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1 Introduction
Let © C R” be an open bounded domain with a smooth boundary. Here, we focus on the
following Dirichlet problem:

) —div(a(z)|VulP@-2Vu) + b(z)|u(z) P? = div(|Vul|T®2Vu) + g(z,u(z)) in L,
¢ u=0 ona<2,
where g: 2 x R — R is the nonlinearity (namely reaction term), a,b : 2 — [0, +oo[ are
weight functions, both belonging to L>°(2) and with a(z) > g, > 0 for all z € Q. The vari-
able exponents p, g € C(R) are related by the strict inequality g(z) < p(z) for all z € &, and
separately they satisfy the conditions:

1<q :=infq(z) < q(z) < q" :=supq(z) < +o0,
zEQ zeQ

1<p :=infp(z) < p(z) < p* :=supp(z) < +o0.

zeQ 72eQ

We assume the following regularities on the nonlinearity g:
(9) g: 9 x R — R is a Carathéodory function such that g(z,&) = 0 for all z €  and all
£§=0;
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(¢1) there exist a;,a, € [0, +oo[ and a € C(R) with p(z) < a(z) < p*(2) for all z € Q satis-
fying

lg(z.6)| <a +arE1*P7 forall (z,£) € @ x R,

with p*(z) = n"fif(zi) if p(z) < n and p*(z) = +o0 if p(z) > n;

(@) ifGlz,t) = f;g(z,é) dg, then we have

Gz, t
lim # =+00 uniformly for a.a. z € Q;
t—>+o0 P

(g3) limyo+ % = 0 uniformly for a.a. z € ;

(g4) there exists rg > 0 such that G(z, ) = g(z,£)t — p*G(z,t) > 0 for all z € Q and ¢ > ry;
(g5) there exist ¢y >0 and B € C(R2) with 1 < B(z) such that p~/(z) < p*(z) forall z € Q
such that

B(2)
<c¢oG(z,t) forallze Qandt> ry,

G(z,t)
-

where ry is given in (ga).

The above set of hypotheses is derived from the consolidated literature on the use of
energy functional methods to solve partial differential equations (for (gs), see Zhou and
Wang [28]). Mainly we impose polynomial growth conditions on both the nonlinearity g
and its integral G. On the other side, we require (p(z) — 1)-sublinearity of g at zero, and
p*-superlinearity of G at infinity.

A large and interesting class of nonlinear partial differential equations presents as lead-
ing operator the (p(z),g(z))-Laplacian operator (namely often (p(z),q(z))-elliptic equa-
tions). So, here we also consider the sum of a p(z)-Laplacian and of a ¢(z)-Laplacian, but the
first one is weighted using the function a € L>°(£2). This study applies in the general frame-
work of Lebesgue and Sobolev spaces, with the structure of variable exponents (namely,
179(2) and W*?(Q), respectively; see [9, 20]). The practical applications of these spaces
originate from the analysis of different physical phenomena. In particular, they model the
behavior of non-Newtonian fluids that change viscosity (recall the variable exponent p(z))
in the presence of an electromagnetic field; see Riadulescu and co-workers [22, 25] and
Ruzicka [21] (electrorheological fluids). See also the recent works of Gasinski and Papa-
georgiou [14] (resonant reaction), Barile and Figueiredo [4] (constant exponents case), Pa-
pageorgiou and Vetro [18], and Vetro and Vetro [24] (variable exponents case), and Vetro
[23] (variable exponents depending on the unknown solution).

If Wol’p (z)(Q) is the closure of C§°(2) in Wr@(Q), for a weak solution of the problem,
(Pg) we mean a function u € W(} ? (Z)(Q) such that

/a(z)|Vu|p(Z)_2Vqudz+/ |Vu|q(2)_2VuVde+/b(z)|u|p(z)_2uvdz
Q Q Q
:/g(z,u)vdz for eachv e Wol’p(z)(Q).
Q

We recall here some facts on the development of this kind of (double phase) (p(z), ¢(z))-
problems, focusing on the Italian school. So, we fix attention to the results of Marcellini



Alharthi et al. Boundary Value Problems (2022) 2022:38 Page 3 of 15

[15-17], Mingione and co-workers [1, 5-7], but we do not forget the pioneering papers of
Zhikov [26, 27], where the interested reader can find a deep investigation over variational
integrals related to the total energy associated with special forms of integrand functions.
Also, we mention the very recent work of Alves and Molica Bisci [3] about compact em-
beddings results in variable exponent Sobolev spaces with applications. We refer to the
above literature and references therein for precise information and details, but here we
mention the fact that a crucial aspect of this research focuses on nonstandard growth
conditions of (p, q)-type, according to the pioneering work of Marcellini. These are func-
tionals where the energy density satisfies a condition of the form

IEIP <gx,€)<|E1+1, 1<p=<gq EckR

Interesting models with (p, g)-growth for geometrically constrained problems were the
focus of a recent paper by De Filippis [8]. Our approach here uses geometrical condi-
tions to depict a mountain pass geometry and obtain critical points of the energy func-
tional associated with (P,). We know that the Ambrosetti—Rabinowitz condition ensures
the boundedness of a convergent sequence (namely the Palais—Smale sequence) of such
a kind of functional. This is a crucial aspect in dealing with the critical point theory. The
Ambrosetti—Rabinowitz condition says that there exist > p and M > 0 such that

0<nG(z,t) <g(z,t)t foraa.ze Q,all|t| > M,

0< es%infG(~, +M).

Integrating the first inequality and using the second one, we obtain the following weaker

condition

a|t]" < G(z,t) fora.a.ze Q,all [t] > M,some c¢; >0,

= qlt|"<glz, )t fora.a.zeQall|t>M.

We remark that we do not impose the Ambrosetti—Rabinowitz condition, but we employ
alternative conditions involving the integral function G and the function G (see (ga), (g5)),
which incorporates in our setting also nonlinearities with slower growth.

2 Mathematical background

We collect some classical notions and notation from the variational calculus. By (X, X*),
we mean the couple of a Banach space X and its topological dual X*. Since we work in a
variable exponent framework space, we recall the basic definition of a variable exponent

Lebesgue space:
179(Q) = {u : 2 — R:uis measurable and p, () := / |u(z)|p(z) dz < +oo},
Q

endowed with the norm

u(z) p(2)

4l o :=inf{k>0:‘/ dzfl}.
Q
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Then we provide the notion of variable exponent Sobolev space as follows:
WPO(Q) = {u € LFO(Q) : |Vu| € LFD(Q)}.

In W2)(Q), we use the norm
il = Nl sy = Nl ey + 19201 oo

In LF@(R), the norm of u € W,” @ (Q) and the norm of |Vu| satisfy the inequality:
2]l i ) < m|| |Vu| ”LW)(Q) forallu € Wol’p(z)(Q),some m>0

(see Theorem 8.2.18, p. 263, Diening et al. [9]). It means that the norms ||u|y1,5¢) () and
1Vat|ll o) ) are equivalent norms on WO1 b (Z)(S'Z). This remark gives us the key to use the

last one to replace ||| y1,p0) (- S0, we put
. Lp(2)
”I/l” = |||Vu|||Lp(z)(Q) n WOPZ (Q)

A crucial aspect of the methods of the variational calculus leads to the embedding re-
sults. Adopting the Fan and Zhang arguments in [10], we know that the above norms make
both the variable Lebesgue and Sobolev spaces separable, reflexive and uniformly convex
Banach spaces. Also, in Fan and Zhao [11], we find the following version of the classical

Sobolev embedding:

Proposition 1 ([11], Theorem 2.3) Let p € C(Q) with p(z) > 1 for all z € Q. If a € C(Q)
and 1 < a(z) < p*(2) for all z € Q, then there exists a continuous and compact embedding
WP@(Q) < L*D(Q).

Moreover, [11, Theorem 1.11] gives us the continuity of the embedding L/?(Q) —
L19(Q), provided that p,q € C(R) with 1 < g(z) < p(z) for all z € Q. Finally, the follow-

ing linking theorem is given in [11] (see Theorem 1.3).

Theorem 1 Let u € IP?D(), then we have:
@) Nullpe@<l(=1>1) & pp) <1(=1,>1);
() f Ny > 1, them 1l 0y < 200 < il
(i) if 1l sy < 1o then [ull? iy ) < 0p(#0) < 11l -
The last ingredient we mention here is the following lemma by Fu [12] (see Lemma 2.14).

Lemma 1 Let Q C R” be a bounded Lipschitz domain. If p(z) € L>°(2) and u € Wol’P(Q),
then

/Iulp(z)dsz/ IVulP? dz
Q Q

for some Q-dependent constant C.
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We work to construct the energy functional associated to (Pg) in some steps. Indeed,
starting from the integral function G: Q2 x R — R given as

t
G(z,t):/g(z,g)dé forallt eR,allz € &,
0

we obtain the functional B : W,” @ (Q) — R defined by
B(u) = f G(zu(z))dz, forallue W,"?(Q).
Q

The assumption (g;) implies that B € C1(W,” ®(Q),R). Also, Proposition 1 leads to the
following compact derivative of B:

(B/(u),v) = / g(z,u(z))v(z) dz, forallu,ve W/Ol’p(z)(Q).
Q

Next, using the weight functions a, b € L>°(2), we introduce the functionals A;, A5, A3 :
W,7?(Q) — R defined by

Al(u):/szl%|vu(z)|p(2)dz and Az(u):/ﬂﬁWu(z)\qmdz

and

b
Ay = / @z, forallue Wi (@),
o p(2)

We stress that A1, A5, A3 € C! (W/& » (Z)(Q), R), and the following derivatives hold:
(A/l(u), v) = f a(2)|VulP?2VuVvdsz, (A/Z(u), v) = / |Vu|79-2Vuvvdz
Q Q

and

(AL (), v) = / b(2)|ulP@2uvdz, for all u,v e WP (Q).
Q

Remark 1 A} : Wol'p(z)(fz) — Wol’p(z)(Q)* is a mapping of type (S.), that is, if u, 5 uin
WP (Q) and limsup, ., (A’ (), tty — 1) <0, then u, — u in Wy"?(Q) (see Gasiniski
and Papageorgiou [13], p. 279). The same holds for A}. Consequently, A} + A} is a mapping
of type (S,) too.

We combine the above functionals to obtain the functional 1 : WOI » (z)(Q) — R defined
by

I(u) =A1(u) + Ax(u) + A3(u) — B(u) forallu e Wol'p(z)(Q).

Trivially, we have that 1(0) = 0.

Page 5 of 15
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3 Main results
In this section, we apply the mountain pass approach to the functional / under the Cerami
condition at level ¢ (for short (C,)-condition).

Here, we recall the general definition of (C,)-condition in a Banach space X.

Definition 1 Let X be a real Banach space and / € C}(X,R). We say that I satisfies the
(C.)-condition if any sequence {u,} C X such that I(x,,) - c € Rand (1 + |Ju,|)I'(u,) — O
in X* as n — +00 has a convergent subsequence.

We will consider the following version of the mountain pass theorem as can be found in
Afrouzi et al. [2] (see Lemma 3.3).

Theorem 2 Let X be a real Banach space, I € C1(X,R) satisfies the (C.)-condition for any
ceR,I1(0)=0and

(i) there exist p >0 and § >0 such that I|p, > 8, where B, is a ball of radius p;

(ii) there exists v.e X \ B, such that I(v) <O0.
Then,

= inf I >
o= inf max 1(y(0) = 6

is a critical value of I where
I ={y eC’(0,1],X) : ¥(0) = 0,¥(1) = v}.
The first step to cover is “creating” the convergent subsequence in Wol r (Z)(Q).

Lemma 2 Let {u,} C Wol’p(z)(Q) be a bounded sequence such that (1 + |\u,||)I'(u,) — 0 in

Wol r (Z)(Q)* as n — +0o. If the assumption (g1) is satisfied, then the sequence {u,} has a
b : Lp(z)

subsequence convergent in W™ ().

Proof Let {u,} C W/Ol‘p(z)(Q) be a bounded sequence such that (1 + ||u,|)I'(#,) — O in
Wol'p(z)(Q)* as n — +00. Note that Wol’p(z)(Q) is a reflexive Banach space and so, passing
to a subsequence if necessary, there exists u € W&’p (Z)(Q) such that 4, — u in Wol » (Z)(Q).
Then Proposition 1 (embedding result) leads to u, — u in L*?(2). An Holder inequality
can be applied, so that we have

’/Q[g(z, un(2)) - g(2u(2)) | (un(2) - u(2)) dz
< /Q(|g(z, un(2))| + |g (2 u(2)) |) |un(2) — u(z)| dz

< / (2a1 + azz|u,,(z)|0‘(z)_1 + a2|u(z)|a(z)_1)|u,,(z) - u(2)| dz
Q
< 2”2111 + an|un| @71 + ay|u*@1 ”La’(z)(ﬂ)”u" = Ul o) (q)-

Passing to the limit as # — +oo, we deduce that

lim /Q[g(z, un(2)) — g2, u(2)) | (un(2) — u(2)) dz = 0.

n—+00
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Since (1 + ||u, )1 (,,) — O in Wol’p(z)(Q)*, we obtain
nLirPoo(I/(un) —I'(u),u, — u) =0.
Recalling the definition of the functional I in Sect. 2, we have
(A ) — AL (W), 1 — 1) + (A (1) — Ay (0), 14y — 1a) + (Al (1) — A (), 1y — 1)
= /Q(g(z, un(2)) — (2, u(2))) (y — ) dz + (I'(wn) — 1'(w), 4, — u1)
—0 asn— +00.
Since
(AY () — A (), 1w — 1) + (A (1) — Ay (), 4 — 1) > O

for all 7 € N, we deduce that

lim sup(A’ (s,), u,, — u) = lim sup(A] (1) — A’ (w), tt, — ) < O.

n—+00 n—+00

As A} is a mapping of type (S.) (see Remark 1), we conclude that the sequence {u,}
converges to u in Wol 2E@(Q). O

We point out some facts about our set of assumptions. In particular, (g;) ensures that
for each s > 0, there exists a constant C; > 0 such that

’G(z, t)

, Q(z,t)| <C; forall(zt) e x][0,s], 1)
and (gp) says that

G(z,t) = G(z,t) =0 forall (z,) € Q x ]-00,0]. 2)
Again assumption (g2) ensures that there exists sy > 0 such that

G(z,t) >0 fora.a.ze Qandt € [sg, +ool. (3)
Remark?2 Let{u,} C Wol’p(z)(Q) be a sequence such that (1 + ||, ||)I’ (&) — Oin Wol’p(z)(Q)*

as n — +00. If (gy) holds, then the sequence {u;} converges to zero in Wol’p(z)(Q). Indeed,
from

ao / Vit "9 de < |(' (), 63|
Q

< (1 + ||u,,||)H1’(un)|| —0 asn— +00,

we deduce that ||V, ||y ) — 0, and hence ||, || — 0 in Wol’p(z)(Q).
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Remark 3 Let {u,} C W/Ol’p (Z)(Q) be a (C,)-sequence, then the sequence {u} satisfies the
following:

I(uy) > c and (I'(u),u;) >0 asn— +oo.

Indeed, from Vu = V(u* —u~) = Vu* —Vu and Vu* =Vya.e.in {u > 0}, Vu~ = -Vu a.e.

in {u < 0}, we get

_[[42) 0, 1 @, 0@ <z>] _
I(u,,)—/ﬂl:p(z)Wu,,lp + q(z)Wu,,lq +p(z)|u"|p dz /;ZG(z,u,,(z)) dz
az) o, e 1 _jan  b(2) _p<z>]
- iy —|v et d
/{M} [p(z) Gl gVl gl 4z
a@),_ ,p 1 e b2, p(z):|
iy —|v haid d
+/{u>0} [p(z) Gl IVl gy a2
—/ G(z,u}(2)) dz
Q

=1(uy) +1 ()

= I(u}) = I(u,) - 1(u;) > ¢ asn— +oo (by Remark 2).
We also have

(1/(—u;),u_> = / [ﬂ(Z)|Vu; |p(z) + |Vu;|q(z) + b(z)|u; |P(Z)] dz
{u<0}

and
(1 (5),5) = /{ - [a@)| Vi[9 + Vit | " + b@)|u [ - g(z,u7) ] dz.
From
(1 o)y ) = (1 o), 203+ {1 o), =) = (1 (), 205) = (1 (—285), 285),
we deduce that
(I'(u)su) = I' (), wn) +I' (~143,), ,) > O as n — +00.

The second step of our finding gives us a boundedness result for (C,)-sequences in
Wy?@().

Lemma 3 If the assumptions (go)—(g2), (ga), (g5) hold, then any (C.)-sequence {u,} C
Wol’p(z)(Q) is bounded in Wol’p(z)(Q).

Proof By Remark 3, the hypothesis that {u,} is a (C;)-sequence gives us that I(x;;) — c and
(I'(u}),u}) — 0 as n — +00. Consequently, we can find a constant M > 0 such that

Page 8 of 15
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1

- ) ) 43 )0 - [ e ]
1

p+

1 p(z 1 1 +19(2)
il d —_— d
/Q[pZ) p+]{w| Z+/Q[q(Z) p*]wu’“| ‘
' [L } i}b@\uz [ dz v pi /Q[g(z, )~ p* Gz 1;(2)) | dz

p(z) p*

> — / z, dz forall m € N. (4)
Inequality (4) and the information in (1) and (2) give us

/ Gz u;(2)dz < p*™M - G(zu;(2)) dz
{un=>s}

{up<s}

<p'M+C|Q| foralls>0, (5)

where |Q2| means the Lebesgue measure of .

Now, if the sequence {u,} is unbounded, by Remark 2, we assume that ||z, || — +o0 as
n — +00 (going to a subsequence if necessary). So, we also suppose that ||z || > 1 for all
n € N. From

]( ;) 1 + + + +
”uil”p— = |7~ [Al(un) +A2(un) +A3(un) _B(Mn)]

Vu |p() Gz, u(2)
— — 1 d
./ U 7 llu 117~ /sz llu; 117~ ‘

/ |G||M+||p dz (by Theorem 1and |u;| > 1),

and since

I(u

( ”)_ — 0 asun— 400,

[z 117

we get
Gz, u (z
lim sup 16z 1, n ))| > —. (6)
H—>+00 ||un||p P+

Using (1) and (2), we obtain that for each s >0

Gz, ()] Gz, u;(2))]
———"dz= ————dz
{u;<s) ”u;r, ||P {0<u;<s} ||14; ||}7

ged]

< — — 0 asn— +00.
[l 117

We also put

+
n

llze |

forallm e N.

Vy =

Page 9 of 15
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Clearly, ||v,|| = 1 for all n € N. Thus, considering a subsequence if necessary, we suppose
that there exists v € VVO1 b (Z)(SZ) such that
Vy— v in Wol'p(z)(ﬂ),
vy — v in L*O(Q),1 <s(z) < p*(2) (compactly),
Vu(2) = v(z) a.e.in Q.
Denote 2 := {z € Q : v(z) > 0}. We claim that |€2¢]| = 0 (|29 means the Lebesgue mea-

sure of £29). We argue by contradiction again. So, suppose that |Q¢| > 0. We note that
u)(z) - +oo for a.a. z € Qy. Now, let s¢ as in (3), and we consider

T0) o LT () + As(i) + As(i;) ~ B3]

e l1P™ g l1P*

SC—/ G(z,un(z))++ Cs, dz+/ CSO+dZ
Q llze 117 o llugllP

This implies

1(uy)

m
n—+00 ||un ||P

G(z,u;, Cs . G
§limsup|:C—/ %dz] +11msup/ 0
Q Q

n—>+00 ||u;||1’+ n—>+00 ||u;||p+

0=

G(z,ut Cs
=C—liminff Gew,@+Cy
n—+00 Jo ||1,¢;||17

/ G(z,u}(2)) + C;
Qo

< C -liminf o dz
lla5; 1P

n—+00

Gz, u'(2)) + C .
gc—/ liming CE @ Co ) ot g o,
Q |l (2)|P

n—>+00
0

a contradiction and hence |2y| = 0. Then we have v(z) = 0 for a.a. z € Q.
Now, we get

G(z,u;
/ |G(z ””(_Z))|dz
{u >s} ”uZ”p

:f IG(Z’MZ(Z))||Vn|p_dZ§2‘ 1G(z, u;, (2))]
{525}

|2} [P~ 74’ [1val”” ”Lﬁ’m({u;zs})
n n

L@ ({uf; >s))

» V(') » V('Y
§Cmax{<f [v.|P “”‘”dz) ,(/ [V, [P ﬂ(z)dz> }
{u =5} {25}

— 0 asn— +oo forall s > ry,

where

1

77} (by (5)

zZmax{(/w }cog(z,u;(z))dz>ﬁ_,</{+ ]cog(z,u;(z))dz>ﬁ*}

C = 2max{(cop™M + cocs|sz|)ﬁi‘, (p*M+C,IQ])
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1

1
>2max{</ Mdz>ﬁ </ M(jz)ﬂ*}
- (PSR UM N PATE)

- 2’ |Gz, u}, ()]

| 1P

L@ ({uh2s))
It follows that

|Gz, un(2))]| |G(z, u,(2))] |Gz, u,(2))|
E—— dZ + ET— dZ
”un ”p {un<s} ”un ”p {un>s} ”un”p

— 0 asn— +00o,

which leads to contradiction with (6), and in this case, the sequence {u} is bounded. O
From Lemma 2 and Lemma 3, it follows the lemma.

Lemma 4 If the assumptions (g0)—(g2), (ga), (g5) hold, then the functional I satisfies the
(C.) condition.

The third and last step of our finding gives us the mountain pass geometry and hence

the existence of a non-trivial critical point of the energy functional /.

Lemma 5 If the assumptions (), (g1), and (g3) hold, then we conclude that:
(i) there exist p >0 and § > 0 such that I(u) > § for each u € Wol’p(z)(Q) with

||M||W1p(2>(g) =05
(ii) there exists v € W/Ol’p(z)(Q) such that 1(v) <0 and ||v| w16 q) > p-

Proof (i) By the limit in (g3), we deduce that for any ¢ > 0, there exists £ > 0 such that
G(z,t) < et’@, whenever z € Q and 0 < ¢ < ty. The growth condition in (g;) gives us a
constant Cy = C(t) > 0 such that G(z, £) < Cot*?, whenever z € Q and ¢ > ;. When com-

bining these two inequalities, we find the following limitation from above:
G(z,t) < et?@ + Cot*?®  forallz e Qand ¢ > 0.

Consequently, we obtain the following limitation from below of the total energy func-

tional:

I(u) = Ay (u) + A (u) + As(u) — B(u)

z/ 20|70 /G(z,t)dz
>—/ |VulP? dz - a/ |ulP@ dz - CO/ |u|*@

Taking ¢ < the general Poincaré inequality in Lemma 1 gives us

3C 3Cyt?

a
8/ |u|P(Z)dz§gC/ [VulP? dz < _0/ |VulP@ dz,
@ Q 3p* Ja
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which refines the above limitation for the total energy functional as follows:

(u) > K / IVulP@ dz + K / [ulP@ dz — Cy / |u|*@ dz, (7)
Q Q Q

where K = m1n{3p+, 3Cp* 1.
We enter in the setting of Proposition 1, so we denote by C, > 0 the constant of
the continuous and compact embedding Wol P (Z)(Q) > L*@(Q) there. Moreover, let u €
©(Q) satisfy 2]l y10 () < min{1, C '}, and 50 2]l jaca) g < 1.

Clearly, for any z = (z,...,2,) € , as p,a € C(R2), we can get

Q {}’ ()’1: ;_yn ER | ,'—Z,'|<r,i=1,2,...,n}

such that |p(y) — p(z)| < & and |a(y) — a(z)| < &, whenever y € Q,(z) N Q. Putting & :=
47 Y(a(2) — p(2)), we have

pi= sup p(<a; = inf a(y) forallze Q. )
y€Q (2N 7€Qr(2)NQ

Since {Q,(2)},cg is an open covering of Q, the Lebesgue number lemma (see, for exam-
ple, Proposition 1.5.34, p. 51, Papageorgiou and Winkert [19]) provides us with a number
A > 0 such that every subset of Q, having diameter less than 1, is contained in some mem-
ber of the cover. If we define u =0 on R” \ 2, then u € Wg’p(Z)(u) for any open hypercube
U such that Q@ C U. Using the number of Lebesgue, we find a finite pairwise family of
open hypercubes {Q,r}]/,=1 having a diameter smaller than A such that Q; C U/ is contained
in some member of the cover {Q,(2)},g, Qi N Q+#@Pforj=1,...,Jand Q C U,]'=1 6,'~ Put

o = inf a(z) and pf= su z) forj=1,...,].
= (2) 2 Zerng() j J

From (8), we get that p; <a; forj=1,...,]. Also, we have u € WLP(Z)(Q,-) (j=1,...,J). By
Theorem 1 and Proposition 1, we deduce

fQ m'”' dz<||u||La<z>Qm) (Cajllullyrregae)” » ©)
J

where C,; > 0 is the constant of the continuous and compact embedding W@ (Q; N

Q) — L“(Z)(Qj N Q). As IVl rqne) <1 and lllzrgne) <1, by Theorem 1, we have

|Vul?? dz > ||Vu||’ and ulPQdz > ull) ., . (10)
/Q}ﬂQ QN Qne Q)

As |2\ U] QN Q)| =0, from (7), we deduce

I(u) > K(/ |Vu|p(z) dz + / |u|p(z) dz> - Co/ |u|a(z) dz
Ull':l(Q/‘“Q) U,]»zl(Q/ﬂQ) ULNQ/”Q)

J
- Z(K/ |VulP®@ dz+1</ |ulP®@ dz—Co/ |u|*@ dz).
- QN QNS QiNQ

j=1 !
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Again from (9)—(10), we have

K/ |Vu|P<Z>dz+1</ |u|P@ CO/ |u|%® dz
QnQ QnNQ QNG

’

o

= Ki(Ilell yrotagne)” = Gllullwiregne)”
for some Kj, C; >0, with j=1,...,]. As o >p17', there exists p; > 0 such that
Ki = Ci(llull o 2 ) >8>0

lf”u”\x/lp (ng) = pj.
Letue Wolp (R2) be such that ||| 1)) = p = min{p; : 1 <j <J}. From

p=llull Wwlp@)(Q)

]
u)_ Xgne
j=1

wlr@)(Q)

]
< lluxgnellwisag
j=1

]
= Z Izl WlrE)(QnQ)
j=1

we obtain that there exists at least one ||u|| W (Qne) satisfying

=< lullyrpe A(Qne) = =p.

\Ib

Then we have

J
I(u) EZK leellwirergne)” = Cillullwrpeigng)” )
Jj=

(
=(;

+

p -t
) (K; = C(o) 1)

v

~I|D

+

p
> 51 =§>0 if ||u||W1,p(z)(Q) =p> 0.

(s

(ii) Using (g1) and (g2), we deduce that for all M > 0, there exists Cy; > 0 such that

G(z,t) > M|t|”+ —Cy foraa.zeQ,allteR.

Let ¢ € C§°(€2) \ {0} be such that ¢(z) > 0 for all z € 2. From (11), for all £ > 1, we get

1e¢) = / /Q . / o) Z)I;“I”

—/ G(z,tg)dz
Q
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5tp+|:/ @W“p(@d“/ L|V§|q(z>dz+/ @MIP(Z)dz—M‘/ o dz}
o P(2) 2 4(2) o p(@) Q

+ Cp|2].
If we choose M > 0 such that

/ @|V§|p(z)dz+f L|v§|q(Z)dz+ @Kw(z)dZ—M/ P dz <0,
o p(2) o 4(2) o p(2) )

we obtain that lim,,_, , I(t¢) = —o0. It follows that there exists v = £5¢ € W/Ol’p (Z)(Q) such
that I(v) < 0 and [|v[| 1t () > P- a

Summarizing, Lemma 5 and Theorem 2 say that the functional / admits a non-zero
critical point, which is exactly a nontrivial solution to (P,), under suitable assumptions.

Precisely, we establish the following main result.

Theorem 3 If the assumptions (gy)—(gs) hold, then problem (Py) admits at least a nontriv-
ial solution u € Wol'p(z)(Q).
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