

Due to the complexity of potential boundary condition (12), to establish an apriori esti-
mates for problem (10)—(12), we will use the spectral decomposition method.

Let {e,,(x)} be a complete orthonormal system of eigenvectors of problem (8)—(9).

The solution of (10)—(12) can be written in the form

w@,t) = Y un(en®),  em = emmy.mu (13)
|m|=1
f@) =" fulen(), (14)
|m|=1
where

um(t):/ u(x, t)e,,(x) dx, fm(t):/f(x,t)em(x) dx.
Q Q
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Substituting (13) and (14) into equation (10), for u,,(f), we get the following one-

dimensional Cauchy problem:

2

k(010 (8) = £ ), (15)

1,,(0) = 0, %um(O) =0. (16)

Lemma 3.1 All solutions u,, € W(0, T) of the Cauchy problem (15)—(16) satisfy the in-

equality
2 ¢
(n)dn <d, /
0

where d; is some positive constant independent of f .

1

k(t)

t k(n)
k%(n)

ful)
k(n)

Bum
ot

Uy,

2
dn, (17)

(&) + A () + /

Proof Since u,,(0) =0 and d"’” (0) = 0, we obtain

dum dum
S = / ndn and (0= [ S an (18)

Integrating both sides of (15) from 0 to ¢ and using equality (18), we get

L d’u,
o dn?

dt
o)
/’( ¢

Assuming that ff € Ly(0,T), integral equation (19) is a Volterra integral equation.

t d " t d -
() + A / Knum(n)dn = 2 o, / kGt = ) 22
0 dn (19)

Therefore, since k' > 0, the inequalities

/’( )J/ZEZ; an = sup K 5)/ k(n) ()/

hold, and we can see that

< C,,k(t) /0 t

where C,, depends on A,,.

/(n)

)|,

k() (20)

Now we obtain the necessary apriori estimates for problem (15)—(16) and rewrite this

problem in the form

1 d’u, fal®
m dt2 (t) + )‘mum(t) = W;

uu(0) =u,,(0) =0.

(21)
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Let us calculate the inner product of (21) and d”m
t 1 d /t du,,
um(n)——
I i
1 li(du_m) S [
2 Jo k) dn\dn e
1 1 (du, 1 [(du,
2k(t)( )()'iwom< )()
1 [/d 1 )(dum) A
-= —— dn+ 2 u? (t)
2/0 (dn k(m) )\ dn LA

_ ! fn(n) duty(n) J
o k(n) dn

in L,(0,T)

By inequality (20), we obtain

. 1 [du, 2
}%@(7) ®)=0.

From the equality — - k(lﬂ) ]]:2(”)) and

() di t 2 (!
f (n) um(n) <§/ +_[ fon " (22)
2 0 dT) € Jo k(’?)
where ¢ is a positive real number, it is easy to verify that
t 9 2 - 2
/ ou dn <t- sup St (23)
o197 o<y<t| 07
By (22)-(23), it is easy to check that
1 L |duf* 1. 2(t)+1/tk’ du |*
Z oAU - L|ZEm
20<r7<tk(77) dn| 27" 2 Jo k*| dn
<8/t dum(’l)z 2/t fm(n)z
“2J)o | dn e Jo | k(n)
w2 [ fu)
S E t su u _/ M
2 o<n<t| 0N e Jo | k(n)
Therefore,
1 |1 —ek(n)t 1 K (n) | dttm 2 [t
L gup Y|P LZ KD Doy / i (n)dns—f S
20<r]<t 377 k(n) 2 k2(n) | on e Jo | k(n)

Since k(t) is bounded in [0, T], for small ¢, we have 1 — k() - ¢t > §. Therefore, from the
above inequality, we get

11 (dun 1 ["K(n)
5@(&)“ 28, “n®) * 251/k2(n)

2
17

() dn <—

“ed Jo

’

Page 5 of 11
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which is equivalent to

1 8um 8um L B A 0)
Do . " . 24
0 (&) + ity (£) + / 20 ) (n)dn < s /0 20 dn (24)
This completes the proof. O

Remark 3.1 Note that to prove the main inequality (24), we have used inequality (23).

Lemma 3.2 Let k € C**[0,T], 1>a >0, k(£) >0, ¢t >0, t >0, k(0) = 0, K'(t) > 0, f,% €
Ly(0,T). Then all solutions u,, € W22(0, T) of the mixed Cauchy problem (16)—(19) satisfy
the inequality

t 2
! (JT d”m) (©) + Gt (®)) + /O (md”—’”u)) dn

k() dt
LT\ fal®)
<ol [ (Fin™) o )
Proof Multiplying both sides of (17) in Lemma 3.1 by ,,, we get
1 Lu\\ LK (n) du \\>
@(m(ﬁ)) 20+ [ ) (m(d—n)) e

! «/EJ%(H))Z
Edsfo( Ky ) 4

(25)

(26)

2
Hence, we obtain 2,2 (¢) < d3 fot (%) dn.

From (16) and the above inequalities for

1 8214,,, _ fm(t)
@ 922 (t)—_)\mum(t)"'m,
we have
1 9%, |* £2(0) AV () N ()
R [ n(t) + kZ(t)] [”’3/0( k(n) > d’”k%t)}‘ @7

By (26) and (27), it is easy to see

1 du,, \* 2 ¢ du,, \*
(\/Ew) + (Amtm(2)) +/0 (m?) dn

k(1)
L\ 20
Edz[/o( k() )d" /@(t)]
which finishes the proof. O

4 General case

Now we will consider the mixed Cauchy problem.
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Let Q C R" be a finite domain with smooth boundary 9Q c C2, D = Q x [0, T] a cylin-
drical domain. Find a solution of the following equation in D

9%u

Froie k() Axu + b(t)% +a(t)u = f(x,t) (28)

that satisfies the initial conditions

ou
Ulio=0 and —

=0 (29)
¢ t=0

and the potential lateral boundary condition

u(x, t)

de
Nlu] =~ 5 +/BQ(8—%(x,E)M(E,t) 8(%5) (%‘ t))dé‘ 0. (30)

As in the case of Sect. 2, the solution of (28)—(30) has the form

u@, )= ) tn(en(), (31)
|m|=1

)= fult)em@), (32)
|m|=1

where {e,,(x)} is the complete orthonormal system of functions of the following spectral
problem

_Axem (x) = )‘mem (x):

N[em“xeas’z =0,
fn(t) = /Qf(x, te,(x) dx, U, (t) = /Q u(x, t)e,,(x) dx

Substituting (31)—(32) into (28), we obtain the following Cauchy problem
2,
dr?

un(0)=0,  u,(0)=0. (34)

it
208 + k(&) At (£) + b(t)%(t) + aO)(t) = fult), (33)

Due to initial conditions (34), it is easy to verify

e _ [
D= [ Sl man o= [ G yan

Using these relations as in (20), we prove the following lemma.

Lemma 4.1 Let the following conditions be satisfied: k € C1**[0,T], 1 > a > 0, k(t) >
t>0, k(0) =0, K'(t) =0, 4 € C**[0, T] ;€ C*[0,T] and f”’ € L,[0,T]. Then solutlon
U € W20, T) to problem (33)—(34) satlsfy the following mequalzty

’ () <ds- |k(t>|‘/ k() ‘
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Let conditions b(¢) > 0, a(¢) > 0, -2 5 k < 0 and all the conditions of Lemma 4.1 be sat-
isfied. Then, the regular solution u € W2(0 T) of the Cauchy problem (33)—(34) satisfies

the following inequality

1 dum ait) 2 dum
(t)( )“’” 0+ )+ /k(n)< )

, ) ) (35)
G ar) -aa—n%}“i‘"”"f ol
Multiplying both sides of equation (33) by A, we have
ﬂ(dzum)z(t> 20+ 10 22 )
k@) \ de? "kt )
o [ Gty * oy~ (i) e =

t . - 2 - 2
caf [(0Y 4y (S0)]
0 k() k()
By the Parseval equality, we rewrite (36) in terms of the space x, t.
Let g € Ly(D), then

= > gnen(),

|m|=1

le. 0] 0= D lgn®|* <00, telo,T],

[m|=1

where {e,,(x)} is the complete orthonormal system of eigenfunctions of the Newton (vol-
ume) potential corresponding to the eigenvalue A,,.

Let o > 0, by (-A,)%, we will denote the operator acting on g(x, t) by the formula

= Z gm(t))"ﬁ,em(x)! (37)
|m|=1
|C20%]2 0@ = Y lgn®rs[* <00, <0, T]. (38)
|m|=1

Since (37)—(38), inequality (35) can be rewritten as

|7 (5)
k(t) \ ot
(e
kz(’]) ot Ly(Q

Since (31) and (32), from (36), it follows

2

() + [ (-A0)3u}, o) (0)
Ly ()

f 2

Ly(Q)

(mdn<d;
)

().

Page 8 of 11
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Theorem 4.1 Let k € C1**[0,T],1>a >0, k() > 0, k(0) = 0, k'(¢) > 0. U||]£||L2(Q)(t) <00

1
and || % Iz, () < 00 for all t € [0, T, the solution u € Wfk(D) to the mixed Cauchy
problem (10)—(12) satisfies the inequality

2

lull® w2, () = H;az_u (@) + 1| Axul|* ) (8)
ok Jk@) ot? ) 2

Lo(2
t ;31,1 2 )
e[ eadtee ] dne P (39)
0 M Ly
I Canir|’
aflll o2l ) e
k Ly () k Ly ()

From (39), it follows that u € W3 (D) C W3(D).
Let us prove the existence of the solution of the mixed Cauchy problem (10)—(12). To

do this, we will consider the regularized mixed Cauchy problem:

1 82145 f(x; t)
Ls = TN —RxUe = 40
ke 02 T T k) v e (40)
ou,
Uelig = E =0, Nlu:] =0, (41)
t=0

where ¢ > 0 is an arbitrary positive number.
Since (31) and (32), using the spectral decomposition of u, (x, £) and f(x, t) by e, (x), from
(40)—(41), we obtain

1 0%uem Jm(8)
+ Amlhem =
k(t) +& 0t2 k(t) + ¢
0,
Uomle-o =0, e o

Due to the properties of the solutions of the Cauchy problem, if f,,, € L»(0, T), then its
solution is u,, € W}[0, T]. Similarly to inequalities (24) and (25), we verify the following

inequalities

1 e \ > 4 e \
- Em t A'm 2 t o~ Em
k(t)+£< 8t>()+ ”m(“/o k(t+e(3n>d’7

2
dn, (42)

1 2
1 732u8m 2 t K % auem g
((k(t)+a) a2 (t)> + (Rt (0)) +/o k(t)+ekm< o ) dn

Efa ) N/ O
de[/o (Tn)) d’”( k) + e ) d"]' (43)

Page 9 of 11
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Using the spectral decomposition of the functions u, (x, ) and f(x, t) in the terms of e, (x)
from (42) when ¢ — 0, we get u, —> u € W, (D) and

2 1 2
() + | (a0 u] o) ®

I
Wox D) || k(D) ot
t
o
0
t
Sdu/ A
0

Ly()

k' 9 2

u

- d 2 t
\/ P Lz(sz)(”) ’?+||M||[2(Q)()

2

(m dn.

k Ly(Q)

From (43), it also follows

Theorem 4.2 Letk € C**[0,T],1>a >0,k(t)>0,t>0,k(0) = 0, K'(t) > 0.1f||£ |y (2) <

1
00 and || (_A,f)if l2y@(8), £ € [0, T, then there exists a unique solution u € W3, (D) of the
mixed Cauchy problem (10)—(12) that satisfies the inequality

2

(®) + | Agull}, () (2)

1 9%u
”u”zwxzw):H—\/—z
2,k k(t) at Ly(RQ)

1
¢ 14 2 9y
Z(CA)) —
+A ¢:} )5
t 2
5‘/ !
0

t
(mdn+f
Kl Ly 0

Corollary 4.1 Note that the weighted Sobolev space W22 «(D) is a subspace of the classical

2
(n)dn + ||u||%2(9)(t)
Ly(9)

(—A)2f
k

2

(n)dn.
Ly ()

space W3 (D). As in the case of strictly hyperbolic equations, we have first established that
u € WH(D) and u € W3(D) under the condition ||£ Il 2,2 (£) < 00 and || gra:"f |y () < 00
forallt e [0, T], respectively.

Using the inequalities (35)—(36), the unique solvability of the mixed Cauchy problem
(10)—(12) for the general equation %27; —k(t)Ayu + b(t g—;‘ +a(t)u = f(x,t) is established in
exactly the same way.
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