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Abstract
In this paper, linear vibrations of axially moving systems which are modelled by a
fractional derivative are considered. The approximate analytical solution is obtained
by applying the method of multiple scales. Including stability analysis, the effects of
variation in different parameters belonging to the application problems on the
system are calculated numerically and depicted by graphs. It is determined that the
external excitation force acting on the system has an effect on the stiffness of the
system. Moreover, the general algorithm developed can be applied to many
problems for linear vibrations of continuum.
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1 Introduction
Fractional derivatives are useful for describing the occurrence of vibrations in engineer-
ing practice. The studies involving fractional calculus and its applications to mechanical
problems appear widely in different studies []. The advances in fractional calculus focus
onmodern examples in differential and integral equations, physics, signal processing, fluid
mechanics, viscoelasticity, mathematical biology and electrochemistry [].
The general solution procedure including all the problems instead of separately solving

each problem is quite advantageous. Many different linear or nonlinear models address-
ing vibrations of continuum appear in the literature. Some of these works are as follows:
Pakdemirli [] developed a general operator technique to analyse the vibrations of a con-
tinuous system with an arbitrary number of coupled differential equations. Özhan and
Pakdemirli [–] suggested the general solution procedure to investigate a more gen-
eral class of continuous systems such as gyroscopic and viscoelastic systems. Ghayesh
et al. [] considered a general solution procedure for the vibrations of systems with
cubic nonlinearities subjected to nonlinear and time-dependent boundary conditions.
Hence, a general solution is adapted to solve the dynamic problems constituting contin-
uum.
In recent years, there has been a growing interest in the area of fractional variational

calculus and its applications [, ]. Fractional calculus, which is used successfully in var-
ious fields such as mathematics, science and engineering, is one of the generalisations of
classical calculus. The merits of using a fractional differential operator lie in the fact that
few parameters are needed to accurately describe the constitutive law of damping ma-
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terials []. Bagley and Calico [] modelled the mechanical properties of damping ma-
terials by fractional order time derivatives. The mechanical scientific community recog-
nised the significance of fractional calculus for modelling viscoelastic material behaviour
thanks to Bagley et al. []. Also, they studied longitudinal vibrations of rods and flexu-
ral vibrations of beams based on viscoelastic fractional derivative models []. For solving
dynamic problems with a fractional derivative, the analysis of free damped vibrations of
various mechanical systems, whose behaviour is described by linear viscoelastic models
with fractional derivatives, were studied by Rossikhin and Shitikova []. Mainardi []
considered the problems in continuum mechanics related to mathematical modelling of
viscoelastic bodies. Cooke et al. [] investigated the response of a viscoelastic beamwith a
fractional derivative. Skaar et al. [] used a fractional standard linear solid model. French
and Rogers [] presented a small group of structural dynamics problems for which frac-
tional calculus was adopted.
The general solution allows one to investigate the effects on a dynamic analysis of contin-

uum whose damping term is modelled by a fractional derivative. An engineering problem
which is a special application of the general model developed in this study was formerly
considered in []. In our previous study [], the analysis of primary and parametric res-
onance for the external excitation term having ε-order was performed. As the forced term
is obtained in one-order, sum or difference type of resonance also appears in the present
model. The method of multiple scales is used in the analysis. Thus, the amplitude and
phase modulation equations are produced in terms of operators. In addition, the varia-
tions of the curves with respect to the dimensionless parameters are presented. Finally,
the effects of fractional damping on the linear vibrations of continuum are investigated in
detail.

2 Equation of motion
Let us consider a non-homogeneous and dimensionless model as follows:

ẅ + L[w] + ε
{
L[w] cos�t + L

[
Dαw

]}
= F(x) cos�t, ()

B(w) =  at x = , B(w) =  at x = , ()

where w(x, t) represents the displacement, x and t are the spatial and time variables. ε is a
small dimensionless parameter, F is the external excitation force, � and � are the inter-
nal and the external excitation frequencies, respectively. Dα defines the fractional deriva-
tive of order α. The dot denotes differentiation with respect to time t; L, L and L are
self-adjoint operators involving only the spatial variable x,B andB are linear operators of
boundary conditions. Here, the associated boundary conditions are linear, homogeneous
and free from the time.

3 Method of multiple scales
The method is directly applied to the partial differential equation (). Thus, we can
write

w(x, t; ε) = w(x,T,T) + εw(x,T,T) + · · · , ()
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where t = T is the usual fast-time scales, εt = T is the slow-time scales. Time derivatives
are expressed in terms of fast and slow time scales as follows []:

d/dt =D + εD + · · · , d/dt =D
 + εDD + · · · , ()

where Dn = ∂/∂Tn and Tn = εnt. The perturbative expansion of the Riemann-Liouville
fractional derivative is given by

(
d
dt

)α

=Dα
+ + εαDα–

+ D +


εα

[
(α – )Dα–

+ D
 + Dα–

+ D
]
+ · · · . ()

In order to calculate the fractional derivative of the exponential function, we may use
Riemann-Liouville derivatives []

Dα
+u(t) =


�( – α)

d
dt

∫ t

–∞
u(τ )dτ

(t – τ )α
. ()

If we take u(t) = eiωt , then

Dα
+e

iωt = (iω)αeiωt ()

is obtained such that Dα
+,Dα–

+ ,Dα–
+ , . . . are the Riemann-Liouville fractional derivatives.

Substituting Eqs. ()-() into Eqs. () and (), one obtains

O() :D
w + L[w] = F(x) cos�T, ()

B(w) =  at x = , B(w) =  at x = , ()

O(ε) :D
w + L[w] = –DDw – L[w] cos�T – L[Dw], ()

B(w) =  at x = , B(w) =  at x = . ()

The solution at ε-order is

w(x,T,T) =
[
An(T)eiωnT + cc

]
Xn(x) +

(
ei�T + cc

)
Y (x), ()

where cc denotes complex conjugates. On the other hand, the functions Xn and Y satisfy
the following equations:

L[Xn] –ω
nXn = ; n = , , . . . , ()

B(Xn) =  at x =  and B(Xn) =  at x = , ()

L[Y ] –�
Y =



F , ()

B(Y ) =  at x = , B(Y ) =  at x = . ()

At ε-order, the solution is

w(x,T,T) = φn(x,T)eiωnT + cc +W (x,T,T), ()
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where W (x,T,T) is related to the non-secular terms and other parts of the solution are
associated with the secular terms. For the approximate solution at ε-order, one substitutes
Eq. () into Eq. (). Thus, the resulting equation is obtained as

D
w + L[w] =

[
–iωnDAneiωnT + iωnDĀne–iωnT

]
Xn(x)

–


L[Xn]

[
An

(
ei(ωn+�)T + ei(ωn–�)T

)
+ cc

]
–


L[Y ]

[
ei(�+�)T + ei(�–�)T + cc

]
– L[Xn]

[
(iωn)αAneiωnT + (–iωn)αĀne–iωnT

]
– L[Y ]

[
(i�)αei�T + (–i�)αe–i�T

]
. ()

Then, five cases occur as follows.

4 Case studies
In this section, we assume that one dominant mode of vibrations exists. Depending on the
numerical values of natural frequency, five different cases occur.

4.1 �1 away from 2ωn and 0,�2 away fromωn

This case corresponds to absence of any resonances. Then Eq. () turns into

D
w + L[w] =

[
–iωnDAnXn – (iωn)αAnL[Xn]

]
eiωnT + cc +NST , ()

where NST denotes non-secular terms. If Eq. () is substituted into Eq. (), then φn

satisfies

L[φn] –ω
nφn = –iωnDAnXn – (iωn)αAnL[Xn], ()

B(φn) =  at x = , B(φn) =  at x = . ()

Thus, the solvability condition [] requires

iωnDAn + (iωn)αdAn = , ()

where

d =
∫ 


Xn(x)L[Xn]dx. ()

Finally, the amplitude is obtained as

An(T) = A exp

(


ωα–
n d

[
i cos

(
π


α

)
– sin

(
π


α

)]
T

)
, ()
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and in the same sense, the displacement is calculated as

w(x, t) ∼= A

{
exp

(
–
d


ωα–
n sin

(
π


α

)
εt

)

×
[
exp

[
i
(
d


εωα–
n cos

(
π


α

)
+ωn

)
t
]
+ cc

]}
Xn(x)

+
(
ei�t + e–i�t

)
Y (x), ()

where A is constant.

4.2 �1 close to 2ωn and�2 away fromωn

Principal parametric resonance occurs in this case. Thus, the internal excitation frequency
is considered as

� = ωn + εσn, ()

where σn is a detuning parameter. Then Eq. () becomes

iωnDAn +


dĀneiσnT + (iωn)αdAn = , ()

where

d =
∫ 


Xn(x)L[Xn]dx. ()

For the stability analysis, one introduces the transformation

An(T) = Bn(T)eiσnT/, ()

where

Bn(T) =
(
bRn + ibIn

)
eλT . ()

Substituting () and () into Eq. (), and separating real and imaginary parts, the rep-
resentation of the system of equations with the coefficient matrix is given as

[
λ + d

 ωα–
n sin(π

 α) – d
ωn

+ ( d ωα–
n cos(π

 α) – σn
 )

– d
ωn

– ( d ωα–
n cos(π

 α) – σn
 ) λ + d

 ωα–
n sin(π

 α)

][
bRn
bIn

]
=

[



]
. ()

For a non-trivial solution (bRn �= , bIn �= ), the determinant of the coefficientmatrixmust
be

[
λ +

d


ωα–
n sin

(
π


α

)]

–
[(

d
ωn

)

–
(
d


ωα–
n cos

(
π


α

)
–

σn



)]
= . ()

For the steady state condition, λ must be zero. Therefore, the stability boundaries are

σn = dωα–
n cos

(
π


α

)
±

√
d


ω
n
– d

ω
α–
n sin

(
π


α

)
. ()
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Inserting σn into Eq. (), the internal excitation frequency is obtained as

� ∼= ωn + ε

[
dωα–

n cos

(
π


α

)
±

√(
d
ωn

)

–
(
dωα–

n sin

(
π


α

))]
. ()

4.3 �1 close to 0 and �2 away from ωn

The nearness of � to zero is expressed as

� = εσn. ()

Arranging Eq. (), one obtains

iωnDAn +
[
cos(σnT)d + (iωn)αd

]
An = . ()

Solving Eq. (),

An(T) = A exp

[
–
d


ωα–
n sin

(
π


α

)
T

+
i


(
d

ωnσn
sin(σnT) + dωα–

n cos

(
π


α

)
T

)]
()

and

w(x, t) ∼= A

{
exp

(
–
d


ωα–
n sin

(
π


α

)
εt

)

×
[
exp

(
i


[
d

ωnσn
sin(σnεt) + εdtωα–

n cos

(
π


α

)
+ωnt

])
+ cc

]}
Xn(x)

+
(
ei�T + e–i�T

)
Y (x) ()

is calculated.

4.4 �1 away from 2ωn and �2 close toωn

In this case, we consider the primary resonance� ∼= ωn when the frequency of the loading
is approximately equal to the natural frequency. Thus, Eq. () turns into

iωnDAn + (iωn)αdAn + (iωn)αdeiσnT = , ()

where

d =
∫ 


XnL[Y ]dx. ()

Substituting the polar form

An(T) =


an(T)eiβn(T) ()

http://www.boundaryvalueproblems.com/content/2013/1/104
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into Eq. () and separating the equation into real and imaginary parts, we obtain

Re : a′
n = –

d


ωα–
n an sin

(
π


α

)
– dωα–

n

[
cos

(
π


α

)
sinγn + sin

(
π


α

)
cosγn

]
, ()

Im : σn – γ ′
n =

d


ωα–
n cos

(
π


α

)

+
d
an

ωα–
n

(
cos

(
π


α

)
cosγn – sin

(
π


α

)
sinγn

)
, ()

where γn = σnT – βn. For steady-state solutions, we consider

a′
n = γ ′

n = . ()

By the same mathematical manipulation, the stability boundaries are found as

σn =
d


ωα–
n cos

(
π


α

)
±

√
d
ω

α–
n
an

–
d



ωα–
n sin

(
π


α

)
. ()

4.5 Sum and difference type of resonance
Let us consider sum or difference of internal and external excitation frequency as � �= ,
� �= ωn and � �= ωn. Then � + � and � – �, � – � are close to ωn. If Eq. () is
arranged, we get

iωnDAn +


deiσnT + (iωn)αdAn = , ()

where

d =
∫ 


XnL[Y ]dx. ()

Substituting Eq. () into Eq. () and separating into real and imaginary parts, we get

Re : a′
n +

d


ωα–
n an sin

(
π


α

)
= –

d
ωn

sinγn, ()

Im : σn – γ ′
n –

d


ωα–
n cos

(
π


α

)
=

d
ωnan

cosγn. ()

For steady-state solutions, the equations must be rearranged according to the condition
(). Then the stability boundaries are obtained as

σn =
d


ωα–
n cos

(
π


α

)
± 



√
d


ω
nan

– d
ω

α–
n sin

(
π


α

)
. ()

5 Applications
5.1 The longitudinal vibrations of a tensioned rod
We will investigate longitudinal vibrations of an axial loaded rod with linear fractional
damping for application. This problem is quite important in engineering applications.
Also, the rods are used as a structural element in many civil and mechanical engineer-
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ing problems. The governing equation motion of a tensioned rod with fractional damping
is introduced as

m
∂ŵ
∂ t̂

– P
∂ŵ
∂ x̂

+ η̂
∂αŵ
∂ t̂α

= , ()

where ŵ(x̂, t̂) is the longitudinal displacement of the rod, ε is a small dimensionless pa-
rameter,m denotes the mass and η̂ defines the damping coefficient. It is assumed that the
tension P is characterised as a small periodic perturbation εP cos �̂t̂ on the steady-state
tension P

P = P + εP cos �̂t̂, ()

where �̂ is the frequency of the rod []. Introducing the dimensionless quantities as

w =
ŵ
L
, x =

x̂
L
, t =

t̂
L

√
P

m
, ()

the new dimensionless parameters are

N =
P

P
, η̄ =

η̂

Lα–

√
Pα–

mα

(η̄ = εη), � = �̂L
√

m
P

, ()

where L is the length of the rod. Thus, the dimensionless equation is presented as

∂w
∂t

– ( + εN cos�t)
∂w
∂x

+ εη
∂αw
∂tα

= . ()

For the simply supported beam, the boundary conditions are

w(, t) = w(, t) = . ()

Considering Eq. (), the operators corresponding to the general model are

L[w] = –w′′, ()

L[w] = –Nw′′, ()

L[w] = ηDαw ()

and the other terms are

F(x) = , ()

� = �. ()

Thus, the spatial function Xn(x) satisfies

X ′′
n +ω

nXn = , ()

Xn() = Xn() = . ()

http://www.boundaryvalueproblems.com/content/2013/1/104
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Finally, the solution of eigenvalue-eigenfunction problem () is

Xn(x) = cn sinωnx; ωn = nπ ,n = , , . . . . ()

In this problem, three different cases arise at ε-order as follows.

.. � away from ωn and , � away from ωn

By the general solution (), we may write

d = η

∫ 


X
n(x)dx. ()

Thus, the displacement is obtained as

w(x, t) ∼= A exp

(
–

η


ωα–
n εt sin

(
π


α

))

×
[
exp

(
i
η


εtωα–

n cos

(
π


α

)
+ iωnt

)
+ cc

]
sinωnx. ()

In Figure , it is observed that the damping and the natural frequency changed for dif-
ferent modes. The damping decreases and the natural frequency increases as the number
of modes enlarges.

Figure 1 Displacement-time graph for different mode values (ε = 0.1, η = 8, α = 0.5).

http://www.boundaryvalueproblems.com/content/2013/1/104
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.. � close to  and � away from ωn

This case corresponds to � = εσn. Using Eq. (), we get

d = –N
∫ 


Xn(x)X ′′

n (x)dx. ()

Thus, the amplitude and displacement are calculated respectively as follows:

An(T) = A exp

{
–

η


ωα–
n T sin

(
π


α

)
+ i

[
–

N
ωnσn

sin(σnT)
∫ 


Xn(x)X ′′

n (x)dx

+
η


ωα–
n T cos

(
π


α

)]}
()

and

w(x, t) ∼= A

{
exp

(
–

η


ωα–
n εt sin

(
π


α

))[
exp

(
–i

N
ωnσn

sin(σnεt)
∫ 


XnX ′′

n dx

+ i
η


εtωα–

n cos

(
π


α

)
+ iωnt

)
+ cc

]}
sinωnx. ()

Furthermore, the supplementary termof the natural frequency froma fractional derivative
is

ωna = –
N

ωnσn
sin(σnεt)

∫ 


XnX ′′

n dx +
η


εtωα–

n cos

(
π


α

)
. ()

The variation of a supplementary term from a fractional derivative according to α-order is
shown in Figure . The effects of the order of a fractional derivative on the displacement-
time curves are seen readily in Figure . The damping accelerates acutely in the classic
damping approach, namely α = .

.. � close to ωn and � away from ωn

In this part, we get the principal parametric resonance such that � = ωn + εσn. Then the
stability boundaries are

σn = ηωα–
n cos

(
π


α

)
±

√
N

ω
n

(∫ 


XnX ′′

n dx
)

–
(

ηωα–
n sin

(
π


α

))

. ()

Figure  shows the effects of α-order on the critical value N and the variation of an
unstable region with some different values of α. It is observed that the critical value N
becomes zero for α = . The unstable region diminishes as α increases.

5.2 The dynamic analysis of an axially loaded viscoelastic beam resting on
foundation

The fractional viscoelastic beam with axial load is resting on linear elastic foundation.
This type of foundation is known asWinkler foundation. In the linearWinkler foundation
model, k̂ denotes the soil coefficient. The beam is modelled by fractional Kelvin-Voight

http://www.boundaryvalueproblems.com/content/2013/1/104
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Figure 2 Supplementary term versus α for various mode values at t = 1 (ε = 0.1, η = 8, N = 1).

viscoelastic material. The governing equation is given by

EI
∂ŵ
∂ x̂

+ η̂
∂α

∂ t̂α

(
∂ŵ
∂ x̂

)
+ P

∂ŵ
∂ x̂

+ k̂ŵ +m
∂ŵ
∂ t̂

= f̂ (x̂) cos �̂t̂, ()

where E represents the modulus of elasticity, I is the moment of inertia and P denotes
axial force. Now, let us introduce the dimensionless quantities

w =
ŵ
L
, x =

x̂
L
, t =

t̂
L

√
P

m
()

and the new dimensionless parameters are

vf =
EI
PL

, η̄ =
η̂

Lα+

√
Pα–

mα

(η̄ = εη),

k =
k̂L

P
, f =

f̂ L
P

, � = �̂L
√

m
P

,

()

where vf is the flexural stiffness coefficient. Then the dimensionless equation and the
boundary conditions are obtained as

vf
∂w
∂x

+ εη
∂α

∂tα

(
∂w
∂x

)
+

∂w
∂x

+ kw +
∂w
∂t

= f (x) cos�t, ()

w(, t) = w(, t) = , w′′(, t) = w′′(, t) = . ()

http://www.boundaryvalueproblems.com/content/2013/1/104
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Figure 3 Displacement-time curves for the different values of α (ε = 0.1, n = 1, η = 8.0, a = 0.2,
σ = 0.1).

Thus, the operators corresponding to a general model are

L[w] = vf w
′′′′ +w′′ + kw, ()

L[w] = , ()

L[w] = ηDαw′′′′ ()

and the other terms are

F(x) = f (x), ()

� = �. ()

Then Eqs. () and () reduce to

vf X
′′′′
n +X ′′

n +
(
k –ω

n
)
Xn = , ()

Xn() = Xn() = , X ′′
n () = X ′′

n () =  ()

and

vf Y
′′′′ + Y ′′ +

(
k –�)Y =



f (x), ()

Y () = Y () = , Y ′′() = Y ′′() = . ()

http://www.boundaryvalueproblems.com/content/2013/1/104
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Figure 4 Stability boundaries for various fractional order for secondmode (η = 1.0).

Finally, the solutions of Eqs. () and () are

Xn(x) = cn
[
ernx +

rn – rn
rn – rn

ernx – ernx

ernx – ernx
ernx +

rn – rn
rn – rn

ernx – ernx

ernx – ernx
ernx

–
(
 +

rn – rn
rn – rn

ernx – ernx

ernx – ernx
+
rn – rn
rn – rn

ernx – ernx

ernx – ernx

)
ernx

]
()

and

Y (x) = αneβnx + αneβnx + αneβnx + αneβnx + χ (x), ()

where χ (x) represents the particular solution from a non-homogeneous part. For the so-
lution at ε-order, two different cases arise as follows.

.. � away from ωn and , � away from ωn

Using the general solution (), we get

d = η

∫ 


Xn(x)X ′′′′

n (x)dx. ()

The amplitude and displacement are obtained

An(T) = A exp

{
η


ωα–
n T

[
i cos

(
π


α

)
– sin

(
π


α

)]∫ 


Xn(x)X ′′′′

n (x)(x)dx
}

()
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and

w(x, t)

∼= A exp

(
–

η


ωα–
n εt sin

(
π


α

)∫ 


Xn(x)X ′′′′

n (x)(x)dx
)

×
{
exp

[
i
(

η


εωα–

n cos

(
π


α

)∫ 


Xn(x)X ′′′′

n (x)(x)dx +ωn

)
t
]
+ cc

}
Xn(x). ()

Thus, the supplementary term of the natural frequency due to a fractional derivative is

ωna =
η


εωα–

n cos

(
π


α

)∫ 


Xn(x)X ′′′′

n (x)(x)dx. ()

.. � away from  and ωn, � close to ωn

In this case, using Eq. (), the stability boundaries which correspond to the primary res-
onance � = ωn + εσn are given as

σn =


ωα–
n η cos

(
π


α

)∫ 


XnX ′′′′

n (x)dx

± ωα–
n η

√

an

(∫ 


XnY ′′′′(x)dx

)

–


sin

(
π


α

)(∫ 


XnX ′′′′

n (x)dx
)

, ()

where the coefficient is

d = η

∫ 


Xn(x)Y ′′′′(x)dx. ()

6 Conclusion and discussions
In this study, the general model subject to internal and external excitation is developed.
The general model proposed for continuum is linear and one-dimensional. The effect of
the damping term which is obtained from viscoelastic material properties is modelled
with a fractional derivative. The dynamic analysis of the general model is examined by the
method of multiple time scales. The approximate solutions are derived in terms of opera-
tors. The external force term is considered at order one. This consideration leads to sum
and difference type of resonance in addition to primary and parametric resonance cases.
The application of the general solution to two specific engineering problems is presented.
The solvability boundaries are approximately obtained and numerically illustrated. It is
shown that the order of the fractional derivative has an effect on natural frequencies and
stability boundaries. It is shown that the stable region becomes smaller with increasing
fractional order. And also, the coefficient of a fractional damping term has similar effects
to fractional order.
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