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1 Introduction
In 2015, Boudeliou and Khalaf [15] proved the following inequalities.

Theorem 1.1 Let u, f, ¢ € C(Q,R,) and a € C(Q,R,) be nondecreasing with respect to
(x,9) € I x Ip; let 6 € CY(I1, 1), ¥ € C (I, I,) be nondecreasing with 0(x) <xon Iy, 9(y) <y
on Ip. Let ¢1, ¢y € C(Q,R,). Further, let ¥, o, n € C(R,,R,) be nondecreasing functions
with {, w,n}(u) > 0 for u > 0, and lim,_, o V¥ (1) = +00.

(A1) If u satisfies

0w o0)
¥ (u(x,y)) < a(x,y) +f #1(s,t) [f(s, t)o(uls, t))
0 0
+ /S $a(t, ) (u(z, 1)) dr] dtds
0

for (x,y) € Q, then

o) o)

u(x,y) < wl{Gl (p(x,y) + /0 (s, 0)f (s, ) dtds)}

0
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for0<x <xy,0 <y <y, where G is defined by (2.3) and

o) r20)
plx,y) = G(a(x,y)) + /

0 0

¢wﬂ<f@uﬁm>mﬁ
0

and (x1,y1) € Q is chosen so that (p(x,y) + [o ™ [Y 1 (s, 0)f (s, £) dt ds) € Dom(G™).
(A2) If u(x, y) satisfies

0(x) r9©»)
wwa»smmw+/

0 0

¢1(s,t) [f(S, Do (uls, 1)) (uls, £))
+ /Sqﬁz(t,t)w(u(r,t)) dr:| dtds
0

for (x,y) € Q, then

0@x) ,O0)

ulx,y) <y {G‘l (F‘l [F (p(x,9)) + /0 D1(s, ) (s,2) dtds])}

0

forO0<x<xy,0<y <y, where G and p are as in (A1), and

v d
F(V):/VO m, v>vy>0, F(+00) = +00

and (x1,y1) € 2 is chosen so that [F(p(x,y)) + 09(") Oﬁ(y) é1(s5,£)f (s,£) dt ds] € Dom(F ).
(A3) If u(x,y) satisfies

6(x) ?(y)
¥ (u(x,9)) < alx,y) +/0 \ é1(s,2) [f(s, Do (uls, t))n (uls, 1))
+ /S¢z(r,t)w(u(r,t))n(u(r,t)) dr] dtds
0

for (x,y) € Q, then

o) ro0)

ux,y) <y {G1 <F1 [po(x, y) + / D1(s, £)f (s, £) dt ds]) }
0

0

Jor 0 <x <x1,0 <y =<y, where

0x) poW» s
po(x,y) = F(G(a(x,))) +/O /0 o1(s,t) </0 da(7, 1) dl') dtds

and (x1,y1) € Q is chosen so that [po(x,y) + [o ™ [” 1 (s, 0)f (s, £) dt ds] € Dom(F1).

Hilger in his PhD thesis [26] was the first to accomplish the unification and extension
of differential equations, difference equations, g-difference equations, and so on to the
encompassing theory of dynamic equations on time scales.

Throughout this work a knowledge and understanding of time scales and time-scale no-
tation is assumed; for an excellent introduction to the calculus on time scales, see Bohner
and Peterson [11, 13].
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Over several decades Gronwall-Bellman-type inequalities, which have many applica-
tions in stability and oscillation theory, have attracted many researchers, and several re-
finements and extensions have been done to the previous results. For example, Yuzhen Mi
[32] applied his results to study a boundary value problem of differential equations with
impulsive terms. Also, we refer the reader to the works [1, 3, 4, 8, 18-20, 24, 34, 35, 40],
see also 2, 5-7, 9, 10, 16, 17, 22, 27-30, 33, 36, 37].

Before we arrive at the main results in the next section, we need the following theorems
and essential relations on some time scales such as R, Z, hZ and q_Z. Note that:

(i) If T =R, then

b b
o)=t, wH)=0, YO =¥, / W(O)AL = / V(o) dt. (L1)
(ii) If T = Z, then
o)=t+1, wu@®) =1,  YLO=YE+1)-y(®),

b b-1
[ vwar=Y v

(iii) If T = hZ, then

(1.2)

Y (t+h) -y (@)
—

by (1.3)

f V()AL = Zw(th)h

o) =t+h,  wlt)=h Y@=

(iv) If T = 4%, then

o)=qt,  wO=@G-Dt  Y)= %

(o8 D)1 (1.4)
/Wt)At—(q 1) Z ¥ (q

t=(logg a)

Theorem 1.2 [ff is A-integrable on [a, b], then so is |f|, and

/abf(t)At' < /ﬂb[f(t)|At.

Theorem 1.3 (Chain rule on time scales [12]) Assume that g : R — R is continuous, g :
T — R is A-differentiable on T*, and f : R — R is continuously differentiable. Then there
exists ¢ € [t,0(t)|r with

(fo)(t) =f"(g(c)g™ (®). (1.5)

Theorem 1.4 (see [14]) Lettg € T and k : T x T — R be continuous at (t,t), where t > t,
and t € T¢. Assume that k®(t,-) is rd-continuous on [ty, o (t)]. If for any & > 0 there exists a



El-Deeb Boundary Value Problems (2022) 2022:59 Page 4 of 25

neighborhood U of t, independent of T € [ty, 0 ()], such that

’[k(a(t),r) —k(s,r)] —kA(t,r)[a(t) —s]| < sla(t) -s|, Vsel.

Ifk® denotes the derivative of k with respect to the first variable, then

f(t) = /tk(t,r)At

yields
fA) = /tkA(t,t)At +k(o(2),t).

Theorem 1.5 ([21, Leibniz rule on time scales]) In the following, by f*(t,s) we mean the
delta derivative of f(t,s) with respect to t. Similarly, f" (t,s) is understood. If f, f*, and
fY are continuous and u,h : T — T are delta differentiable functions, then the following
formulas hold vVt e T*:
i) [ f(69)As18 = [0 fA (55 As + BAOF (0 (8), h(8)) - > (O)f (0 (8), u(t));
(u Ui f(t 9As]Y f’“‘)fV(t 9As + hY O (p(0), h(®) — u” O (p(0), u(®));
(iif) [f t,s)Vs]® f fA(t $)Vs +h2@)f (o (2), h(2)) — u® @)f (o (2), u(t));
(i) [ f(t IVs]Y =[50 £9(2,5)Vs + b (0)f (p(0), 1(0)) - u¥ (O)f (p(0), u(2)).

In this manuscript, by applying Theorem 1.5, we discuss the retarded time scale case
of the inequalities obtained in [15]. Furthermore, these inequalities that are proved here
extend some known results in [23, 31, 38] and also unify the continuous, the discrete, and

the quantum cases.

2 Main results

Lemma 2.1 Suppose that Ty, Ty are two times scales and a € C(2 = Ty x Ty, R,) is non-
decreasing with respect to (x,y) € Q. Assume that ¢, u, f € C(2,R,), 8 € C(T,,T1), and
¥ € CY(Ty, T,) are nondecreasing functions with 6(x) < x on Ty, 9(y) <y on T,. Further-
more, suppose that , o € C(R,,R,) are nondecreasing functions with {,w}(u) > 0 for
u >0, and lim,_, .o ¥ (u) = +00. If u(x,y) satisfies

o) o)
¥ (u(x,y)) < alx,y) +/ P(s, 1) (s, o (u(s, 1)) VEAs (2.1)
X0 Yo
for (x,y) € Q, then
o) o)
u(x,y) < a {G_IG(a(x,y)) + / / o (s, 0)f (s, t)VtAs] (2.2)
X0 Y0

for0<x<x;,0<y<y,, where

v As +00 As
G(”’:/VO oy EN G““”Z/VO o) T @3)
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and (x1,y1) € Q is chosen so that

0x) ro()
(G(a(x,y)) +/ D105, 1)f (s, t)VtAs) IS Dom(G‘l).
g2 ¥0

0

Proof First we assume that a(x, y) > 0. Fixing an arbitrary (xo, yo) € 2, we define a positive
and nondecreasing function z(x,y) by

o) o)
z(x,y):a(xo,yo)+/ / P(s, 1) (s, o (uls, 1)) VEASs (2.4)

x0 Jo

for 0 <x <xo <x1,0 <y <yo <1, then z(xo,y) = z(x, %) = a(xo, o) and

u(x,y) < ¥ (2(x,)). (2.5)

Taking A-derivative for (2.4) with employing Theorem 1.5(i), we have

o)

Z%%(x,y) = HA(x)/ ¢(0(x), t)f(@(x), t)w(u(@(x),t))Vt

Yo
?()

< 6%(x) P (0(x),)f (0(x), t) (v~ (2(0(x),2))) VE

Yo
?()

<Y (z(0(x),9(%))))0* () ¢ (0(x), £)f (6(x), £) V. (2.6)

Yo

Inequality (2.6) can be written in the form

ZAx(x’y) A ()

Taking A-integral for inequality (2.7) leads to

0x) o)
G(2(%9)) < G(2z(x0,9)) +/ B(s,t)f (s, t)VtAs

X0

Jo
0@ 20)
< G(a(x0,%0)) + / / (s, £)f (5, ) VEAs.
X0 b/

0
Since (%0, o) € 2 is chosen arbitrarily,

o) po()
z(x,y) < G! |:G(a(x,y)) + /

0 Yo

o(s, 0)f (s, t)VtAs] . (2.8)

From (2.8) and (2.5) we obtain the desired result (2.2). We carry out the above procedure
with € > 0 instead of a(x,y) when a(x, y) = 0 and subsequently let ¢ — 0. O

Now, as special cases of our results, we will give the continuous, discrete, and quantum
inequalities. Namely, in the cases of time scales T=R, T =hZ, T=7Z,and T = ¢*.

Remark 2.2 If we take T = R, %9 = 0, and yp = 0 in Lemma 2.1, then, by relation (1.1),
inequality (2.1) becomes the inequality obtained in [15, Lemma 2.1].
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Corollary 2.3 IfwetakeT = hZ in Lemma 2.1 by relation (1.3), then the following inequal-

ity
0 _y 20y
¥ (u@y) <aley)+ 1> D Y dlsh, th)f (sh, th)e (u(sh, th))
s=0 =2
for (x,y) € Q implies
) _y 200 1y
u(x,y) <Y G G(aley) + B YD plsh,th)f (sh,th)
s=0 =2
for0<x<x1,0<y<y, where
%—1 h +00 h
G(v) = —, Vv>1y>0, G(+00) = ——— =400
Zo: (Y (sh)) ’ Z (Y (sh))
=

and (x1,y1) € Q is chosen so that

o) _y 20D 1y
(G(a(x, y)+h Y 1 (sh, th)f (sh, th)) € Dom(G™).

Remark 2.4 In Corollary 2.3, if we take / = 1, then the following inequality

0(x)-19(y)+1

V() <axy)+ Y D dlst)f s o(ulst)

s=x0 t=Y0
for (x,y) € Q implies
-19(y)+1
ux,y) <y G G(alx,) Z > bl 0f(st)
s=x0  t=Y0
for 0 <x <x;,0 <y <y, where
v-1 1 +00 1
GW) = — V>1y>0, G(+00) = _— =
Z (¥ 1(s) ’ Z 0)

and (x1,y1) € Q is chosen so that

0(x)-10(y)+1
( (alx,)) + Z Z (s, t)f ( s,t)) € Dom(G™).

s=x0  t=yo
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Corollary 2.5 Ifwetake T = q% in Lemma 2.1 by relation (1.4), then the following inequal-
ity

(log, 6(x))-1 (log,, ? (y))+1

Y(u@y) <alxy) +@-10" > Y (¢4 ) (¢ q)e(u(d)q))

s=(log, x0)  t=(log, y0)
for (x,y) € Q implies
(logg 0(x))-1 (log, ? ()+1
uwy) <Y IGG(ay) +(@-17 D Y. 4"¢(q.4)f (. q)

s=(loggx0)  t=(log, y0)

for0<x<x1,0<y<y, where

(logq v)-1 o0
(q-1)q° (q-1)q°
G = T 1 - O; G = —_— =
(v) s(%vo) o (U 1(q) V>0 > (+00) S(}()ng:m) o)

and (x1,y1) € Q is chosen so that

(log, 0(x))-1 (log, ¥ (y))+

<G(a(x,y)) +(q-1)* Z Z q””d)l (7'q )f(qs,qt)) € Dom(G™).
s=(logg x0)  t=(log, y0)
Theorem 2.6 Let u, a, f, 0, and ¥ be as in Lemma 2.1. Let ¢, ¢ € C(2,R,). If u(x,y)

satisfies

00 [90)
¥ (u(x,y)) < alx,y) + / / ¢1(s,t)[f(s,t)w(u(s,t))

X0 Yo
+ /S ¢2(t,t)cu(u(t,t))A1::|VtAs (2.9)
for (x,y) € Q, then
o) o)
ulx,y) <y {G‘l (p(x,y) + / / P1(s, 1) (s, t)VtAs>} (2.10)
X0 )0

for0<x<uxy,0 <y <y, where G is defined by (2.3) and
0x) po» s
plx,y) = G(a(x,y)) + / d1(s, £) </ ¢2(T,t)AT>VtAS (2.11)
X0 Y0 X0
and (x1,y1) € 2 is chosen so that
0x) p00)
(p(x,y) + / D15, 1)f (s, t)VtAs) c Dom(G’l).
x0  Jyo

Proof By the same steps of the proof of Lemma 2.1, we can obtain (2.10) with suitable
changes. O
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Remark 2.7 1f we take ¢,(x,7) = 0, then Theorem 2.6 reduces to Lemma 2.1.

Corollary 2.8 Let the functions u, f, ¢1, ¢2, a, 0, and O be as in Theorem 2.6. Further,
suppose that g > p > 0 are constants. If u(x,y) satisfies

0@ [ 90)
ul(x,y) < alx,y) + 1 / / o1(s, 1) [f(s, u? (s, t)
q—Pp Jx Y0

+ /S¢2(T,t)up(f,t)Af:|VtAS (2.12)

for (x,y) € Q, then

() r00) =
u(x,y) < {p(x,y) +/ / d1(s,1)f (s, t)VtAs} , (2.13)
x0 Iy
where
q-p 0(x) (y) s
px,y) = (alx,y)) T +/ / ¢>1(s,t)(/ ¢2(t,t)At)VtAs.
X0 Yo *0

Proof In Theorem 2.6, by letting v (1) = u?, w(u) = u”, we have

v As V' As > £z
G(V)=/ / - (qup—voq ), v=vo>0
V0 v

oY1) Sy 5§ T a-p
and
a-r =
9P — 7p
Glv) > {vo" + 1 pv} .
q
We obtain inequality (2.13). d

Theorem 2.9 Under the hypotheses of Theorem 2.6, further, let ¥, w, n € C(R,,R,) be
nondecreasing functions with {,w,n}(u) > 0 for u > 0, and lim,_, , oo ¥ (1) = +00. If u(x,y)
satisfies

0 o0
U (ule) < atxy) + / / ¢1(s,t)[f(s,t)w(u(s,t))n(u(s,t))

x0 Yo

+ f s¢2(r,t)w(u(r,t))Ar:|VtAs (2.14)

for (x,y) € Q, then

0x) o)
u(x,y) < 1,0’1 { G (Fl |:F(p(x,y)) + / / o1(s, D)f (s, t)VtAs]) } (2.15)
x 7

0 0

for0<x<x1,0 <y <y, where G and p are as in (2.3), (2.11) respectively and

F(v) = /v: m, v>vy>0, F(+00) = +00, (2.16)
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and (x1,y1) € Q is chosen so that
0 o)
|:F(p(x,y)) + / d1(s, 1)f (s, t)VtAs] € Dom(F_l).
X0 Yo

Proof Assume that a(x,y) > 0. Fixing arbitrary (xo, y0) € 2, we define a positive and non-
decreasing function z(x,y) by

0x) o)
2(6,9) = alxo, o) + / / 6165,0) [f(s, B (s, ) (1(5,)) (2.17)
X0 Jo
+ /s ¢a(T, oo (u(z, t))AT]VtAS (2.18)

for 0 <x <xo <x1,0 <y <yo <y, then z(xo,y) = z(x, ¥0) = a(xo, o) and
u(x,y) < ¥ (2(x,9)). (2.19)

Taking A-derivative for (2.17) with employing Theorem 1.5(i) gives

20)
M) =050 [ pu(60) [f(@(x),t)w(u(@(x), O))n(u(06), 1)) (2.20)
Yo
6(x)
+/ qbz(r,t)w(u(t,t))Ar]Vt (2:21)
20)
<6%() / ¢1(0(),) [f (0@), t)w (¥ (2(0 (), 2))) (2.22)
Yo
O(x)
x (Y~ (2(0(x),£))) + ¢2(r,t)w(iﬁ‘l(z(r,t)))Ar]Vt (2.23)
<0%@).0(¥ " (2(6(), 7 (%)) (2.24)
20)
<[ oo [f(e(x), (v (2(6).))) (2.25)
Yo
0(x)
+/ ¢>2(r,t)Ar]Vt. (2.26)
From (2.20) we have
x ()
a)(lZAl((ij(,i/,)y))) <6%() fy O ¢1(0(x),t) [f (0), t)n (v (2(6),2))) (2.27)
6(x)
+/ ¢2(r,t)Ar:|Vt. (2.28)

Taking A-integral for (2.27) gives

0x) o)
Glex,)) < Glelxo) + f f ¢1(s,t>[f(s,t)n(w1(z<s,t)))

X0 )0

+ /S ¢2(t,t)Ari|VtAs
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0(x) rO©»)
< Glalxoy0) + / / ¢1(s,t)[f<s,t)n(wl(z(s,t)))
Y

x0 ()

+ fs ¢2(t,t)Ari|VtAs.

Since (%9, o) € Q is chosen arbitrarily, the last inequality can be rewritten as
o) ro0) L
G(z(x,9)) < plx,y) + / / P1(s,0)f (s, )n (¥ " (2(s,1)) ) VEAs. (2.29)
X0 Yo
Since p(x,y) is a nondecreasing function, an application of Lemma 2.1 to (2.29) gives us
0@x) ,20)
z(x,y) < G (1—"—1 [F(p(x,y)) + / / d1(s, 1)f (s, t)VtAs]). (2.30)
X0 Yo

From (2.19) and (2.30) we obtain the desired inequality (2.15).

Now, we take the case a(x, y) = 0 for some (x,y) € Q. Let a.(x,y) = a(x, y) + € forall (x,7) €
2, where € > 0 is arbitrary, then a.(x,y) > 0 and a.(x,y) € C(2,R,) are nondecreasing with
respect to (x,7) € Q. We carry out the above procedure with a.(x,y) > 0 instead of a(x, y),

and we get

o) ro0)
ulx,y) <yt { G! (Fl |:F( e (x,y)) + / / d1(s, 1)f (s, t)VtAs]) },
x  Jy

0 0

where

6(x) 3 (y) s
pel3) = Glac(x,y)) + / / $1(5.0) ( / ¢z(r,t)m)vms.
b/ X0

x0 0

Letting € — 0%, we obtain (2.15). The proof is complete. g

Now, as special cases of our results, we will give the continuous, discrete, and quantum

inequalities. Namely, in the cases of time scales T=R, T =hZ, T=7Z,and T = q_Z.

Remark 2.10 If we take T = R, x9 = 0, and y, = 0 in Theorem 2.9, then, by relation (1.1),
inequality (2.14) becomes the inequality obtained in [15, Theorem 2.2(A_2)].

Corollary 2.11 If we take T = hZ in Theorem 2.9 by relation (1.3), then the following in-
equality

S
3

o) _y 20) 4

h h
> ¢alsh,th) |:f(sh, th)w (u(sh, th))n (u(sh, th))

¥ (u(x,y)) < alx,y) +h*

S

=~
~
55

%—1
h Z@(r,th)w(u(mh))]

_*0
=7

Page 10 of 25
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for (x,y) € Q implies

() _; 20)
Tl

ux, y) 51/1‘1[6‘1 (F-l |:F(p(x,y)) 1YY pulsh,th)f (sh, th)D}

_%0  ,_%0
=7 =%

for0<x <x1,0 <y <y, where G and p are as in (2.3) and (2.11), respectively, and

i h
F(V)zzvom, VZV()>0, F(+OO)=+OO

and (x1,y1) € Q is chosen so that

T)
|:F(p x,y) +h Z

ue M .

1(sh, th)f (sh, th)j| eDom(F’l).

w‘o

Remark 2.12 In Corollary 2.11, if we take 4 = 1, then the following inequality

O(x)-10(y)+1

w(u(x,y)) <al(xy) + Z Z P1(s, 1) |:f(s, t)a)(u(s, t))n(u(s, t))

s=x0 =)0

s-1
+ Z ¢a(t, o (u(z, t)):|

t=x0

for (x,y) € Q implies

0(x)-10(y)+1
u(x,y) < wl{G ( |: p(x,y) Z Z d1(s, 1)f (s, t)s:|>}

s=x0 t=Yo
for 0 <x <1, 0 <y <y;, where G and p are as in (2.3), and

v—1

1
F(V)ZZm, v=>19>0, F(+OO)=+OO,

s=1g
and (x1,y1) € Q is chosen so that

0(x)-1(y)+1

|: (p(x,9)) + Z Z ¢>1(s,t)f(s,t):| € Dom(F™1).

s=x0 t=Y0

Corollary 2.13 If we take T = q% in Theorem 2.9 by relation (1.4), then the following in-
equality

(log, 0(x))~1 (log, ¥ (y))+1

¥(uxy) <a@yn+@-1> > Y ¢(q.q)

s=(logg x0)  £=(log, y0)

y [f(f,q%(u(qﬂqf))n(u(qﬂqf))
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(loggs)-1
+@-1) Y qt¢z(f,qt)w(u(r,t))}

t:(logq x0)

for (x,y) € Q, then

u(x,y) < ¥ {G1 (Fl |:F(p(x, 7))

(log, 6(x))~1 (log 9 (7))

+@-1* Y. > 1q“*”aﬁl(qﬂqt)f(q‘,q‘)SD}

s=(loggx0)  t=(log, y0)

for0<x<x,0<y<y,, where G and p are as in (2.3), and

(logq v)-1
(g-Dq'
F(v) = —_— Y>>0, F(+00) = +00,
Hg%ﬂW4w4wm ’
- q

and (x1,y1) € Q is chosen so that

(lug,q x))-1( logqﬁ(y)
|:F(p(x,y)) +(g-1)° Z Z q“ ¢ t)f(qs,q‘):| € Dom(F™).
s=(log, x0)  t=(loggy0)

Corollary 2.14 Let the functions u, a, f, ¢1, ¢2, 0, and U be as in Theorem 2.6. Further,
suppose that q, p, and r are constants withp >0, r >0, and q > p + r. If u(x,y) satisfies

0(x) »
mmwsamw+ﬁ) mmﬂpmﬂﬂuﬂwmﬂ
+/xs¢2(t,t)up(r,t)Ar:|VtAs (2.31)
for (x,) € 2, then
u(x,y) < {[P(x, 2]+ % /x :(x) /y :@) d1(5, )1 (s, t)vms}ﬁl’_r, (2.32)
where
Py = (alxy) T + q;p /X:(x) /y:w st (/ (7,1 Ar)VtAs

Proof An application of Theorem 2.9 with ¥ () = u?, w(u) = v, and n(u) = u” yields the
desired inequality (2.32). O

Theorem 2.15 Under the hypotheses of Theorem 2.9. If u(x, y) satisfies

0(x) r9©»)
wwwa»smmw+/

X0 Jo

¢1 (57 t) |:f(S, t)a)(u(s, f))ﬂ (M(S7 t))

+ / S¢2(1:,t)a)(u(t,t))r](u(t,t))Ar]VtAs (2.33)
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for (x,y) € Q, then

0(x) o)
u(x,y) < e {G‘l (F‘l |:p0(x,y) + / / d1(s, 1)f (s, t)VtAs]) } (2.34)

X0 Yo

or 0 <x <x1,0 <y <y, where
y=y

0(x) 3 (y) s
pol®) = F(Glalx ) + / f ¢1(s,t>( f ¢2(r,t>m)vms,
b/ X0

X0 0

and (x1,y1) € Q is chosen so that

0(x) po()
[po(x, y) + / / D105, 0)f (s, t)VtAs:| € Dom(F’l).

0 )0

Proof Assume that a(x,y) > 0. Fixing arbitrary (xo, o) € €2, we define a positive and non-
decreasing function z(x,y) by

o) o)
z(x,y) = a(xo, yo) + / / P1(s, £) |:f(s, t)w(u(s, t))n(u(s, t))

x0 Jo

+/ ¢2(T,t)w(u(T,t))n(u(r,t))Ar]VtAs
%0
for 0 <x <xo <1, 0 <y <o <1, then z(xo, ) = z(x, yo) = a(xo, o), and
u(x,y) < v (2, ). (2.35)

By the same steps as the proof of Theorem 2.9, we obtain

0x) o)
z(x,y)sal{c;(a(xo,yo))+ / / ¢1(s,t)[f(s,t>n(wl(z(s,n))

X0 Jo

+ /S¢2(T, (v (z(t, L‘)))A‘E:|VtAs}.

We define a nonnegative and nondecreasing function v(x,y) by

0x) o)
V(%) = Glalxo0)) + / / ¢1(s,t)[[f(s,t)n(w‘l(Z(s,t)))]

*0 Yo

+ /S oo(T, (v (2(z, t)))A‘L':| VtAs,

then v(xo,y) = v(x, %) = G(a(x0,0)),

2(x,y) < G ' [vx)], (2.36)
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and then

Ax A 0 -1 -1
vA%0,) <0°@) | ¢1(00), 1) | F(0W), O)n(v (G (v(6().9))))

Yo

6(x)
o ¢2(T»t)ﬂ(l//_l(G"l(v(t,y))))Ar:|Vt

X0

v0)
<086y (G (06,0 0))))) f

$1(6x), t)[f(e(x), 0
Yo

6(x)
+/ ¢2(t,t)Ar}Vt

or

VAx(x, y) A 2 (y) 0(x)
e ot 0 [, @i [T ewoaw

Taking A-integral for the above inequality gives

0x) po()
F(v(%,9)) < F(v(x0,)) +/

X0 Yo

¢1(S,t)|:f(5, t) + /s ¢2(T,t)AT]VtAS

or

6x) 90)
v(x,y) <F' {F (G(alx0,%0))) + / d1(s, 1) [f(s, t)
X Y0

0

+ /S¢2(T,t)AT]VtAS}. (2.37)

From (2.35)—(2.37), and since (x¢,y0) € €2 is chosen arbitrarily, we obtain the desired in-
equality (2.34). If a(x, y) = 0, we carry out the above procedure with € > 0 instead of a(x, y)
and subsequently let ¢ — 0. The proof is complete. g

Now, as special cases of our results, we will give the continuous, discrete, and quantum
inequalities. Namely, in the cases of time scales T=R, T = hZ, T=7Z, and T = ¢*.

Remark 2.16 1f we take T = R and %9 = 0 and yy = 0 in Theorem 2.15, then, by relation
(1.1), inequality (2.33) becomes the inequality obtained in [15, Theorem 2.2(A3)].

Corollary 2.17 If we take T = hZ in Theorem 2.15 by relation (1.3), then the following
inequality

S

0 _y 2004y
¥ (u(x,y)) <al(x,y) +h* Z @1 (sh, th) |:f(sh, th)a)(u(sh, th))n (u(sh, th))

51
+h Z ¢a(T, th)w(u(r, th))n(u(r, th))j|

t=xq
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for (x,y) € Q implies

u(x,y) < e [G‘1 (F‘l |:p0(x,y) +h?

for0<x<x;,0<y<y,, where

S
BS

=*|o M
»‘@
:-|‘5

¢>1(sh, th)f (sh, th):|) }

Ox) 19(3/ "

po(x,y):F( a(x, +h2 Z Z ¢1(sh, th) (Z q)z(r,th)),

-% %0

=7

and (x1,y1) € Q is chosen so that

S

x)

NE

|:p0 (x,y) + n?

F‘o M
M”‘Q
*\\5 +

1(sh, th)f (sh, th):| € Dom(F ™).

Remark 2.18 In Corollary 2.17, if we take 4 = 1, then the following inequality

O(x)-10(y)+1

w(u(x,y)) <al(xy) + Z Z P1(s, 1) |:f(s, t)a)(u(s, t))n(u(s, t))

s=x0 t=Y0

s—1
+ Z ¢ (v, ) (u(, 1)) (ulr, t)):|

s=x0

for (x,y) € Q implies

O(x)-10(y)+1
u(x,y) < w_l{G_1< |:p0 X,y Z Z d1(s,t)f (s, t i|>}

s=x0  t=yo

for 0 <x <x;, 0 <y <y, where

0(x)-19(y)+1
Poxy) = F(G(ax»)) + Y Y ¢1(S»t)<z¢2(f t))

s=x0 t=yo t=x0

and (x1,y1) € Q is chosen so that

0(x)—-19()+1
[po(x,y)+ Z Z 15, 0)f (s, t):| € Dom(F™1).

s=xp t=)o
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Corollary 2.19 If we take T = 4% in Theorem 2.15 by relation (1.4), then the following
inequality

(log, 0(x))~1 (log, D (7)+1

¥ (uxy) <a@y) +(@q-17 > 4

s=(loggx0) t=(log, y0)

< or(d ) {f(fycf)w(u(qaqf))n(u(w))
(logg s)

ra-n 3 qwsz<r,qf)w(u(uqt))n(u(r,qﬂ)]
s=(logqx0)

for (x,y) € Q implies

u(x,y) < ¢! {G1 (Fl [po(x,y)

(logg 6(x)~1 (logg ¥ (y)+
+@-1* Y > q‘”%l(qﬂqt)f(q‘,qt)})}

s=(log,x0)  t=(log, y0)

for0<x<x1,0<y<y, where

(log, 6(x))-1 (logg D)+ (log -1
pox,) = F(Glatx))+(g-1> > > qs”qbl (a'.q ( > to(rq )

logqxo) t= (logqyo) ]ogqxo)
and (x1,y1) € Q is chosen so that
(logg 6(x)~1 (logg )+
[po(x,y) e 5 S e )f(qs,q‘)] < Dom(E).

s=(log,x0)  t=(loggy0)

Corollary 2.20 Under the hypotheses of Corollary 2.14. If u(x,y) satisfies

6(x) »)
uq(xry) = ﬂ(x:y) + / ¢1(S) t) |:f(S, t)u”(s, t)ur(sv t)
+ /S ¢2(t,t)u”(r,t)u’(r,t)At:|VtAs (2.38)
for (x,y) € Q, then
g AR P0) T
u(x,y) < {po(x, 9+ 7 ’q’ 4 / 0 /y RCRE t)VtAs] , (2.39)

where

irr gy (06 P0) 5
poxy) = (alxy) o+ + LT f f ¢1(s,t)< f ¢2(r,t)Ar)vms.
q x0  Jyo x0
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Proof An application of Theorem 2.15 with v () = u?, w(u) = v, and n(
desired inequality (2.39).

Theorem 2.21 Under the hypotheses of Theorem 2.9. If u(x, y) satisfies

()
¥ (ulx,y) < alxy $1(s, ) (uls, £)
(u(x,9)) < alxy / fy (5, (s, )
X |:f(s, t)a)(u(s, t)) +/ ¢2(r,t)Ar]VtAs

for (x,y) € Q, then

0(x) ,o0)
u(x,y) < A {Gfl (F{l |:F1 (pl(x,y)) + / / D15, t)f (s, £)VEAs

X0 Yo

for0 <x<x,,0 <y <y,, where

v A +00 A
Gl(v)=/ A5 a5, G1<+oo)=/ s

u) = u'” yields the
O

(2.40)

e

o 1(1(s) W nis)

v A
F1(V)=/v0 a)[l/fTGSIl(s))], v=vg>0, Fi(+00) = +00

0x) p3y) s
pilx,y) = Gl(a(x,y)) +/ / b1(s, t)(/ ¢>2(T,t)A7:)VtAs,

X0 Yo

and (xy,y,) € Q is chosen so that

06 (20)
|:F1(p1(x, y)) + / / P1(s,1)f (s, t)vms} € Dom(F;*).
X0 Yo

Proof Suppose that a(x,y) > 0. Fixing an arbitrary (xo,y) € 2, we define a positive and

nondecreasing function z(x, y) by

2(%,y) = a(xo,yo) + /x :(x) /y OW d1(s, ) (uls, 1)) [f (s, ) (uls, 1))
+ /S qﬁz(r,t)Ar]VtAs
for 0 <x <x0 <3, 0 <y < yo < y», then z(x0,y) = 2(%, o) = a(xo, y0),
u(x,y) < ¥ (2(x,9))

and

¥ (y)
) <0 [ (09, n[y (=0 t))][f(em,t)w(w

Yo

6(x)
+/ ¢2(r,t)A1::|Vt
X0

(2.42)

e(069,1))

Page 17 of 25



El-Deeb Boundary Value Problems (2022) 2022:59 Page 18 of 25
A ) ()
< 02wy ((0,00)] [

%0
0(x)
+/ qbg(r,t)At]Vt,
X

0

61(0(x), t)|:f(9(x),t)a)(w1(z(9(x), )

then

A ()
Tﬂ;%:(ﬁ:)y))] <6%(x) /yo $1(60(x), ) [f(G(x),t)w(l//I(Z(Q(x),t)))

6(x)
+/ q)z(r,t)At]Vt.
X0

Taking A-integral for the above inequality gives

2 ()

6(x)
Gi(z(x,9)) < G1(2(0,9)) + f P1(s,t) [f (s, (¥ (2(s, 1))
X0 M

0

+ / Po (7, t)Ar:|VtAs,
X0

then

0(x) o)
Gy (z(x,y)) <G (a(xo,yo)) +/ f d1(s,t) [f(s, t)a)(l//_l(z(s, t)))

X0 Yo

+ /S P (1, t)Ar:| VtAs.

Since (xo,y0) € Q is chosen arbitrarily, the last inequality can be restated as

o) ro0)
G1(2(x,9)) <pi(x,y) + / / D105, 0)f (s, t)a)(l/f_1 (2(s,0))) VtAs. (2.43)
x Iy

It is easy to observe that p; (x,) is a positive and nondecreasing function for all (x,y) € €,

then an application of Lemma 2.1 to (2.43) yields the inequality

o) ro0)

z(%,y) < G{* (F11 [Fl (P1(xp) + / d1(s, )f (s, t)vmsD. (2.44)

Y0
From (2.44) and (2.42) we get the desired inequality (2.41).
If a(x,y) = 0, we carry out the above procedure with € > 0 instead of a(x, y) and subse-

quently let € — 0. The proof is complete. O

Now, as special cases of our results, we will give the continuous, discrete, and quantum
inequalities. Namely, in the cases of time scales T =R, T = hZ, T = Z, and T = gZ.

Remark 2.22 1f we take T = R and %y = 0 and yy = 0 in Theorem 2.21, then, by relation
(1.1), inequality (2.41) becomes the inequality obtained in [15, Theorem 2.7].
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Corollary 2.23 If we take T = hZ in Theorem 2.15 by relation (1.3), then the following
inequality

0(x)

h

6() 1 20)
¥ (u(x,y) < alx,y) + h? Z > ¢a(sh, thyn (u(sh, th))
70

_*0
h

:‘\‘ﬂ
,..

[f(sh th)e (u(sh, th)) + Z¢ (r,th)}

=20

h

for (x,y) € Q, then

HTx)—l %1’
ulx,y) < ¢-1{6;1<F;1 |:F1(p1(x,y)) 12 pulsh,th)f (sh, th):|)}

_50 %0

for0<x <x,,0 <y <y, where

o1 -
h h
G2 gy VE0 Go= 2 -

y-1
h
Fl(V)zZVOm’ VZV()>0, F1(+OO)=+OO
=
%— #H 5-1
Pi(%y) = Gi(alx,y)) + ° Z Z ¢1(sh, th) (h > ¢z(r,th>>,

and (x,y,) € Q is chosen so that

00) _1 20)
Tl

|:F1 (pl(x,y)) + I Z Z o1(sh, th)f (sh, th):| € Dom(F{l).

xQ t=y70

Corollary 2.24 [n Corollary 2.23, if we take h = 1, then the following inequality

0(x)-1 0 (y)+1
P) <aten) s Y Y ouson(uls)
s=x0 =)o
x |:f 2052 T, ti|

for (x,y) € Q, then

V-1 (y)+1
u(x,y)swl{ca( {Fl p1(%,9) Z D s t)fs,t>D}

s=x0 =)o
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for0<x<x,,0<y<y,, where

v-1

1 +00 1
GO=Y gy 20 =) g e
v-1 1
Fl(V):Zm, v>v15>0, Fi(+00) = +00,
$=Vp 1

)-10(y)+1
p1(x,) = Gi(alx,y)) + Z > ¢1(s,t)(2¢2(r t)

s=x0  t=y0 t=x0
and (x,y,) € Q2 is chosen so that

0(x)-10(y)+1

[Fl(pl(x,y)) 0 dils,of s, t):| € Dom(F;Y).

s=x0  t=)0

Corollary 2.25 If we take T = 4% in Theorem 2.21 by relation (1.4), then the following
inequality

(log, 6(x))-1 (log, )+

¥ (uxy) <a@y+@-1> > Y q(s*%(qs,q‘)n(u(qs,q‘))

s=(log, x0) t=(logg y0)
(log, s)-1
x [f(qﬂqt)w(u(q“,qt))+(q—1) > qt¢z(f,q‘)}
t:(logqxg)

for (x,y) € Q, then

ux,y) < ¢y {Gfl <Ff1 |:F1 (p1(x,9))

(log, 0(x))-1 (log, ¥ (y))+

+q-1" > > q(”%l(qs,qt)f(q‘,qt)})]

s=(log;x0)  t=(log, y0)

for0 <x <x,,0 <y <y, where

Y& g-ve
Gi(v) = ——, V=V>0,
! _(IX: n(¥=1(q*) °
s=(log, vo)
+00
(q-1)q'
Ggngp(+o0)= Y ——— =00,
o= (log o) n(¥'(q")
(logqv)—l
-1
Fi(v) = Z %, V> >0, Fj(+00) = +00,

o[y ~1(G1'(g")]

s=(log, vo)

(log, 6(x))~1 (log, (1)) +

pxy)=Glaxy) +(q-1" > > qs*% (4.4 <Z¢2 ,q' )

s=(log,x0)  t=(log, y0) t=x0
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and (x,y,) € Q is chosen so that

(log, 6())-1 (log, #()+1
|:F1 (p1(x,9) + (g - 1)2 Z Z 0, (7.9 )f(qs,qt):| € Dom(Fl’l).
s=(log, x0)  t=(logg y0)

Theorem 2.26 Under the hypotheses of Theorem 2.9, and let p be a nonnegative constant.
If u(x, y) satisfies

6 [90)
¥ (u(x,y)) < a(x,y) + / / P1(s, ) (s, )

x0 Yo

X |:f(s, t)w(u(s, t)) + /S (T, t)Ar] VtAs (2.45)

for (x,y) € Q, then

0x) ro0)
u(x,y) <yt {Gfl (Fl_l |:F1 (pl(x,y)) + / / D105, 1)f (s, t)VtAs:|> } (2.46)
X0 Yo

for0 <x<x,,0 <y <y,, where

14 A +00 A
G1(V)=/V0 m, v>15>0, Gﬂ+oo)=fv0 m = +00, (2.47)

and Fy, p; are as in Theorem 2.21 and (x,,,) € Q2 is chosen so that

0x) o)
|:F1 (P1(xp)) + / d1(s, )f (s, t)VtAsi| € Dom(F%).

X0 )0

Proof An application of Theorem 2.21 with n(x) = u” yields the desired inequality
(2.46). d

Remark 2.27 Taking T = R. The inequality established in Theorem 2.26 generalizes [38,
Theorem 1] (with p = 1, a(x,y) = b(x) + c¢(y), x0 = 0, ¥o = 0, P1(s,t)f (s, t) = h(s,t), and
$1(5,0)( [, da(z,0)AT) = g(s, 1).

Corollary 2.28 Under the hypotheses of Theorem 2.26, and let q > p > 0 be constants. If
u(x, y) satisfies

p (0@ 90
ul(x,y) < alx,y) + / / d1(s,0)ul (s, )
P—qJx Y0

s

X |:f(s, Do(uls, 1)) + ¢2(r,t)Ar]VtAs (2.48)

X0
for (x,y) € Q, then
1

0(x) ﬂ(y) 5
u(x,y) < {Fll [Fl (pl(x,y)) + / / 105, 8)f (s, t)VtAs] } (2.49)
x 0

0
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for0<x<x,,0<y<y,, where

q-p 0(x) ?(y) s
pr®y) = [aw )] T + / / ¢1(s,t><f ¢2(r,t>Ar)vms

X0 Yo

and F, is defined in Theorem 2.21.

Proof An application of Theorem 2.26 with ¥ (u(x,y)) = ¥ to (2.48) yields inequality
(2.49); to save space, we omit the details. a

Remark 2.29 Taking T =R, x = 0, y9 = 0, a(x,y) = b(x) + c(y), ¢1(s,t)f (s,£) = h(s,t), and
P1(s, t)(fxs0 ¢a(7,t)At) = g(s,t) in Corollary 2.28, we obtain [39, Theorem 1].

Remark 2.30 Taking T =R, xg =0, y9 = 0, a(x,y) = CP%I, O1(s,1)f (s, ) = h(¢), and ¢ (s,
t)(f;0 ¢2(t,t)At) = g(t) and keeping y fixed in Corollary 2.28, we obtain [25, Theorem
2.1].

3 Application
In what follows, we discus the boundedness of the solutions of the initial boundary value
problem for partial delay dynamic equation of the form

X

(Zq)A"Vy(x,y) = A(x,y,z(x —hi(x),y - hZ(y))’/

0

B(s,y,z(s - hl(s),y))As),
(3.1)

z(x, y0) = a1(x), z(x0,y) = as(y), ai(xo) = a,,(0) =0

for (x,y) € Q, where z,b € C(Q,R,), A € C(Q x R,R), Be C(2 x RR), and h; €
CY(Ty,R,), iy € C1(T,, R,) are nondecreasing functions such that /; (x) < x on Ty, i (y) <
yon Ty, and A (x) < 1, b5 (y) < 1.

Theorem 3.1 Assume that the functions ay, a,, A, B in (3.1) satisfy the conditions

|a1(x) + a2 (y)| < alx,y) (3.2)
As,t,2,)| < p ‘_Ipqsl(s, BO[f (s, 1zl + |ul] (3.3)
|B(fr t,Z)| = ¢2(7:’ t)|Z|p> (34‘)

where a(x,y), ¢1(s,t), f(s,t), and ¢(t,t) are as in Theorem 2.6, g > p > 0 are constants. If
z(x,y) satisfies (3.1), then

1

0@ o0) - =
|2(x,9)| < {p(x,y)+M1M2 / / #1(s, ) (s, t)VtAs} , (3.5)
b/

x0 ()

where

ap
q

P(%y) = (ﬂ(x’y))

0 r20) s _
+M1M2f f ¢1(S,t)(M1f ¢2(f,t)AT>VtAS
X0 Y0 *0
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1
= —_— M, = M3X7
wel 1 h(x) 27 e 1- ()

and $1(y,€) = g1(y + hi(5),& + (D)), da(11,8) = a1, & + ha(8)), f(y,8) = f(y + In(s),€ +
h(2)).

Proof If z(x, y) is any solution of (3.1), then

Z1(x,y) = a1(x) + a(y)

x py
+ / A(s, t,z(s—hl(s),t—hz(t)),
X0 Y )0

/ B(l’,t,Z(‘L’ —hl(r),t))Ar)VtAs. (3.6)

*0

Using conditions (3.2)—(3.4) in (3.6), we obtain

— X y
l2(6,9)|" < alx,y) + L qp / (s, 2) |:f(s, B)|z(s — i (s), £ - ha(0)) [

0 Y0

+ /5052(1',t)|Z(1’,t)|pA‘L'1|VtAS. (3.7)

Now, making a change of variables on the right-hand side of (3.7), s— /1 (s) = y, t =y (¢) = &,
x—h1(x) = 0(x) for x € Ty, y — hy(y) = ¥ (y) for y € Ty, we obtain the inequality

B 0() 90) _ _
|2(x,9)|" < alx,y) + qq‘anMz/ ¢1(V,E)[f(%€)\Z(V,§)\p

0 Yo

Y -
+M1/ ¢z(u,$)\Z(M,t)}pAu]VéAy- (3.8)

We can rewrite inequality (3.8) as follows:

_ 0(x) roy) _ _
2o y)|" < atey) + T2 anm, f / ¢1(s,t)[f(s,t)\Z(s,t)|”
q x Bl

0 0

+ M, /S ¢;2(t,t)|z(r,t) |pAt:|VtAs. (3.9)
X0

As an application of Corollary 2.8 to (3.9) with u(x,y) = |z(x,y)|, we obtain the desired
inequality (3.5). The proof is complete. d

4 Conclusion

In this article, we explored new generalizations of the integral retarded inequality given in
[15] by the utilization of the integral rule on time scales. We generalized a number of those
inequalities to a general time scale. Besides that, in order to obtain some new inequalities
as special cases, we also extended our inequalities to discrete, quantum, and continuous
calculus. Also, we studied the qualitative properties of solutions of some types of dynamic
equations on time scales.
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