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1 Introduction
Studying fractional calculus is an old topic that goes back to Leibniz (1695) and Eu-
ler (1730) [1-3]. The analysis of noninteger derivatives and integrals offers an excellent
method to explain the memory and inherited properties of complex systems. Several ex-
isting arbitrary-order derivatives in fractional calculus are typically classified into singular
and nonsingular [4—-8]. A new effective description of the nonsingular kernel was applied
in [8-14].

In general, an analytical solution of the fractional differential equation is difficult. Con-
sequently, the Painlevé and Bagley-Torvik equations do not always have solutions in closed
forms that can be obtained by analytical approaches. Numerical methods to find an ap-

© The Author(s) 2024. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-024-01833-7
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-024-01833-7&domain=pdf
mailto:rezajalilian72@gmail.com
mailto:r.jalilian@razi.ac.ir
http://creativecommons.org/licenses/by/4.0/

Barzehkar et al. Boundary Value Problems (2024) 2024:27 Page 2 of 23

proximate solution and qualitative behaviors of the solution for fractional differential
equation have been investigated in [15-33] and some references therein.

In recent years, the search for numerical methods for approximating the solution to
fractional equations has become a topic of interest in applied sciences and engineering.
Several mathematicians have recently developed numerical methods for approximating
solutions to fractional differential equations involving Caputo-Fabrizio derivatives see [11,
13, 14], and [16].

The B-spline interpolator function is considered one of the most effective methods for
interpolating smooth functions, especially compared to other techniques, such as finite
element, finite volume, and finite difference methods [14, 34—37]. We also know that the
non-polynomial spline function has certain advantages over the polynomial spline func-
tion due to its increased smoothness and parameter dependence, leading to improved
approximation of solutions see [26, 33, 38—40], and the references therein.

If the solution of the differential equation is an exponential function, then the expo-
nential B-spline interpolator function provides a better approximation compared to the
polynomial B-spline function. The advantage of using the hybrid B-spline is that it has
three free parameters, A, m, and «, that can be determined so that the numerical method
produces results with better accuracy. The main reason for writing this article is to create
a B-spline function that is a combination of third-order B-spline and hyperbolic B-spline
function to approximate the solutions of Painlevé and Bagley-Torvik equations in the Con-
formable, Captuo, and Caputo-Fabrizio fractional derivative. It also studies of convergence
and stability of the numerical method.

We consider the Bagley-Torvik equation in the following form:

m )" (x) + 2 (x)Df u(x) + ns(x)u’ (x)
+ 14(%) Dl u(x) + ns()u(x) = £ (%), (1)
M/(O) —w] = M(l) —wy = 0,

where a = 1.5, 8 = 0.5, and fractional Painlevé of the first type as:

M (%) D u(x) — 6u*(x) — x = f (%),

2)
#(0)—w; =u(l)—wy, =0,
and also Painlevé fractional differential equation of the second type as follows:
1 (0)xDG () — 201° (x) — xu(x) — x = f (x), @)

I/l/(O) —w] = L{(l) — Wy = 0,

where, ,Df and ng are one of the derivatives of Conformable or Caputo or Caputo-
Fabrizio also x € [0,1], @ € (1,2], and B € (0, 1]. The functions of ;(x),i = 1,2,3,4,5, and
f(x) € C([0,1]) are continuous, and the function u(x) is also the solution that must be
approximated. The fractional Bagley-Torvik equation with derivatives of order 0.5 or 1.5
determines the movement of real physical structures, a plate immersed in gas in fluid to-
gether with a Newtonian fluid, simultaneously [18] and [41]. In mathematical physics, such
as statistical mechanics, plasma physics, nonlinear waves, quantum gravity, quantum field
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theory, general relativity, nonlinear optics, and fiber optics, the Painlevé fractional differ-
ential equation appears in [19] and [20]. Some of the physical phenomena experienced
by physical laboratories do not always have solutions in closed forms, e.g, the fractional
Bagley-Torvik and Painleveé equations.

The cubic B-spline function for approximating the solution of Painlevé and Bagley-
Torvik equations in the Captuo, Caputo-Fabrizio, and Conformable fractional sense con-
cerning boundary set conditions has been studied in [14], but the convergence of the given
numerical method has not been discussed. Several good papers [28, 29, 33] have used
spline approximation methods to approximate the solution of fractional Bagley-Torvik
equation.

In [21], the reproducing kernel space method for approximating the solution of Bagley-
Trovick fractional differential equation is analyzed. A hybrid of block-pulse functions and
Chebyshev polynomials based on operational matrices for approximating the solution of
fractional differential equations has been studied and analyzed in [42].

The existence of positive and negative solutions of the Bagley-Torvik fractional differ-
ential equation and the derivative properties of these solutions have been studied in [22].
The Taylor matrix method for approximating the solution of Bagley-Trovick equation in
fluid mechanics is developed in [31]. Cubic spline method for approximating the solution
of fractional boundary value problems has been developed in [26]. The Chebyshev col-
location method for approximating the solution of fractional Bagley-Torvik equation is
introduced in [23].

In [24], the homotopy perturbation method was applied for approximating the solution
of Bagley-Torvik equation as a prototype fractional differential equation with two deriva-
tives. The exponential integrators method for numerical solution of the Bagley-Torvik
equation was discussed in [30].

The Adomian decomposition method for solving initial value problem of Bagley-Torvik
equation is also discussed in [32]. Fractional linear multistep method and a predictor-
corrector method of the Adams type, which was based on finite difference methods for
initial value problem of the Bagley-Torvik equation, are discussed in [27]. The Legen-
dre operational matrix method for fractional differential equation is applied in [43], and
the combination of collocation points and first-order Bessel functions, which is called the
Bessel-collocation method for boundary value problem of Bagley-Torvik equation, is dis-
cussed in [25]. Recently, some numerical methods have been employed for approximating
the solutions of the fractional two-point boundary value problems in both linear and non-
linear types, for example, the cubic B-spline interpolation method [34], the cubic B-spline
method, the finite difference technique [35], the B-spline collocation method for solv-
ing conformable initial value problems of nonsingular and singular types [36], and well-
posedness and numerical simulations employing Legendre-shifted spectral approach for
Caputo-Fabrizio fractional stochastic integro differential equations [13]. The solvability of
a nonlocal problem with integral transmitting condition for mixed type equation with the
Caputo fractional derivative [44] and an extended Caputo fractional derivative operator
with its applications [45] are also discussed. An approximate analytic view of physical and
biological models in the setting of the Caputo operator via the Elzaki transform decom-
position method is shown in [46].

In [15] and [16], iterative reproducing kernel and spline functions have been used to

study and develop Bagley-Torvik and Painlevé equations with fractional order.
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Many approaches have been developed for solving the fractional differential equations.
These methods include: solutions of variable-order fractional differential equations by re-
producing the kernel method [47], numerical solutions of fractional differential equations
of the Lane-Emden type by reproducing the kernel Hilbert space [48], the reproducing
kernel method for approximate solutions of fractional order boundary value problems
[49], a collocation shooting method [50], implicit finite difference approximation for time-
fractional diffusion equations [51], fractional model and numerical algorithms for predict-
ing COVID-19 with isolation and quarantine strategies [52], Sinc approximation for the
numerical solution of a nonlinear fractional pantograph equation [53], matrix approach
to discrete fractional calculus [54], and the weighted and shifted Griinwald difference op-
erators [55].

The main objective of this study is to utilize a hybrid of hyperbolic and cubic B-spline
functions to solve equations (1)-(3), which results are more accurate compared with some
other methods. The first aim of the present work is to explore the cubic hyperbolic B-spline
interpolation with multiple parameters and produce the error of approximate hyperbolic
spline. The second aim is to introduce a new approximate technique to find solutions
of fractional boundary value problem and demonstrate the convergence analysis for this
technique. Also, the main advantage of our algorithm is that it can be used directly without
using assumption or transformation formulae. The solutions can be obtained with high
accuracy compared with other numerical techniques. Also, the proposed method is easy
to implement.

This paper consists of four sections. In Sect. 2, we describe basic definitions and the
hybrid B-spline. The solutions of fractional Painlevé and Bagley-Torvik equations are ap-
proximated using the hybrid B-spline in Sect. 3. Stability and convergence analysis is
proved in Sect. 4. In Sect. 5, the numerical examples are given to illustrate the applica-
tions of the method, and the computed results are also compared with another known
method described in [14, 30, 54].

2 Basic definitions and description of the methods

In this section, we recall some definitions and properties of the fractional calculus the-
ory used in this paper. There are several definitions of a fractional derivative of or-
der a > 0, such as Riemann-Liouville, Griinwald-Letnikove, Caputo, Conformable, and
Caputo-Fabrizio fractional derivatives. In the present work, Caputo, Caputo-Fabrizio, and
Conformable fractional derivatives are used for formulating the problem. All these details
have been quoted in References [1-19] and [33-36].

The Sobolev space of one-order on (a, b) is defined as follows:
HYa,b) = {u(x)lu(x) eL*(a,b),u € L*(a, b)},

where the L2(a, b) is the square-integrable functions on (a, b).
Here, we give some required definitions and properties of the fractional derivative and

the B-spline function.
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Definition 1 Let u(x) be a function defined on (a, b), then the Riemann-Liouville frac-

tional derivative has the following form

¥ ) = gy i Jo 6= " u(t) @)

a>0m-1<a<m,

where I'(-) is the gamma function.

Definition 2 The right and left Riemann-Liouville fractional integrals
RD “u(x) = ) / x—0)*u(t)dt, «o>0,
RDyu(x) = L/ (t-x)*"u(t)dt, a>0.
*h NG

Definition 3 Let u(x) be a function defined on (a, b), then the Caputo fractional derivative

has the following form

CD*(u(x)) = e SF = )ty (1) dt,

a>0,m-1<a<m.

(5)

Definition 4 The Griinwald definition for the fractional derivative is defined in the fol-

lowing form:
AS(u(x)) = Z Zojtt(xx— (k= p)h), (6)

where A% (u(x)) = *D%(u(x)) + O(h), and gu = i

Definition 5 The weighted and shifted Griinwald difference operator is as follows.
Let u(x) € L'(R), D% (u(x)), and its Fourier transform belongs to L!(R),

[h]P

aDjy W ¥) = 33 2 g ux(x = (k = p)h)
(o) S g, pule — (k= g)h) + O(R2),
oD () = L 7 guktsl + (k= p)) 7
¥ ”ha” B g et + (k= q)h) + OU2),

where x € R, ¥ € [0,1], also p, and ¢, (p # q) are integers and symmetric.

Definition 6 Let u(x) € H'(a,b), « € (m — 1,m], m € N and o > 0, then the Caputo-

Fabrizio fractional derivative of order « is written as:

DY) = Gty S w@®) exp(tt(x — 1)) d,

®)

a>0m-1<a<mx>a.
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Definition 7 If u(x) is m-differentiable for all x > a > 0, then the Conformable fractional
derivative with order « is
(111 (4 pcl1 =)y ([@1-1) ()

Co 2 (y(x)) = lim,_, o % ,
D5 (u(x)) 7—0 ; ©)

a>0m-1<a<mmeN,
indeed,
D% (u(x)) = a1yl (), (10)

and the Conformable fractional integral is the following

o u(x) = /x(t —a)*Yu() dt, (11)

where 0 < ¢ <1, and [«] is the smallest integer greater than or equal to «.

Let us consider a mesh with nodal points x; on [a, b] such that:
Aia=x9<X] <Xy<-+ <Xy_1<X,=b,
where /1 = b’T”, x; = a + ih, for i = 0(1)n. Suppose
KX <X <XNg <X <Xy< oo
is a sequence of knots on R. Zero-order B-splines are piecewise constants defined by:

1, x=<x=<x1,
B)(x) = l " (12)
0, otherwise,

and polynomial B-splines of order k > 1 are defined recursively in the following form:

R e N e L) (13)

Kivk — Xi Kitk+l — Xitl

The hyperbolic B-splines are defined by:

1, x <x<uxi1,
HO) = =TT (14)
0, otherwise,

generally, for k > 1,

H () - sinh(x)(m(x — x;)) H ) + sinh(x) (M (x;1 k41 — X))

* sinh(x)(n(wisk — 7)) sinh(x) (1 (%isks1 — %i11))

Hi (), (15)

i+1

where, m and 7 are the positive real numbers, and a hybrid cubic B-spline basis function
is also established using a linear combination of the cubic B-spline basis function and
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hyperbolic cubic B-spline basis as follows:
T3(x) = ABF(x) + (1 - A)H (%), (16)

hither, the parameter A € R is a free parameter to control the global shape of curve. The
hybrid B-spline basis function reduces to cubic hyperbolic B-spline and cubic B-spline
function when A = 0 and 1, respectively. The finite difference approach yields the solution
only at the selected points, but the spline function has the flexibility to get the approxima-
tion at any point in the domain with more accurate results compared to the usual finite
difference method. The advantage of using hybrid B-spline is the free parameters that play
an important role in the implementation of the method and also affect the results to be
obtained up to a desired level of accuracy. An appropriate choice of the parameter rises the
order of accuracy of the scheme. Suppose the estimate solution S(x) to the exact solution

u(x) at point x;, respectively, is defined as:

n+l

S@) =Y GT}(x), =€ [xo,%, (17)

i=—1

here, T?(x) are hybrid cubic B-spline basis functions, and C; are unknown real coefficients.

The values of T?(x) and its derivatives T;>(x), T/ 3(x) at the nodal points can be simplified

as:
S@x;) =p1Ci1 + p2Ci + 1 Ci1s
S'(x;) = p3Ci1 + paCiir, (18)
§"(x;) = psCic1 + p6Ci + p5Cis1s

where

p1= % —(-1+ k)csch(hn)Csch(Zhn)csch(Shn)sinhg(hm),
_ 21 _ 2(=1+M)cosh(hm)csch® (n)sinh ()

p2= 3 2cosh(hn)+cosh(3hn) ’

_ & _ 3m(=1+M)csch® (hm)sinh(hm)sinh(2hm) _
P3 =55 = 4(2cosh(hn)+cosh(3hr)) ) Pa=—pP3,

_ 8).+16Acosh(2/m) +3h%m? (~1+1)csch3 (hn)sech (hn) (sinh(hm)—3sinh(3/m1))
ps= 872 (1+2cosh(2hn)) ]

2, 6m>(—1+1)cosh? (m)csch3 (hm)sinh ()
2 2cosh(hn)+cosh(3/n)

Ds =

3 Hybrid B-spline solution for fractional Bagley-Torvik and Painlevé equations

3.1 Bagley-Torvik equation regarding Conformable fractional derivative
approach

Now, we are ready to start the implementation of our method using the properties of Con-

formable fractional derivative and Hybrid cubic B-spline functions. Let u(x) be the ana-

lytical and %(x) be the numerical solutions for Painlevé and Bagley-Torvik equations. The

3 1
value of u”(x), °DZ u(x), u'(x), D3 u(x), u(x), approximate at x = x; where i = 0,1,...,7, as
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follows

u(x;) = S(x;) = p1Cica + p2Ci + p1Cipa,

f"Dé u(x;) = f"DO% S@;) = x3 (p3Ciy + paCin)s

$*Dpu(x) = $°DpS(x:) = P (p3Cio + paCint), B € (0,1]

' (x;) = S'(x;) = p3Ciia + paCina, (19)
EDD(%ﬁ(xi) = f"DéS(xi) = 23 (psCiit + pC; + psCirt),

u'(x:) = §"(x:) = psCic1 + peCi + psCin

Du(x;) = PDYS(x;) = 2 (psCicy + peCi + psCint),  a € (1,2].

To obtain the approximate solution (1) with boundary conditions by putting (17) in (1),
we use the following system for i =0, 1,...,n,:

(8-1(x:)Ciz1 + 80(x:)Ci + 81(x:)Ci1) = fis (20)
and the boundary conditions as:

#(0) = p3C_1 + paCi = wy,

(21)
ﬁ(l) =p1 Cn—l +p2Cn +p1Cn+1 = w2,

this system can be written in the following matrix-vector form:

AX =B, (22)
where,

X:[CLl:CO;-n’CnJrI]tr B= [a)l) 0;--~yf;f1’w2]tr ﬁ:f(xi)’ i=0,1,...,n,

b3 0 yZ
8_1(x0)  Solxo)  S1(x0)
8_1(%1)  Solx1) 81(x1)

A- A , 23)

8_1(xn)  Bo(xn)  S1(xn)
P P2 P

8_1(x:) = m(xi)ps + na(x) (6:)*°ps + n3(x)ps + nalx) (%) ps + ns(x:)p1,
So(x:) = m(x)pe + m2(x:) (%) pe + N5 (x:)p2s

81(x:) = m(x)ps + na(x:) (%) 5 ps + 3 (1) pa + 1a(:) (%) pa + 15 (x:)p1,

also, since A is strictly diagonally dominant [37], to find the values of C_j, Cy, ..., Cy;1 in
vector X, we can solve the system of equations (22) as follows:

X=A"'B. (24)

The numerical solution can be calculated after substituting the values of A and C;,for i =
-1,0,1,...,n,n+ 1, in equation (17).
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3.2 Painlevé equations regarding Conformable fractional derivative approach
In this portion, we consider equations (2) and (3) regarding the Conformable approach.

Substituting the values of (17) in equations (2) and (3) of Painlevé equations at x;, we get:

S Cilm () S°DG TP (x) — 6(T7 (x:))%) — % = £ (%),
p3C_1 +paCi = w1, (25)
P1Cu1 + p2Cy + p1Cupy = w2,

and

S Cilm () SPDY TP () — 2(T3 (%)% — 2, T3 () — 3 = f (1),
p3C_1 +p4C1 = w1, (26)
P1Cui1 + p2Cy + p1Cuin = o,

equations (25) and (26) construct nonlinear systems, which can be solved by Newton’s
iteration method. We also used the software Mathematica 9.0 to obtain the numerical
solutions.

4 Stability and convergence analysis

System (22) obtained using the hybrid cubic hyperbolic B-spline and cubic B-spline func-
tions cannot be solved exactly. However, we can calculate the solutions that are close to
the exact solution when small errors are introduced into the input functions. Specifically,
we need to prove that the difference between these solutions always depends on the co-
efficients of the linear system; that means, the method is stable. Let §A and §B be small
perturbations in A and B. Let ¢ be the solution to the system

(A+8A)p =B+ 8B, (27)

also let A be nonsingular and ||8A]| < then A + 8A is nonsingular and

1
2041
[a+sa)7| =2 )7

Using (22) and (27), we get

X-¢p=A"B-—(A+8A) (B +3B), (28)
(A+8A)X —¢)=(A+8A)A™'B— (B +6B), (29)
(A+8A)X - ¢)=(B+S8AA™'B) — (B +5B), (30)
(A +8A)(X — ¢) = SAX — 8B, (31)
(X —¢)=(A+8A)"HSAX - 5B), (32)

and we know that A is strictly diagonally dominant and also

||A’1 H <v<oo. (33)
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It implies that
|(X =) = |4 +84) | (IBAXI| + 18BII) = 2v (ISANIX] + 15B]]).

This shows the stability of the system (the norm used is infinite norm).

Let u(x) be the exact solution of (1)-(3) and S(x;) = S; be an approximation to u; = u(x;)
obtained by the hybrid b-spline function S;(x) € C*[a, b], by algebraic manipulation of
relations (17) and (18), when A = 0, we get the consistency relations between the spline
approximation and its derivatives at the nodal points in the following form:

3 [S/ll +4S// /:1] =ui+1—2ui+ui,1, i= 1,...,1’!—1, (I)

—2h(S;_, +4S;+S},;) = (6u;1 —6u;y1), i=1,...,n—1. (I

(34)

Lemma 1 The local truncation errors x; associated with the equation (34) fori=1,...,n—
1. are given by

"y n (4) 4
|7 = ui| = 7" + O, (35)
|S) - u| = %uf) +O(K°). (36)
Proof See [40]. O

4.1 The hybrid B-spline method for fractional Painlevé and Bagley-Trovik
equations in the Caputo fractional sense

Substitute the numerical point solution of Bagley-Trovik equation at x = x;, where i =

0,1,...,n,is as follows

1106 1(x)” |, + 12(30) S DE (W) 5oy + 03(x0) (%) | o,
+ 10a(0)E D () |, + 15 @)U |, = fir (37)
W) —w; =u(l)—w, =0, i=0,2,3,...,n—1.

Considering each subinterval [x;_1,%;] of partition [0,%;], for t € [xj_;,%;] and using the
properties of the Caputo fractional derivative and Hybrid cubic B-spline functions for 1 <
o <2 gives

SDg (l/l(x))|x=x,~ = ﬁ Z/l (o; — t)l_“u”(t) dt, (38)
j=1 V%1

and for 0 < B < 1, we also get

1 [ ny
DA e = 7 2 / RCRCACLE (39)
Using equation (17) and Lemma 1, we obtain the following relation

DR ) =r; = T Lope S (s GTF @)

(40)
+O(h*)(x; =)'~ dt,
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since (x; — t)!~* does not change sign on [(j — 1)4,jk], using the weighted mean value the-
orem to establish an integral formula and applying to each integration of the last summa-

tion, we get

S (S GUT ) + 00 i = ' di
= (L GUT @) + O0n2) [IF ), x — )17 dt (41)

= YL (#5Cim1 + Gy + psCian) + OUR2) [ (i = O dt,

where 77 € [(j — 1), jh]. After simple calculations, equations (40) and (41) become

DG () |a=sy

= - 251 (105G + 26 Gy + 5 Cio) + O(H))
(i = jh + ) = (x; — jh)2®)

= ﬁ Z}l::l((xi —jh+ h)> = (x; — jh)*>)
((5C1 +p6C + P5C1)) )
+ i S (=l + B2 = (x; = jh)>)(O())

= S (= 1P =)
(p5Cj1 + p6Cj + psCjin)
+ 7 Lyt (=) + 17 = (=) Ol*™).

Following the same technique on 0 < 8 < 1, we get

DP (),
= S Y=+ DY = (=, CUTR0))
+ 1oy (i =j+ DIP = (= ) P)O(hP).
EDf (1)) =,
= (= D' = (=)' P)paCror + paCr) (43)
+ 1o L (G =+ D = (i =) P)O(F).

To shorten a little the size of this section, we will omit truncation error here to approximate
the Painlevé and Bagley-Trovik regarding the Caputo fractional sense. Anyhow, substitut-
ing (42) and (43) in (37) ati = 0, 1,2,..., n, where the attached linear or nonlinear systems

are obtained as follows:

m @) ((psCi1 + peCi + p5Cis1))
1) o Y0 (= + 127 = (i = )7 *) (p5Ct + P6C + p5Cian)
+13(x:) (p3Cic1 + paCis1) (44)
#1a61) s S (G =+ DV = (= )1 P)(p3Cio + paCian))
+15x:)(p1Ci1 + p2Ci + p1Cis1) = fi.
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Hither, substituting (42) in fractional Painlevé of the (I) and (II), we have the following

nonlinear systems

hZ—Dt J
r'3-aw

1 (x:) ((=j+ 1> =(@i-j)>)

=1 (45)
(p5Ci-1 + p6Cj + psCja1) — 6(u;)* — x; = f;
and
P N Y  (: n2-a
nMﬁﬁfagmhwn = (i=)*™) »
(5Ci-1 + p6Cj + psCiu1) — 2(w)* — xu; = £,
fori=0,1,2,...,n.

Relations (45) and (46) become nonlinear systems in the following form as:

F[xi, Sl', S;,] 0. (47)

Anyhow, in the general case, we have the following nonlinear systems
F[xi,Si,S;,S;,] = 0; i :0, 1,2,...,]’1. (48)

By the end of this subsection, we can obtain the approximate solutions by solving the linear
system or nonlinear system (48), and also to solve it, we use the Newton method or the
Mathematica command like (FindRoot).

4.2 Bagley-Torvik and Painlevé equations regarding Caputo-Fabrizio fractional
derivative approach

Using the Caputo-Fabrizio fractional derivative for 1 < « < 2 and considering each subin-

terval [x;_1,%;] of partition [0, x;], for ¢ € [x_1,x;], we get

1 i K Lo ”
?%WW”WZE_SE/ exaC 0y (1) dt, (49)
- i1 %1

and also for 0 < 8 < 1, we get

X,

1 Y B
SFDg (”(x))|x=xi = rﬁ) E /,/ t‘fl‘[jg e t)u/(t) dt. (50)
j=1 “%-1

Finally, we approximate the exact solution (1)-(3) by the hybrid B-spline function as:

(%) (@s5Ciz1 + peCi + psCis1)
. Gy 1
+12(%) gy yea (6 7@ (1= exe")(psCia + psC + p5Cian)
+n3(x:) (p3Ciz1 + paCisr) (51)
i 2R G Ly
+0a(x:)(5) 2oy (€777 (1 = eTF ) (p3Cit + paCian)
+105(x%)(P1Cic1 + p2Ci + p1Ci) =fi,  i=0,1,2,...,1,
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M) gy YLy (e 7% (1 - ¥ (ps Gy + peC + psCia) )
—6(p1Cii1 + p2Ci+p1Cii1)t —xi=f,, i=0,1,2,...,n,

M) gy YLy (e 7% (1 - 86" (ps Gy + peC + p5Cia)
=2(p1Cic1 + p2Ci + p1Cin1)? = xi(p1 Cioy + paCi+ 1 Ci) — % = £, (53)
i=0,1,2,...,n

However, the above systems with boundary conditions (21) convert to the following non-

linear system with # + 3 equations and # + 3 unknowns
Flxi, p1Cica + p2Ci + p1Cis1, p3Cict + paCis1, psCio1 + psCi + p5Ciia] = 0, (54)
fori=0,1,2,...,n.

4.3 Convergence analysis
In this section, we discuss the convergence analysis of hybrid cubic and hyperbolic B-
spline. Let u(x) be the exact solution of the problem and S(x) € C*[0, T] be the hybrid
B-spline approximation to u(x) satisfying in S(x;) = u(x;), i = 0,1,...,n — 1. We should
approximate the error |u(x) — S(x)||. Let us assume that S(x) is the computed hybrid B-
spline approximation to S(x). To estimate ||u(x) — S(x)||, we will estimate [|u(x) — S(x) | and
1S(x) = S(x) || separately.

First, we consider the Painlevé equations with the Conformable derivative and then dis-

cretize it with the hybrid B-spline function as follows:

1 () x2S (%) — 652 (x;) — x; = f (x1), (55)
S'(0)-—w; =SA) —wy =0,

N2~ (4 — DC3 (5} — A, D) s = .
nl(xl)xi S (x;) — 28°(x;) — x:S(x) — % f(xz)¢ (56)
S/(O) -1 = S(l) — Wy = 0.

By discretizing the Bagley-Torvik equation with the Conformable derivative, the following

linear system is obtained.

71 (®)S" (%) + 7 (@)x2 S” (x) + 13(0)S (x)
+ a@)x2 S (x) + ns(®)S(x) = f(x), (57)
S/(O) -] = S(l) — Wy = 0.

We investigate the convergence analysis for the conformable fractional derivative and also
for Caputo and Caputo-Fabrizio fractional derivatives that are similar.
We also obtain a linear or nonlinear system of equations, the convergence of which we

analyzed on the nonlinear system. In general, we have the following system:

F(xi! u(xi)r M/(xi), M”(xi)) = 0) i= 0; 11 2:«”171, (58)
w(xo) =wi,  ulxy) = w.
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By substituting (17) in (58) at x;,i = 0,1,2,...,n, the attached nonlinear system of order
(n + 3) is obtained as:

F(x;, S(x:), S (x:), 8" (%)) =0, i=0,1,2,...,n,

S'(x0) = w1, S(x4) = w.

(59)

Equations (59) construct a nonlinear system, which can be solved by Newton’s iteration
method.

Lemma2 Let S(x) be the unique spline interpolation to S(x), and also suppose that partial

derivatives of F exist and |%| <k, %| < ky, %| < ks, for some constants ki, ky and ks.
Then for 0 < i < n, we have:
|F (x5, S(x:), S (x:), S (%)) = F (3 S(x:2), §' (6, 8" (%)) | < O(H?). (60)

Proof For 0 <i<n, we get

F(x;,8(x), S (x:), 8" (%)) = F (i, S(x:), 8 (x7), 8 (7))
= F(x;, S(x), S'(x,), 8" (%)) — F (w3, S(x:), S (x:), 8" (7))
+ F (x5, 8(x:), S/ (%), 8" (%)) = F (i, S(x:), 8 (x:), S” (7))
+ F (x5, S(x:), 8 (%), " (%)) + F (5, S(x:), S (x:), 8" (%:))
— F(x;, S(x:), S (x:), 8" (1)) — F (1, S(x:), S (), S (7). (61)

Now using the mean value theorem for there parts of the above relation there exist &;, ¢;
and v; such that

F(x;, S(x:), S (%), 8" (1)) — F(xi»:g(xi),5/(xi),5”(xi)) = g—i(fi)(s(xi) - g(xi));

F(x:, S(x:), 8 (x:), 8" (%)) = F (1, S(x:), 8 (i), 8" () = %(9)(5/(9@) -8 ),

N oF N
F(xi’s(xi)r S/(xi): S//(xi)) + F(xi’S(xi)) S/(xi)’S//(xi)) = W(Ui)(s//(xi) - S//(xi)))
using Theorem 1 in [14], (42)-(43), and Lemma 1, one obtained:

u(x;) = ulx;) + O(h*),

Soplu(x) = CDiax) + O(F), B <(0,1],
u'(x) = (x) + O(h*),

Copeu(x) = C°DYu(x) + O(h*®), ae(1,2],
u(x;) = 1w (x;) + O(h?),

the maximum truncation error for approximations is O(4?). From [56], we have |S(x;) —
S(x)| = O(h*), 1S'(x;) — §'(x;)| = O(3), |S" (%) — §"(x;)| = O(K?), and taking the absolute
value of the above relationship, we get

|F (35, S(x:), S (), S (1)) = F (61, SCx:), S (1), " (3x:)|



Barzehkar et al. Boundary Value Problems (2024) 2024:27 Page 15 of 23

<k [S(x) — S()| + ka| S'(xi) = 8/ ()| + ks |7 (i) — 8" ()

<k O(h*) + k,O(K*) + ksO(h*) = O(H?). (62)
O

Theorem 1 Let u(x) € C*°[0, T] be the exact solution (1)-(3) and S(x) be the hyperbolic
B-spline approximation to u(x), then we have

”u(x) - S(x)H < O(hz).

Proof Since S(x) is an interpolation to u(x), there is a finite constant ¢; independent of 4
that we get

”u(x) - S(x)” <ok = O(hz),
now using the triangular inequality and Lemma 1, we can obtain the following results

@) = S@)|| < [ux) - S@)| + [Stx) - S@)| = O(K?).

5 Numerical results
In this section, we have implemented our methods for solving some of the Bagley-Torvik
and Painlevé fractional differential equations with different values of A, m, 1, &, and «.
We have obtained linear or nonlinear algebraic systems, and to solve it, we can employ
Mathematica command like “FindRoot” The findroot command depends on the initial
guess of the interval that contains the value of the unknowns, which can be obtained from
boundary conditions or other methods such as a Bisection method. The maximum abso-
lute errors in solutions of the methods are tabulated in tables, and one can compare them
with the methods described in [14, 30, 54]. The convergence order (C.O.) is obtained by
C.0.=log, il:)’ (63)
E(3)
where E(h) is the maximum absolute error. Numerical results derived by the proposed
method and MATHEMATICA 9 solver are seen in tables and graphs.

Example 1 Consider the following Bagley-Torvik fractional boundary value problem in
Caputo approach:

Ty + l)x)k% o

T(y-1 ’

u’(x) + D%u(x) +ux) =y -1)x"2+
x € [0,1],u(0) = 0,4'(0) = 0.

The exact solution is given by u(x) = x”. The maximum absolute errors are compared
with the methods described in [30] and [54]. To compare the numerical results with [30]
and [54], we have taken n = 8,16,32,64,128,256,512, A = 0,5,0.6,0.9, and y = 3,4 in Ta-
bles 1 and 2. The convergence order of Example 1 for #n = 10, 1 = 0, 5, 0.6, is compared with
order 2 in Fig. 1.
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Table 1 Observed maximum absolute errors of Caputo fractional derivative for the Example 1, n =1,

m=Tlandy =3

n A=05 A=06 [30] (54]

8 844 x1072 482 x1072 1.76 x107! 2.77 x107
16 224 %1072 120 x1072 9.09 x 1072 150 107!
32 526 x 1073 2.89 x1073 462 x1072 7.76 x 1072
64 132 %1073 6.97 x107* 233 x1072 394 x1072
128 3.19 x107* 164 x1074 1.17 x1072 198 x1072
256 799 x 107 401 x10™ 585 x 1073 9.96 x1073
512 199 x107° 1.001 x10™ 293 x1073 449 x1073

Table 2 Observed maximum absolute errors of Caputo fractional derivative for the Example 1, n =1,

m=1landy =4
n A=09 [30] (54]
8 175 x1072 157 x1072 476 x107!
16 412 x1073 391 x1073 231 %107
32 1.05 x1073 9.77 x10™* 1.13 x 107!
64 259 x 1074 244 x 1074 558 x1072
128 6.01 x10™ 6.10 x 107 2.77 x1072
256 1,50 X107 153 %107 138 x1072
512 3.74 x107° 381 x107° 6.90 x1073
5 Convergence Order for Example 1
~8-2=0.5
)
4 —+=1=0.6 p
—b—Slop=2 /

\\
W\
\

I I Il
K - £
log,(h)

Figure 1 The convergence order of Example 1 forn=10,A=0,5,06,m=1,n =1, is compared with order 2

Example 2 Consider the Bagley-Torvik fractional equation in Caputo, Conformable, and
Caputo-Fabrizio approaches:
The Bagley-Torvik equation in the Caputo approach:

u(x) + ED(% u(x) + ' (x) + SDO% u(x) + u(x)

—6r+3x2+a3-8,/2 + 1. /2 xe0,1], (64)
b4 5 b4

#/(0) =0, u(l) = 1.

The Bagley-Torvik equation in the Caputo-Fabrizio approach:

3 1
u'(x) + SEDE u(x) + o' (x) + SEDG ulx) + ulx)
=—42x + 3x> + x> + 88— 96¢7*, x€[0,1], (65)
u/'(0) =0, u(l) =1.

Page 16 of 23
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Table 3 Observed absolute errors of Example 2, regarding A =05 m=1and n =1

X C [14] CF [14] Co [14]

0 122 x107'° 389 107" 335 %107 335 x107'6 144 x107' 120 x107"
= 122 x107'° 867 x107' 445 10716 321 x107 143 x107'° 161 107"
2 142 x107'° 113 107" 4.85 10716 353 x107 142 x107'° 155 x1071
2 144 x107' 232x10°7° 505 %1071 315 %107 141 x107' 1.03 x107"
= 1.55 1071 187 x1071 525 %1071 333107 141 x107'° 165 x1071
= 181 x1071° 255 %1071 535 x107'° 314 x107 133 x107'° 151 %107
= 152 x107'° 247 107 565 %1071 303 x107 130 x107'° 1.03 x107"
= 144 x107'° 294 x107° 405 x 10716 309 x107 1.24 x107'° 9.99 x 10716
£ 122 x107'° 322x10°° 265 %1071 304 x107 122 x107'° 888 x107'
= 120 x107'° 244 x107° 222 %1071 239 x107 122 1076 5551071
1 0 0 0 0 0 0

o™ Relative erorrs for example 2.
4
T T T T T T T T

=+=—Our method
sk =8=In[14]

Erorr
~
T
1

Figure 2 The relative errors of our method forn=10, A =0,5, m=1,and n = 1 with the Conformable
derivative

The Bagley-Torvik equation in the Conformable approach:

3 1
u"(x) + D u(x) + /' (x) + D u(x) + u(x)
—6x+6x0 +3x2+4% +3x5, xel0,1],

1#/(0) =0, u(l) = 1.

(66)

The exact solution is given by u(x) = x>. The absolute errors of x; with & = 1—10 are com-

pared with the methods from [14] in Table 3. The relative errors of our method for # = 10,

A=0,5,m=1,and n = 1 with method in [14] are plotted in Fig. 2.

Example 3 Consider the Painlevé fractional equation in Caputo, Conformable, and

Caputo-Fabrizio approaches:

CD&u(x) - 6u*(x) =f(x), «x€l0,1],
u/'(0) =0, u(1) = —a.

CED2u(x) - 6u(x) = f(x), x€[0,1],
1#/'(0) =0, u(l) = —a.

(67)

(68)

Page 17 of 23
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Table 4 Observed absolute errors of Example 3,regarding Conformable derivative by using our
method withA=0,n=10,m=Tandn =1

X a=15 a=16 a=17 a=18 a=19

0 0 0 0 0

- 124 %107 133 %107 143 x107 151 x107 836 x10°
2 122 x107° 126 x107° 128 x107° 128 x107° 170 x10°7
2 352100 530 x10° 743 x10° 997 x10°8 242 %100
- 337 x107° 389 x107° 447 x107 510 x107° 332 %107
2 738107 832107 933 x107° 1.04 x107 860 x107°
2 113 x107 127 x1074 141 x107 157 x107 146 x107
& 130 x107* 145 x107 161 x107* 178 x107* 209 x107*
£ 111 x10™ 930 x107° 103 x107* 114 x107 169 x107*
= 457 x107° 222107 556 x10°° 622 %107 684 x107
1 0 0 0 0

Table 5 Observed absolute errors of Example 3 in [14] regarding Conformable derivative

X a=15 a=16 a=17 a=18 a=19

0 0 0 0 444 x107' 222 107"
7 156 x107* 169 x 107 201 x107 181 x107 192 x107*
2 155 x10™ 1.60 x107 1.60 x107 163 x107 163 x107
2 425 107 6.44 x107° 159 x107 9.09 x107° 122 x107
= 422 x1074 487 x107 724 x107* 558 x107* 637 x10*
= 925 x107 1.04 %1073 145 %1073 117 x1073 131 x1073
2 142 %1073 159 1073 217 x10°3 177 x1073 197 x1073
= 172 x1073 192 x1073 261 %107 214 x107 236 x107
5 163 x107 182 x107 246 x 1073 202 %1073 224 %1073
= 1.05 x1073 117 x1073 157 x1073 130 x107* 143 x1073
1 0 0 0 0

f"Dgu(x) - 6u2(x) Zf(x), X € [01 1]’ (69)
u/'(0) =0, u(1) = —a.

The exact solution is given by u(x) = « cos(mx). The absolute errors for i = %, A =0,
m=1,n=1«a =15,16,1.7,1.8,1.9 are compared with the methods from [14] in Ta-
bles 4 and 5. The convergence orders (C.O.) with n = 4,8,16,32,64,128,256,512,1024,
and o = 1.1,1.6,1.9 are displayed in Table 6. The graphs of numerical solutions regarding
the Caputo-Fabrizio approach with different values of @ = 1.2,1.4,1.6,1.8, A = 0.5, m = 1,

and 7 = 1, are plotted in Fig. 3.

Example 4 Consider the Painlevé fractional equation in Caputo, Conformable and
Caputo-Fabrizio approaches:

CD%u(x) — 2u(x) — xu(x) =f(x), «€[0,1], 0)
u/'(0) =0, u(1) = —a.
CED2 u(x) — 2u3(x) — xu(x) = f(x), x€[0,1], 1)
1#/'(0) =0, u(l) = —a.

Page 18 of 23
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Table 6 Observed maximum absolute errors of the Example 3 for A =0.9,m =1 and n = 1 regarding
Conformable derivative

n a=1.1 CO. a=16 CO. a=19 CO.
4 140 x1072 - 266 x1072 - 3.16 x1072 -
8 375 %1073 1.89 6.87 x107 1.955 9.08 107 179
16 9.56 x107* 197 177 x1073 1.95 236 x1073 1.94
32 240 x1074 1.99 445 %107 1.99 594 x107* 1.98
64 6.01 x107 1.99 111 x107* 1.99 148 x107* 2.00
128 150 x10™ 1.99 278 107 2.00 3.70 x 107 2.00
256 37510 2.00 6.96 x107° 2.00 925 %10 2.00
512 938 x107 2.00 174 1076 2.00 231 x107° 2.00
1024 235 %107 2.00 435 %107 2.00 579 x107/ 2.00
Table 7 Observed absolute errors of Example 4, regarding Conformable derivative
X a=15 a=15 a=19 a=19
Our method [14] Our method [14]
0 0 444 x1071° 0 0
+ 0 444 10710 0 0
2 0 222 %1071 0 0
2 222 %1078 222 %1071 222 %1076 0
= 0 222 %107 0 222 %107
= 0 222 107 0 0
5 0 0 0 222 %1076
& 0 0 0 222 x1071°
£ 222 x10716 0 222 x10716 222 %1076
= 0 222 %1071 444 10716 222 %1071
1 0 0 0 0
Approximate Solutions for Example 3.
2 T T T T T T
S TN ——Alfa=1.2
paar
1’-“1‘.*"*::7”:" -0 - Alfa=18

Approximate solutions

<

n
s al
14

-

ofe=12,14,16,18A1=05m=1andn=1

Figure 3 The Exact and the numerical solutions regarding the Caputo-Fabrizio approach with different values

S0 DG u(x) — 263 (x) — xu(x) = £ (x),
#/'(0) =0, u(1) = —a.

xe[0,1],

(72)

The exact solution is given by u(x) = 24> — 3x* + x + «. The absolute errors with different

values =1.5,1.9,A=1,n=1,m=1and h = % are compared with the method [14] in

Table 7.
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Approximate Solutions for Eaxmple 4.

: T T T T T T
/ﬁ —e—Alfa=1.1
9 =+ Alfa=1.3 /
@ Alfa=1.5
e g=-O==0== -0 -Alfa=1.7 7

Lo —4—Alfa=1.9
c ' ~o A
2 Bt - TP P
§'5* g @B g, o ©-~0-~-g---0" i
2 a Beg
RE S Q... ]
£ a.. a
OB g @8
wa e +..‘-+ - —t i i —— it - 3 —
& | AT gl

134 *l-._,_’__ At

it =3

Figure 4 The numerical solutions regarding the Caputo approach with different values of
=1.1,13,1517,19,A=05 m=1,n=1,and the exact solutions

The graphs of numerical solutions regarding Caputo approach with different value of
«=11,13,1517,1.9,A=05m=1,n=1, and h = & ,areplottedelg 4.

Here, the algorithm of the hybrid B-spline method for Example 2 is given with the Con-
formable derivative, and the algorithm is written similarly for other derivatives such as
Caputo and Caputo-Fabrizio approaches.

Algorithm 1 Approximate solutions of equation (66) with Conformable approach using
the hybrid B-spline function.

ClearAll

In[1]: @1 = 03wy = 1;m1(x) = L;m2(x) = L;n3(x) = Lina(x) = Lins(x) = 1,4 = 0.5, = Lm = 1;
In[2]: u(x) = 23, f(x) = 6x + 63 + 352 + 43 + 3x3;
In[3]: Define the Conformable fractional derivative C"D"‘(u(x)) using equation (10).
In[4]: Define the hybrid cubic B-spline basis functions 77 (x). using equations (12)-(16).
In[5]: %(x) = Y1 G TP ().

In[6]: Do[x; = i * h;equations; = u”(x;) + C"Dg u(e) +u' (%) + C”D02 uoc;) + ulx) — flx;) ==
0,{i =0,n}];
In[7]: boundaryl = 7!, ¢, 7% (0) == 0;
Out[7]: =5C_; + 5C1 == 0;
In[8]: boundary2 = Y 7 G;T?(1) == 1;
Out[8]: $(C_1 +4Cy + C1) == 1;
(*Approximate solutions are obtained using the hybrid B-spline function by solving
the system of 13 equations and 13 unknowns with the help of Mathematica version 9
software.*)
In[9]: Solutions=Solve[{boundaryl, equations,, equations, ..., equations,,, boundary2},
{C_1,Co,..., Cr0, Cu1};
Out[9]: —9.5894539103510313295 x 1072}, —9.6375615386799582263 x 1072,
—-9.5894539103510313295 x 10721, 0.0059999999999999999908,
0.023999999999999999991, 0.059999999999999999992, 0.11999999999999999999,
0.20999999999999999999, 0.33600000000000000000, 0.50400000000000000000,
0.72000000000000000000, 0.99000000000000000000.
(*Approximate solutions #(x) are obtained*)
End.
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6 Conclusion

Computational methods for solving the fractional Bagley-Torvik and Painlevé equations
were proposed with the conformable, Captuo, and Caputo-Fabrizio fractional sense con-
cerning boundary set conditions. The fractional differential equation term in the fractional
Painlevé and Bagley-Torvik equations were discretized using the hybrid B-spline function.
The first aim of the paper is to illuminate that the hybrid B-spline is a solver for several
appointed forms without using any transformation or limiting assumptions. This algo-
rithm is implemented straightforwardly. Second, this method is a simple method to apply
and includes some parameters, such as m, 1, and A, which increase the accuracy of the
method. Third, it could be applied to other types of linear and nonlinear or singular and
regular fractional problems. The novel approaches are applied to approximate the out-
comes for fractional-order and integral-order problems. The obtained results show that
the method used to approximate the solution of various problems of partial differential
equations and integral equations in the light of fractional derivative is effective and ap-
propriate. The feasibility of the numerical algorithm was illustrated with four examples,
and the approximated results were compared with the methods in [14, 30, 54].
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