Zhang et al. Boundary Value Problems (2024) 2024:37 @ BOU n da ry Va I ue PrO b I ems
https://doi.org/10.1186/513661-024-01844-4 a SpringerOpen Journal

RESEARCH Open Access
()]

Existence and multiplicity of solutions for
fractional p1(x, -)&ps(x, -)-Laplacian
Schrodinger-type equations with Robin
boundary conditions

Zhenfeng Zhang'", Tianging An'", Weichun Bu?" and Shuai Li'"

“Correspondence:

zhangzhenfengzzf@126.com Abstract

'School of Mathematics, Hohai . . . - .
University, Nanjing, 210098, China In this paper, we study fractional p; (x, -)&p- (x, -)-Laplacian Schroédinger-type equations
Fulllist of author information is for Robin boundary conditions. Under some suitable assumptions, we show that two
available at the end of the article solutions exist using the mountain pass lemma and Ekeland’s variational principle.

TEqual contribut . . . . . ) . .
duatcontribuiars Then, the existence of infinitely many solutions is derived by applying the fountain

theorem and the Krasnoselskii genus theory, respectively. Different from previous
results, the topic of this paper is the Robin boundary conditions in R \ € for
fractional order p; (x, -)&p5 (x, -)-Laplacian Schrédinger-type equations, including
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1 Introduction and the main results
In this paper, we consider fractional p;(x, -)&ps(x, -)-Laplacian Schrédinger-type equa-
tions, including concave-convex nonlinearities with nonlocal Robin boundary conditions

YA @ + Vi) 2g]
= MALW)]@1920 + 1 As ()@ 20, xeQ, (1)
> WNipiw@ + B@IelP20] = 32 gi(x), xeRV\Q,

where V;(x) (x € Q, i = 1,2) is a potential function, @ C R (N > 2) is a bounded do-
main with the Lipschitz boundary 9, s € (0,1), pi(x,-) : R?N — (1, +00), p;(x) = p;(x,x),
r1(x), r2(x) are continuous functions, A1, A, are positive constants, A; (x), A, (x) are positive
weighted functions, g;(x) > 0 € LY(RN \ Q), B(x) > 0 € L¥(RN \ Q),

) — () 1PN 2(g(x) — p(p))

Ny =
lx — y|N+spil) dy, xeRY\Q,

-/\/s,pi(x,-)‘/)(x):/ |(p(x
Q
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and

_ i(,9)-2 _
(_A);i(x,-)¢(x):=P'V'f o) — ()™~ (p(x) w(y))dy, xeQ

RN |x — y|N+SPi(xJ)

where P.V. stands for the Cauchy principal value.
Equations (1) arise from general reaction-diffusion equation

9=V - [AlQ)Vo] + (%, 0), )

where A(p) = |[VplP™2 + |Vg|?2. Problem (2) has applications in biophysics, plasma
physics, and chemical reactions. For more details on equation (2), readers are referred
to [1, 2]. Combining with a Z,-symmetric version of the mountain pass lemma for even
functionals and some adequate variational methods, Mihiilescu [3] proved that the equa-

tions

—div((|[Ve[P1® + Vo2 V) = f(x,¢), x€Q,
0=0, xedQ

3)

have infinitely many weak solutions. In addition, Chung and Toan [4] considered a class
of fractional Laplacian problems

(A) ) @() + (A) (L 0(x) + 19120
= )\Al(x)|§0(x)|r1(x)f2¢(x) - /LA2(x)|§0(x)|r2(x)’2go(x), xeQ @
px)=0, x€dQ

using variational techniques and Ekeland’s variational principle. The authors used the vari-
ational techniques to discuss the results of the existence of solutions in fractional cases
[5-7]. In addition, Heidarkhani et al. [8—10] studied the existence results of variable expo-
nent equations using variational methods and established the critical point theory. Zuo et
al. [11] investigated the existence and multiplicity of solutions for the p(x, -)&g(x, -) frac-
tional Choquard problems with variable order. On a similar issue, a related study was con-
ducted by Biswas et al. For more details, see [12].

The classical Schrodinger equation is of the following form:

2
ih%(p = —2h—mV2<p + Vo,

where V, ¢ denote the potential function and wave function, respectively, and i, / are
constants ([13]). Recently, Xiang et al. in [14] and Bu et al. in [15] discussed the fractional
Laplace operator Schrodinger equations with variable order and Schrédinger—Kirchhof-
type equations, respectively.

The critical local problem involving concave-convex nonlinearities was first studied by
Ambrosetti et al. in [16]. Subsequently, variational methods were used [17] to discuss the
following equations:

—div(o(x)|VePP2V) = ra(x)|p|192p + ubx)|p"@2p, xeQ,
=0, x€dQ

(5)
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with the variable order concave-convex term. For other similar types of equations, see

[18, 19] and the references therein.

The Robin and Neumann boundary problems are interesting topics [20]. Mugnai et al.

[21] investigated fractional p-Laplacian problems with nonlocal Neumann boundary con-

ditions. Moreover, Deng [22] considered the following equations:

Ay =M% 0), x€Q,

©)
IVelP®=252 + B)pl"@ 29 =0, x € I

For double-phase problems depending on Robin and Steklov eigenvalues for the p-

Laplacian, Manouni et al. [23] proved the existence of solutions by variational tools, trun-

cation techniques, and comparison methods. In many papers, the Robin and Neumann

boundary problems of fractional equations were studied in different ways; e.g., the Morse

theory was used in [24, 25], the mountain pass lemma in [26, 27], Ekeland’s variational

principle in [28, 29], and the topological degree in [30].

To our knowledge, there is no previous work on the problem (1). This paper is de-

voted to this topic. We obtain new results by applying the mountain pass lemma, Eke-

land’s variational principle, the fountain theorem, and the Krasnoselskii genus theory. Our

problem differs from problems (3), (4), and (5) in that we discuss Robin boundary condi-

tions, and it also differs from problem the (6) in that we consider p; (x, -)&p»(x, -)-Laplacian

Schrodinger-type equations with concave-convex nonlinearities.

Before stating the main results, we introduce the basic assumptions.

(P) pi(x,y) is a symmetric and continuous function, that is,

Q)
(V)

pix,y) = piy,x), forall (x,5) € RN x RN
with
l<p;:= min i(,y) <pi(x,y) <p/:= max (%, 7) < +00,
pz (x,y)ERNXRNpl( J’) _I’)z( J/) pz (x,y)E]RNX]RNpl( J/)
and

L<p] <p] <p; <py <+,

such that sp] < N.Let 0 <s <1 < p(x,-), the fractional critical exponent p}(x) be

defined as pi(x) = NA?Z ;’:;CL) and p(x, -) < p¥(x) for all x € Q.
[ g®)pdx = - [ gi(x)g dx.

Vi(x) is a continuous function, satisfying infyeq Vi(x) > Vio > 0, for all d; > 0,
means({x € Q: V;(x) <d;}) < +o0.

(H) A;(x) and Ay(x) are weighted functions in C($2) and satisfy A;(x) € L™ () such

that 1 < s1(x) € C(R) and 1 < six)ri(x) < pi(x) forallx € Q, Ax(x) € L29(Q) such
that 1 < s5(x) € C(Q) and 1 < s5(x)ro(x) < p¥ (x) for all x € Q. Here, s} (x) and s} (x) are

conjugate exponents of the functions s (x) and s (x), respectively.

The main results of this paper are as follows:

Theorem 1.1 Assume that assumptions (P), (G), (V), and (H) hold. Equations (1) have two
nontrivial weak solutions.
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Theorem 1.2 Assume that assumptions (P), (G), (V), and (H) hold. Then, equations (1)

have infinitely many nontrivial weak solutions in X.

Theorem 1.3 Assume that assumptions (P), (G), (V), and (H) hold. Then, equations (1)
possess infinitely many solutions.

In Sect. 2, we state some basic results of the Lebesgue space L1%)(2). In Sect. 3, we intro-
duce the workspaces associated with equations (1). In Sect. 4, we verify the (PS) conditions
and prove Theorem 1.1 by the mountain pass lemma and Ekeland’s variational principle.
In Sect. 5, we prove Theorem 1.2 by applying the fountain theorem. Finally, using the
Krasnoselskii genus theory, we give the proof of Theorem 1.3.

2 Preliminaries
In this section, we recall some basic results of the Lebesgue space L1%(Q2) with a variable
exponent. Assume that domain Q is bounded in R with the Lipschitz boundary 9. Let

g =ming(x), q" = maxq(x),
x€Q x€Q

where C,(Q) = {g € C(Q) : q(x) > 1,for all x € Q}.
The variable exponent Lebesgue space L% (2), which is defined by

LIW(Q) = {(p|(p : Q — R is measurable and f |<p(x)|q(x) dx < oo},
Q

equipped with the Luxemburg norm

q(x)
@l = inf{t >0: f A PR }
Q L
where (L1W(Q), || - ll4¢) is a separable, uniformly convex, and reﬂexive Banach space [31].
Let L7 ™(2) be the conjugate space of L1¥($2) and 1/g(x) + 1/q'(x) = 1 (p(x) and ¢ (x) are

conjugate indices to each other). For ¢ € L1¥(Q) and v € L& (Q), the Holder inequality

/ e(x)v(x) dx
Q

holds. If g;(x) € C.(Q) (i=1,2,...,7) and

1 1
< q_ + q_ ”‘P”q(x ||V||q = 2||(p||q(x)||v||q’(x) (7)

L S B
q1(x)  qa(x) ga(x)

for all g;(x) € L%¥(), there exists

1 1 1
=< (__ t—+--- q__) ||‘p1||q1(x)||‘p2”q2(x) te ”W”qﬁ(x)

P1(X)@2(%) - - - @alx) dx
Q 1 49 o

Lemma 2.1 ([32]) Let pyx) be the modular of the L1¥(Q) space, and Pa) (LI9(Q) > R
defined by pyx) (@) = fQ | (x)|7%) dx. Then, the following properties hold:
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@ Nellgw <1(=1,>1) <= pyw () < 1(=1,> 1);
(i) llllgw >1=> 191l < Pge (@) < 015
(iil) llpllgw <1=> 19lll) < Pge (@) < 015 -

=AY

Lemma 2.2 ([32]) If ¢, ¢, € L1Y(Q) with n € N, then
(1) lim,— o0 lon — §0||q(x) =0;
(i) limy— 100 pq(x)((pn - <P) =0;
(i) @u(x) > @(x) a. e. in Q and limy,— 100 P4 (Pn) = Pqx) (@)-

Lemma 2.3 ([33]) Let p(x), q(x) be measurable functions such that p(x) € L°(RN) and
1 < p(x)q(x) < 00, for any x € RN. Then, there is

. r P w) I r
min{ 1911} gm0 191 qe ) < 1109 ]y = max{loly e 191500 )
with ¢ € LI®(RN), ¢ #0.

3 The basic properties of functionals and operators
In this section, we state some properties of functionals and operators, and give the defini-
tion of weak solutions of equations (1) with Robin boundary conditions. We first introduce
the workspaces (W, || - |lw) and (X, || - ||x) associated with equations (1).

The fractional variable Sobolev space W := W$1W»®)(Q) is given by

W Lre)(Q) = {(p :Q— Rlp € L19(Q),

x) — (%))
/ lo®) —¢b)] dxdy < oo, for some 1 >07.
Qe WP | = y| N
Set

[@lspts) = inf) e >0 ) =g
Phovbed ZIRVHEZ T [ 1 o — y Noswten) 5

as the variable exponent Gagliardo seminorm. W is a Banach space with the norm

||(P||W = ”(p”Ws,q(x),p(x,~) = ”‘p”q(x) + [(p]s,p(x,~)'

We take into account three continuous functions p(x,y) : @ x € — (1,00) and r,(x),

ry(x) € C.(2). From condition (P), we know that

px,y) = p(y,x), forallx,ye Q;

1<p™ :==minp(x,y) <plx,y) <p" :=maxp(x,y) < co;

1<r] :=minr(x) < r(x) <rf:=maxr(x) < oo; ®
1<y :=minry(x) < ry(x) <r; := maxr(x) < oo.

Lemma 3.1 ([34]) Suppose that @ C RN is a bounded open domain and (8) holds. Then,

W is a separable and reflexive space.

Page 5 of 21
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Lemma 3.2 ([35]) Let smooth bounded domain Q@ C RN, sp(x,y) < N for (x,y) € Q x Q with
5 €(0,1), and q(x) > p(x,x) for x € Q. Suppose that continuous function 7/1\(x) :Q — (1,00)
satisfies

pi(x) Zi’l\(x) >h = insg/h\(x) >1, forallxeQ.
xe

There exists a positive constant Cy = Co(N,s, pj’l\, Q) such that for every ¢ € W, it holds
that

el < Collellw.
Then, the embedding W — LZ(") for all he (1, p¥) is compact.

Lemma 3.3 ([35, 36]) If 1 <sp~ and

(N - D)p(x,x)

Py N —sp(x,x)

>72(x), inoQ2nN {x € Q:N —sp(x,x) > 0}.

There exists a positive constant C; = C1(N, s,p,iz\, 9Q2) such that
”wnﬁ(x)(asz) < Cillellspmpxy, forallee Ws,ﬁ(x),p(x,y)(g).

Then, the embedding WPOPE)(Q) — L%)(a Q) is compact.

Define nonlinear map £: W — W*

[ o) = o) P2 (p(x) — 9 )Y (%) — ¥ (9))
)= dy,

|x _ y|N+sp(x,y)

(L) v )

for all ¢, € W, L has the following properties.

Lemma 3.4 ([28])
(i) L is a bounded and strictly monotone operator;
(i) L is a mapping of (S,), i.e., if o, — ¢ in W and
lim,,—, o SUp(L(pn) — L), o — @) <0, then ¢, — ¢ in W;
(iti) £:W — W* is a homeomorphism.

Define function S: W — R

— p(xy)
S(p) =/ () ~¢0)| ;dxdy, forallp e W,
Q

v P, y)|ox — y|N+sploy

which is related to (9). The derivative of S is

>:/ lp(x) — o) PF2(p(x) — () (Y (%) — ¥ ()
Q

|x _ y|N+sp(x,y)

(o) dy = (L(¢), V),

for all ¢, ¥ € W; for more details, see [34].
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Let
V pl
:{ eW: / () |<p| dx<+oo,forsomeu>0},
H}’z
equipped with the norm

_1 =1
lollx; = (@] ;2N\ @02 + [@lvie) + ”ﬂ”"(")ﬁl’”m(x)(cg) +| |g|pi(x)¢”L7’i<x)(CQ)’

where

[¢1Vi<g)=inf{u>o /V( )%d&ul},
and

lo(x) — ()i
2N\ ()2 P | x _y|N+SPi(x:J’)

. 1
(0] ;2 ), R2N\ (¢)2 = mf{u >0: 3 / dxdy < 1}
R

with Q¢ = RN\ Q.

Lemma 3.5 ([28]) Assume that assumptions (P), (G), and (V) hold. Then, (X;, || - |x,) is a
reflexive Banach space.

The norm || - ||, on X; is equivalent to

14
”¢||Sp, RN\ (Q6)2 = lnf{u > 0|psp ),R2N\ (©¢)2 (; < 1) }

lp(x) — @(y)|Pi®?)
R2N\ (©¢)2 H,Pi(x,y)pi (x, y)|x _ y|N+spi(x,y)

Vi) s / Bx) 5i(x)
+/ o N | e

+/ 8o d < 1},
cQ Mp‘xpi(x)

where the modular p, (., g2V (@2 : Xi — R is defined by

= inf{/LZO| x dy

szJ’) .
lp(x) — )] dxdy+/ V(x)

P i (), R2N\ (Q¢ :/ =
s.pi(x \(Q€)2 RIN\( Qc2pi(x’y)m_y|N+sp,xy) ( )

BX) i £%) s
CQP;(x)kpl +/CQP,( )| oP dx.

(10)

Lemma 3.6 Assume that assumptions (P), (G), and (V) hold. The following properties hold:
D Nellx; <1(=1>1) = Pop,gmn\@92(9) < 1= 1 >1);
(i) lelx, >1= ||<0||x = Pyt RN\ (@02 (@) < ||<p||

(i) lollx; <1= ||§0||x = Py i) RN\ (@02 (@) < Ilwllxl.;
(iV) 0y ;2N\ (@2 (9 = V) = 0 & [lo = Vllx;, = O.

Page 7 of 21
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Let X = X; N X, with norm |l¢|lx = ll¢llx;, + ll¢llx,> which is a separable and reflexive
Banach space. The dual space of X is X*. The modular p; ., ) g2\ (@c)2 = s, (x,),R2N\ (@6)2 +

Ds o (x,),82N\ ()2 We have the following result.

Lemma 3.7 ([28]) Assume that assumptions (P), (G), and (V) hold. Then, from (10), the
following properties hold:
(i) The function pq . r2N\(9e)2) i of class C'(X,R);

(i) The strictly monotone operator p : X — X* is coercive, then

R2N\(QE

’
<ps,p(x,-),]R2N\(QC)2’ w)X

lllx

— 400, lollx — +oo;

(iii) p;,p(x,.),RzN\(gc)z is a mapping of type (S,), that is, if o, — ¢ in X and
lim Sup}’l%#—oo<psl,p(x,‘),]R2N\(QC)2’(p)X <O, then ¢, —> ¢ in X.

Lemma 3.8 ([35, 36]) Assume that assumptions (P), (G), (V), and (H) hold. Then, for
any 7 € C.(Q) with 1 <7(x) < pi(x) for all x € Q, there is a positive constant w* =
@ *(s, pi, N, 7, Q) > 0 such that

el e <@ llellx, forallpeX.
Moreover, this embedding is compact.
Lemma 3.9 ([35]) Assume that assumptions (P), (G), (V), and (H) hold. Then, for any

7€ C.(RN\Q) with 1 <7(x) < p(x) for all x € RN\Q, there is a positive constant &* =
Z/D\-*(S;Pi;N;/r\, aQ) >0 SuCh th(lt

lloll 7w JRN\Q) = @ *|l¢llx, forallpeX.
Moreover, this embedding is compact.

More precisely, we now present the divergence theorem and the analogous formula for

the partition integral formula in nonlocal case [37].

Lemma 3.10 ([29]) Let the hypotheses (P) hold, and let ¢ be any bounded C?>-function in
RN, Then,

/Q (), )0 0) dx + /Q (A, 0@) d

_ _(/ N pr ()90 (%) dix + / N po )9 (%) dx).
RN\Q RN\Q

Lemma 3.11 Let the hypotheses (P) hold. Suppose that ¢ and v are bounded C*-functions
in RN, Then,

1(/ () — g2 0D VG 4
R2N\(CQ)

2 |x y|N+sp1 (%)
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-2 (@) — () (V) - v(y)) >
' /RZN \(CQ)? |¢(x) *0) | dwdy

|oc — y|N+sp2(ey)

=/Qv(—A);1(x")¢(x)dx+/ V(- A)pz(x o(x) dx

+/ v./\fs,pl(x,.)w(x)dx+/ VN po ()@ (%) dx,
ce ce

foreveryve X.

Proof According to symmetry, we obtain

1(/ () — g2 LB 0O VG 4
]RZN\(CQ)Z

2 |x y|N+sp1 (%,y)

pa(ey)- — () vx) - v(y)) >
¥ / oo |o@) - ()] |x y|N+Sp2(xy) dxdy

f/ V() |¢ (p(y |p1xy) 2 o) - <ﬂ(,)/) dydx

|x y|N+sp1 xy)

-2 () = e(y)
: / / o - p0)

|x — y|N+5P2(’C,}’)

|x y|N+sp1 xy)

|N+sp2 X y)

Lemma 3.12 Assuming that assumption (P) holds and letting ¢ be a weak solutions of

equations (1), we have

Nipr6)® + Nopatoy @ + B @I @ 20 + B(x)| P20~

=gi(x) + @), ae inRY\Q.

Lemma 3.13 Assuming that assumptions (P), (G), (V), and (H) hold, let I, : X — R be a
energy function defined by

1 - p1(x%,y)
L(g) = _/ (%) — () drdy
2 Jrany(cop2 p1(x,y)|x — y[N*sp1(e0)
1 pz(xy
+ —/ lo(x) — ()| dy
2 Jeavycap pz(x, y)|x —y[Nrspale)

p1(x) P2(x) p1(x)
g gl oIt
d A dx — A d
+<[RN\QIB(x) pa(x) o M/Q 1) r1(x) g )\2./9 2% ra(x) g

- / (@) dx - f @@,
RN\Q RN\Q

p1(x 12163 p1(x)
/Vl(x)|¢| dx /vz(x)"p' dx+/ s 2 4y
Q RN\Q

for every ¢ € X. Then, any critical point of I, is a weak solution of equations (1).
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4 Proof of Theorem 1.1

To prove Theorem 1.1, we need a well-known mountain pass lemma.

Theorem 4.1 Let X be a real Banach space and I, € C*(X,R) with I, (0) = 0. Assume that
the following conditions hold:
(i) I, satisfies (PS) conditions;
(ii) there exist p,o >0 such that I, (¢) > o, for all ¢ € X, with ||¢|lx = p;
(ili) there exists v € X, satisfying |v||x > p such that I, (v) < 0.

Then, I, has a critical value ¢ > o, that is,

= inf I ,
c= inf max (v (0)

where Y = {y € C}([0,1];X): y(0) = 1,y (1) = v}.

Definition 1 Let X be a Banach space, I, € C!(E,R). We say that I, satisfies the (PS) con-
ditions if every sequence {¢,},en C X satisfying

L(gw) > ¢ Llgs) >0, n— 00
has a convergent subsequence in X.

Next, we prove that the [, defined in Lemma 3.13 satisfies the (PS) conditions.

Lemma 4.1 Assume that assumptions (P), (G), (V), and (H) hold. Then, the sequence
{@u}nen is bounded in X.

Proof According to (H), we get
sy ()1 (%) < pl (), Sy(x)ra(x) < pi(x), forallxeQ,
so from Lemmas 3.8 and 3.9, there exist constants M; and M, such that

”w”LS/l(x)rl(x)(Q) SMIH‘/’”X’ ”(p”Ls/z(x)rz(x) ) §M2||(P||X¢ for all(p e X. (11)

(©
Let p > max{1, M%’ M%} and

el 00n g > 1 el 5w g > 1-

Thus, by the Holder inequality and Lemma 2.3, for all ¢ € X with |¢|x = p, we obtain

( ) + + +
/ A1) @) dx < 201A1 @911 4 0 < 2M0 1AL @l (12)
Q
and

( ) + + +
/ Ax(0) ()| dxe < 201 A2 ey 19117 g, < 2M5" A2 sy 01l - (13)
Q
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We use the counterfactual method. Suppose |¢,|lx — 00, n — oo. Combining condi-

tions (P), (G), (V), (H), and Lemma 3.8 and letting 0 < ¢ < min{ryr; %,rl Noys
1

where Ky = max{||A1|lx, |A2llx}, Z4 = 4)L1M;1 Cays Zp = 4)L2M;2 Ca,, we have

o(1) i
||<Pn|| llenllx

1 1,
( ((pn) < 1;(‘pn):¢n>)
i v
2 _ i) 5i(x)
] ZU lp(x) w(y)lN . )dxdy+/ Vi(x)kp_nl I
||<p,,||1;(1 ~ L/ravy(co2 2pi(x, )l — y[Nropites. Q pi(x)

|0 P10 |0 |71 |0 |72
+ Bx)— dx -1 | Ai1(lx) dx — Ay Az(x) dx
RN\Q pi(x) Q r1(x) (%)

1 |0n () — @ (y) P17
—/ gt(x)wndx——(/ fo wy dxdy
RN\Q U \Jrvycqe  2|x — y|Nrepies

. / Vi@)lgnlP® dx + ] B) alP dx = 14 f A1(®) g1
Q RN\Q

—)»2/A2(x)|§0n|r2(x)dx—/ gi(x)gondx)]
2 RN\Q
2
1 1 1 (%) — @, (y) [Pi)
DR s
lpallid L\2P2 20/ \Jravyeapp e =y Vit

+/ W(x)lwnlﬁ"(")dm/ ﬂ(x)lsanli”'(’“)dx—/ gi(x)fpndx)
Q RN\Q RN\Q

+

M} : I M,
=200 =) 5 Al lgally —2(0 -r3) =2
" Z

>

R
2 ‘
1L
||A2||sz(x)||‘pn||x2:|
r

1 1 MM CA1 CA2
> —— ) =29 -r7) /214, 29 —ry) 222114
> (Zp; 20) (¢ -r7) o IA1llx —2(2 rz) ﬂrz lA2 | x.

+0(1)——= — 0 because ||¢,||x — 00, n — 0. Due to
ol

In addition, we obtain ¢ 1p1
lonlly

Za+Zp-1 _
0< ¥ <minqrir, — STy (s
VZZA[<A + VlzB[(A

there is a contradiction. Thus, {¢, },cn is bounded. O
Inspired by [15], we have the following lemma.

Lemma4.2 Assume that assumptions (P),(G), (V), and (H) hold. Then, I, satisfies the (PS)
conditions.

Proof According to Lemma 4.1, {¢,} e is bounded, that is, there is a subsequence {¢, } .en
and ¢p in X such that

On—@o InX;

Page 11 of 21
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©n— @o a.e.in Q;
@n— @0 in L"(Q),7(x) < p} (x);
@n— @y inL'® (]RN \ Q),?(x) < pi(x).

Due to ¢, — ¢o in L™ (RN \ Q), then |g,, [P{®2¢, — |, |Pi®2p,. We get

lim B@)(19a P @20, — goP™20) = 0.

n—>00 Jp\o

Since A14;1 (%)@ 1@ 2p and Ay (x)|@|2®2¢ in X are sequentially weakly lower semi-
continuous, for v € X and measurable for all @ C RN, we obtain

‘ f A1) (1917920, — 1010192 00) V] dx|
Q
< /Q AL@ (ol = oYy dx
i (x) ! r1(x)-1 r1(x)-1 o
| Ail) T (el — [ O AL (0) T |v] dx

||A1x) he (|go|’“‘“ ol 1|| e ||A1(x)f1 NI -

Hence, {A;(x)(J¢|1"2g, - oo 02 0) V[ nen is uniformly integrable in RN. Then, using
the Vitali convergence theorem, we get

lim / A1) (10a 20, 10l 20) = 0.
n— o0 Q

Similarly, there is

n—00

lim / As®)(Joal ™20, = 10| >* 2 0) = 0.
We need to prove that {¢,} e is strongly convergent,

o(1) = (L (@) = L, (#0), o — @0)

=i[/ 02(5) = a0 2(00(3) ~ pu O a) = u0) = 00@) + 900N . 1
R2N\(CQ)

2‘.?6 y|N+sp, (x,9)

_/ 190(%) = @002 (0(%) — 90 (1) (9 (%) = 9u(¥) — 9o(x) + ¢0(»)) dxdy
R2N\(CQ)?

le y|N+sp, (x,9)
+ / Vi) (19720, — 10 P2 0) (0 — ) dx
Q
+ / B@) (191720, — 19071200 ) (9 — o) it
RN\Q
~ M / A1) (l9ulP 720, — 190712 00) (¢ — o) dix
Q

—}a / A () (Il 20, — 100 P@ 200 ) (0 — wo)dx}
Q

Page 12 of 21



Zhang et al. Boundary Value Problems (2024) 2024:37

2

Z[ / 1913) = 0 DI 2(00() = 020N = 90) = 0®) 900N
R2N\(CQ)?

2% — y|N+5Pz (x,y)

=

_/ l¢o(x) = 9o P72 (9o(x) = 9o () (@ (%) = 24 () = Po(x) + 9o(7)) dxdy].
R2N\(CQ)?

2|x y|N+spl (x,9)

A discussion similar to Lemma 3.7 gives that ¢, — ¢ in X. Combining the Definition 1
and the Lemma 4.1, we complete the proof. d

Lemma 4.3 Assume that assumptions (P), (G), (V), and (H) hold. There exist p > 0 and
o > 0 such that, for all ¢ € X with ||| x = p,

L(p)>=0>0
holds.

Proof Combining (12) with (13), for any ¢ € X with |l¢||x = p > 1, we have
2

lo(x) — ()i f .
I _ § —d d Vi Di(x)
= 2% (fRW\csz)Z 20x—y Nt AT [ @lel

2

+/N B@)lplP® dx — /RN gz(x)wdx)
__/Al(x || 1) x——/Azx)|§0|2

M Ay 1oy 2M2 | Ay sy
ztnn ppuia s L LN YR e B T
)2 1 Ty

- QM2 || Ay | - QM1 || Ay |
:||¢||§}(—||¢||”2 B 1 L e
ry S
Let
F0= 2 #57 - 2 Ml oy,

ry

where rl‘ <1y < p3. Then, there exists x > 0 such that f(£) = f(x) > 0. Choosing || A4, ||S1 ) <

o*= ,lf()() we get
4rM;
(x)
Lip)z o= fo >0,
for [lollx = x = p. O

Lemma 4.4 Assume that assumptions (P), (G), (V), and (H) hold. Then, there exists v,
which satisfies |v||x > p. Then, there exists v € X such that

IA(U) <0.

Page 13 of 21
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Proof Choosing U € X such that ||7]|x = 1, and for ¢ € (0, 1) small enough, we obtain
2

. D(x) = T(y)[Pi) 1P
L () < ¢ Z / V) - vO)| dxdy + / Vi(x) ll_Jl dx
—\Jrany(cop 2pi(x,y)lx — y [N +spitey) Q pix)

512 _ A Slr1)
+/ 7,B(x_)lvl dx) — Mt / Ao dx
rNM\o  Pix) Q r1(x)

A ()T
— Aot / M dx — / tUg; (x) dx — / 10g(x)dx < 0
e Nk RN\Q RN\Q

with the fact that 1 < 1] < p}. Thus, [, (¢0) < 0 with [|£0]|x > p. The proof is proved by
letting v = ¢0. O

Proof of Theorem 1.1 Combining Lemmas 4.1 and 4.2, it can be inferred that I, satisfies
(PS) conditions. According to Lemmas 4.3 and 4.4, we know that /;, satisfies the mountain
pass lemma. Therefore, we have a subsequence {¢,},cny and (p(()l) € X such that ¢, — (pél)
in X by Lemma 4.1 and 0 < ¢ < ¢ < 0o. Therefore, I, (¢,) = ¢ > o, that is, (p(()l) is a solution
of problem (1) with positive energy.

Next, we will apply Ekeland’s variational principle to prove that (1) has a solution with
negative energy.

By Lemma 4.3, we derive that

T= in

f I}L >0,
9B, (0)

where p is the positive constant introduced in Lemma 4.3.
From condition (H), there exist €1, €, > 0 and an open set Q¢ CC 2 such that

’rl(x)—rl_’ <€y, }rz(x)—r{} <€y, forallxe Q,
and we get
1"+ €1 <pl, ry” +€<py, for all x € Q.
Hence,
ri(x) <rn” +e€ <pi, rax) <ry” +€3<py, forallxe Q. (14)

By Lemma 2.1 and g;(x) > 0, we conclude

A 1
/ gipdx < / lgi1 7 |gi| 71 || dox
R\Q R\Q

1
< 2lgillr e 16177 191 ]| i gy @ < Knll@llx-

For sufficiently small 7 € (0, 1), let n € C5°(R2) such that Q¢ C supp(n), n = 1, for all x € Qo
and 0 <7 <1in Q. Then, by applying (14), it follows that

2

- - pi(xy) : pix)
L(zn) <701 Z(/ 1) = n)| dxdy+/ Vi@
R Q

= w\(cqp2 20i(%, ) |x — y|N*spies) pi(x)

Page 14 of 21



Zhang et al. Boundary Value Problems (2024) 2024:37 Page 15 of 21

i) i A )
+/ ﬁ(x_)lﬂl dx) gt +€1f 1) (7 dx
rN\e  Pi(%) @ )

_ A ra ()
—dot? “2/ w dx—/ ng (%) dx—/ Tngy(x) dx
Qo RN\Q

ra(x) RN\Q
Tpi s p+ )\,2Tr2_+52
< ——3Kymax{[Inlly, Il } = =—— | AaG)lnl" dx.
1 2 Q0

Since r,™ + €3 < p7, we have I, (tn) < 0.
In addition, combining the Hélder inequality and inequality (11), for any ¢ € B,(0), we

have

" ry

1 - MM 2AoM. ~
L) = —lely - == lAillswlely — =2 lAslsmlel? - 2Kilelx.
)2 1 Ty
This fact gives
-0 <’C\:: @BP(O)IA <0. (15)
Set

1 . .
o € (O,Qfagp(o)lx(q)) —@BP(O)IA(W)’ neN.

By (15), I, : B,(0) — R is lower bounded on B,(0) and I, € C}(B,(0),R). Using Ekeland’s

variational principle, there exists {¢,},en € B,(0) such that

?f Ik((pn) S€+
0<Li(pn) —Lp

) (16)
tollen—elx, 7o

Since

~ 1 . 1. 1
L(py) <c+—<inf I, + — < inf [, + — < inf I,
n  B,(0) n  By0) n 3B,(0)

we have ¢, € B,(0). Define function ¢ : B,(0) — R by

1
Llp)=L(e) + — - llpn = ¢llxs
which implies ¢ (¢,) < ¢ (¢) from (16). Then, ¢, is a minimum point of ¢, and we have

;(‘pn"'t';)_((@n) >0

’

for small £ > 0 and any v € B1(0) = {v € X : ||v||x = 1}. Hence,

L(gu+t-v)—1(e,)
t

1
+—|lvlix = 0.
n
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Lett — 0, then (I},v) + % lvllx > 0.Replace v with —v. Then, we obtain (-1}, v) + % Ivllx = 0.

Thus, |15 (@) l|lx+ < % We infer that there exists a sequence {¢,},en C B,(0) such that

Li(pn) —>©<0, 17 (@n) ]y = 0, 11— o0

By Lemma 4.2, there is ¢, — <p((,2) in X. Then, we have I} (go(()z)) =0and I (¢{) =€ <0, that

is, <p(()2) is another solution of equations (1) with negative energy, which ends the proof. (I

Here, we give an example of application of Theorem 1.1.
Example 4.1 Let Q = {(x,y) € R:x? + y? < 1}. Consider the problem

1 1 ) )
(_A)fz+y2+3§0 + (_A)52+y2+5(/7 + 2| + 4|3

1 1
= |xllplsp + X*|@l29, x€Q,

2

|2x2+1 (17)

N 2i3® + N1 oo 50 +Inlxlle @

e

+1In|xl|@|* B39 =0, xeRN\Q.

By simple calculations, we obtain meas(d€2) = 2x, p; = 3, pi =4, p; =5, p5 = 6. Condi-
tions (P), (G), (H), and (V) are satisfied. We observe that all assumptions of Theorem 1.1
are fulfilled. Hence, Theorem 1.1 implies that problem (17) admits two nontrivial weak

solutions.

5 Proof of Theorem 1.2
To prove Theorem 1.2, we first recall the following lemmas.

Lemma 5.1 ([15]) Let X be a reflexive and separable Banach space. Then, there are {e,} C
E and {e}} C E* such that

E=span{e,:n=1,2,3...}, E* =span{ef:n=1,2,3...}

and

Denote

k 00
E,=spanfe,},  Xe=@DE, and Yi=EDE.
n=1 n=k

Lemma 5.2 ([15]) Assume that q(x) € C,(RQ), q(x) < p*(x), for any x € Q and denote

& = sup ||§0||Lq(x)(g)r
YEYllpllx=1

then limk%oogk =0.
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Now, we recall the fountain theorem.

Theorem 5.1 ([15]) Let X be a real Banach space and I, € C*(X,R) be a even functional
satisfying the (PS) conditions. There exists ry > 0 such that py > r > 0 for every k € N. Then,
the following conditions hold:

(i) ox =max{L(p): ¢ € Xi, @l = P} < 0;

(ii) Bx =inf{l,(¢): @ € Yy, ll@|l = ri} — +00 as k — oc.
Then, I, possesses a series of critical points @i such that I, (¢r) — +00.

Lemma 5.3 Assume that assumptions (P), (G), (V), and (H) hold. There exists py > 0 such
that

max <0.
veXillell=Pk ((p)

Proof Let t € (0,1). For ||@]|lx = px > 1 and px > p, there exists @ such that

2

. o(x) = O(y)|Pi) pi(x
L,(t7) < P Z(/ lp(x) — o(y)] — dxdy+/ V(x)|(p| dx
i-1 \/R

W\(cqp 2Pi(%, y)|x — y|NTspily. pi(x)

o1Pix) ~r1(x)
. / B9 dx)_ e /A1(x)|<ﬂ| ”
RN\Q pi(x) Q r1(x)

B A olr2®
— Aot / M dx — / tog: (x) dx — / tQg(x) dx
Q ra(x) RN\Q RN\Q

M e

<—|| ||
1 !

/Al(xwrl dx <0

with p7 > r} > 1. Taking ¢ = t@, for sufficiently small ¢, it follows that

ax= max _IL(p) <O. 0
veXllell=pk

Lemma 5.4 Assume that assumptions (P), (G), (V), and (H) hold. There exists ry > 0 such
that

inf I (p) > +00.
peYllell=rk

Proof According to Lemma 5.2, for ||¢|x = r¢ > 1, we obtain

1 T )»1 )\2
L) = —lely - = f A1) @ dx — = / Ay ()|
)2 r Ja  Jo

1, 2uMl o 2MMP .

> —lloly - r—_lnAlusl(x)ngon; -— 2| Az [yl 112
2 1 2
1 p_ rl%' rZ%_r

> —|ely - 7knA1||sl el - —||A2||SZ wlelz.
2 r ry

Let
20 M, E MEE?
max{iknAlnsl(x ol rinAznszx)nwnx
1 2
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A M’V’g‘ﬂ
=22k Aol

12

and there exists a constant C such that r, = max{r} + C,rj + C}, where 1 < py < r, <Ty.
Therefore,

1, 2aMIET v VMIE? ;
— gl - ———“lAillsellelly - =4zl lglly
P n T

(1 AMPES e
> [loly <—+ e . 1744 "1).
12 [

Choose

7, ~, D
_ (5)‘¢Mwwl9§51? *>”1 e
rg=(——A .
P ®
®
Since py <1y, we have ry — +00 as k — +00. By the choice of ri with |¢||x = r¢ such that
Dk > P > rr > 0, we obtain

L(p) > +00, Kk — +o0. O

Pr= weYkl,IleEIIﬂk
Proof of Theorem 1.2 Let hypotheses (P), (G), (V), and (H) be satisfied. By Lemma 4.2, I,
satisfies (PS) conditions. Under the definition of I; in Lemma 3.13, it follows that 7, (0) = 0
and [, is an even function. Therefore, from Lemmas 5.3 and 5.4, it can be deduced that
I, satisfies Theorem 5.1. Then, I, possesses a series of critical points ¢ as kK — +00. In
conclusion, equations (1) possess infinitely many nontrivial weak solutions. d

Here, we give an example of application of Theorem 1.2.

Example 5.1 Let Q = {(x,y) € R:x% + y? < 1}. Consider the problem

1 1
(_A)jz+y2+3(p + (_A)52+y2+5(/7 + (@ + g

= IxllolVF-i g + 22| VFig, xeQ,

|2x2+1 |2x2+3

@+ (€™ +2)p|* 3

(18)
2
N%‘x2+y2+3</’ + N%,x2+y2+5(p +In |x] |¢|2x o

+1n|xl|@|* B39 =0, xeRN\Q.

By simple calculations, we obtain meas(dS2) = 2, p] =3, p{ =4, p; =5, p3 =6, r] =5/4,
r{ =9/4,r; =7/4, and rj = 11/4. That is, conditions (P), (G), (H), and (V) are satisfied. We
observe that all assumptions of Theorem 1.2 are fulfilled. Hence, Theorem 1.2 implies that

problem (18) admits infinitely many nontrivial weak solutions.

6 Proof of Theorem 1.3
We give some results with the aid of the Krasnoselskii genus. Let E be a real Banach space

and set

R= {A C E\{0}: Ais compactand A = —A}.
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Let A C % and E = RX. We define genus
y(A) = min{k > 1: there exists an odd continuous mapping ¥ : A — R\ {O}}.

If the mapping ¥ does not exist for any k > 0, and set y(A) = co. If A is a subset con-
sisting of a finite number of pairs of points, then, y (A) = 1. Furthermore, from definition,
y(¥)=0.

Lemma6.1 ([18]) LetE = RN and 0S2 be the boundary of an open, symmetric, and bounded
subset 3 C RN with 0 € Q. Then, y(32) = N.

Corollary 6.1 ([18]) y(SV!) = N.

Theorem 6.1 ([18]) Let I, € C'(X) be a functional satisfying the (PS) conditions and as-
sume that

(i) L. is bounded from below and even;

(ii) there is a compact set K € R such that y (K) = k and sup, I, (x) < I,(0).
Then, I, has at least k pairs of distinct critical points whose corresponding critical values
are all less than I, (0).

Proof of Theorem 1.3 Combining (12), (13), and the Holder inequality (7) for ||¢|x > 1, we
obtain

1 M ri
L) = ?H(ﬂﬂxl - E||A1||s1(x)||§0||;s/1(x)

2 A ry
; ) - E I 2||sZ(x)||‘p||L5/2(x),2(x

1 (x)(Q )(Q)

1 T )\‘1 ,t ,t )\’2 it it
> —llely - r__2||Al||51(x)M11 lellx - r__2”A2”52(x)M22 el
2 1 2

Since max{1,r},r;} < p7, for |¢||x large enough, I, is bounded from below. I, € X is an
even function by the definition and 7, (0) = 0. Moreover, I, is coercive in X and satisfies
the (PS) conditions by Lemma 4.2. Let

ERk:{MCiR:y(M)Zk}, ¢ = inf sup I(p), k=1,2,....
MemkwEM

We obtain
—00<KCI ZC =X SC=Che1 =

Now we prove that for any k € N, there is c¢x < 0. For each k, we take k disjoint open sets
K; such that ULINQ CQ.Fori=1,....kletg; e (X Cg"(f(i) \ {0} with ||g;|lx = 1, and

Mk = Span{‘ﬂl: @250y ‘Pk}

Since each norm on M is equivalent, there is p; € (0,1) such that ¢ € M, with |l¢|x <
p%> which means that |||l < C"Z < 1. Set

(k) . =
Sy =o€ Mic: llgllx = oy}



Zhang et al. Boundary Value Problems (2024) 2024:37 Page 20 of 21

Combining the compactness of S,(Olg and ¢ € (0,1) forall g € S(pl%),

2

_ i(%,)
I)\(t(p) < 1 Z<’/R |(/7(x) (p(y)|17 5 dxdy_'_ /S; Vl(x)l

—\Jranycap 2pi(x,y)lx — y N i)

Di(x)
+ / M dx> - / tog (x)dx — / togo(x) dx
RN\Q pi(x) RN\Q RN\Q

A r1(x) A r2(x)
_MI/ 1®)lg] dx_kzt@/ 2@l
o n@ o n®

Di(x)
({) | dx
pi(x)

_ + A1
<3K. 21 ||gle - 2= / A1(x)|o]"™ dx.
P Q

Sine 1 <y < p7, there exist ; € (0,1) and &, such that
L (tkp) < —&1 < 0.

Thus, I, (¢) <0 forall ¢ € Sg:;/,:. Furthermore, y(Sg:LZ) = k such that ¢ < —&¢ < 0 for all k,
and the assertion is proved. Each c is a critical value by the Krasnoselskii genus theory.
Combining Theorem 6.1, I, has at least k pairs of different critical points. In addition,
since k is arbitrary, we obtain an infinite number of critical points of equations (1). O
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